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Part I: General relativistic perfect fluids



Mathematical prerequisites: Symmetries and Killing vectors

Symmetry under translations

A function f on flat space is symmetric under time translations if

o, f =0
The equation can be written in the formtava f =0, where t%is the
vector field with components t“ =(1,0,0,0)




Mathematical prerequisites: Symmetries and Killing vectors

Symmetry under translations

A function f on flat space is symmetric under time translations if

o, f =0
The equation can be written in the formtava f =0, where t%is the
vector field with components t“ =(1,0,0,0)

t* generates a family of translations T(t) : It is tangent at each point P
to the orbit T(t)P of P. T(t)t,,r,,6,,¢,)=(t,+1t,7.,6,,8)



Symmetry under rotations

A function f on flat space is symmetric under rotations if

0,f =0
The equation can be written in the form ¢“V_f =0, where ¢*is the
vector field whose components in coordinates (t,I,6,¢) are

9" =0, or (9")=(0,0,0,1).

In terms of a Cartesian basis, @ =x ] —yz and 8¢ = X(’?y -Yyo, .

N
L)



Symmetry under rotations

A function f on flat space is symmetric under rotations if

0,f=0
The equation can be written in the form ¢“V_f =0, where ¢*is the
vector field whose components in coordinates (t,I,6,¢) are

9" =0, or (9")=(0,0,0,1).

In terms of a Cartesian basis, :xj —y1 and 8¢ = X@y -Yyo, .

‘\

¢ generates a family of rotations R(¢): It is tangent at each point P to
the circular orbit R(¢)P of P R(¢)(¢,,7,,0,,0,)=(t,,7,,6,,9, + @)



The Euler equation

The Euler equation is just F'=ma written for a fluid element, shown
here as a small box with density p and velocity v.

P(x) P(X+AX)

The pressure on the left face is P(x);
the pressure on the right face is P(z+Ax).



With A A the area of each face of the box, The net force in the
x-direction is

F, = P(x)AA— P(x+ Az)AA
oP

- %Ay
or

where AV = AzAA is the volume of the fluid element. Thus

F=-VPAV.
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We want to write F = ma or
—VP AV = pAV a,

and we need to find a in terms of the velocity field v(¢,x). The
vector field v(¢,x) has the meaning that at time ¢ the fluid
element at x has velocity v(¢,x). Thus at time ¢ + At that same
fluid element is at x + v (¢, x)At and has velocity

v(t + At,x + v(t,x)At). The fluid element has changed its
velocity by

Av = v(t+ At x+v(t,x)At) — v(t,x)

ov
= (E%—FV'VV) At

in time At, and its acceleration is therefore

a= O +v-V)v. (1)
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In this way we obtain Euler's equation of motion
p (8t + vjvj) vt =-V°P
In the presence of a gravitational field, with potential ® satisfying

V2® = 47Gp, there is an additional force —pAV V& on each
fluid element; and the equation of motion becomes

p(Or +v-V)v=—-VP —pVo.
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Conservation of mass may also be derived in this prosaic fashion:
In the figure in your notes, the left face is at = at time ¢ and at

x + vy (t,x)At at t + At. The right face is at « + Ax at ¢ and at
T+ Az + v, (t, x + Ax)At at t + At.

Then at t + At the distance between left and right faces is

Ar = x4 Az +v,(z+ Ax)At — (2 + vy (2)At)

(%x
= A At 2
o1+ 52ae). @)
- —— vy
Similarly, Ay = Ay 1+ a—At
— v,
Az = A At
z < o >

Thus the volume of the fluid element at ¢t + At is
AV — AzAyhz—AzAyAz(l+V-vAb)
= AV(1+V-v Ab). (3)
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Now the statement that the mass of the fluid element is constant is

pAV =p AV, (4)
where p is the density of the fluid element at ¢ + A¢. At that time
the fluid element is at x + vAt; thus

p=pt+ At,x+v At) = p(t,x) + (O +v-V)p At (5)
Finally from (3), (4), and (5)

P+ (O +v-V)p At][l1 +V - v AtJAV = pAV

Op+v-Vp+pV-v=0, or

Op+V-(pv) =0 (6)
To summarize: in the absence of external forces, a Newtonian fluid

is characterized by its pressure P, density p and 3-velocity v which

satisfy
% +V-(pv)=0

p(0r + UZ’V;,)UQ + pV P+ V,® =0. (7)
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General Relativistic Perfect Fluids

e =energy density (including rest-mass density)
o =baryon rest-mass density
Nn=baryon number density

Then p=mgn, where m; is the rest mass per baryon.

Stress-energy tensor

A perfect fluid is a model for a large assembly of particles in which a
continuous energy density ¢ can reasonably describe the
macroscopic distribution of mass. One assumes that the microscopic
particles collide frequently enough that their mean free path is short
compared with the scale on which the density changes — that the
collisions enforce a local thermodynamic equilibrium.



In particular, one assumes that a mean velocity field U“and a mean
stress-energy tensor T % can be defined in boxes —fluid elements —
small compared to the macroscopic length scale but large compared
to the mean free path; and that on scales large compared to the size
of the fluid elements, the 4-velocity and thermodynamic quantities
can be accurately described by continuous fields. An observer
moving with the average velocity U” of the fluid will see the collisions
randomly distribute the nearby particle velocities so that the particles
will look locally isotropic.

Because a comoving observer sees an anisotropic distribution of

particles, the components of the fluid's stress-energy tensor in his

frame must have no preferred direction:

T“’Buﬂ must be invariant under rotations that fix U

Denote b
Yy qaﬁ:gaﬂ_l_uau,ﬁ

the projection operator orthogonal to U“



a £ o a B _ 1@ ¢ —
g ,u” =(0", +u”u lu” =u" —u" =0

a B _\,P o a
q”,v" =v", for v© Lu

A comoving observer’s orthonormal frame {eu} hase,=U
implying that the components of u and qin this frame are

(u“):(l,0,0,0)

(0", )= .




Because the momentum current Uﬂq;xT " is a vector in the 3-
dimensional subspace orthogonal to u¢ , itis invariant under
rotations of that subspace only if it vanishes.

(That is, the spatial vector (T®") is invariant under rotations only if it
vanishes.)

Similarly, the symmetric tracefree tensor

1 1
3T af af 31T —_ ~nA~NPT 7O af o
T =307 T=q/a;T" —2a7q,T
transforms as a j=2 representation of the rotation group and can be
invariant only if it vanishes.

It follows that the only nonzero parts of T% are the rotational scalars

e=T"”u,u,
and

1
P = qugT 70



. o1
More concretely, the components T and T" —55‘Tkk must
vanish, implying that T has components

€

-

P

in the orthonormal frame of a comoving observer.
Summary:

The condition of local isotropy suffices to define a perfect fluid
by enforcing a stress-energy tensor of the form

T =euu” + Pq*



Departures from a perfect fluid

In neutron stars, departures from perfect-fluid equilibrium due to a
solid crust are expected to be of order 103 or smaller, corresponding to
the maximum strain that an electromagnetic lattic can support.

On a submillimeter scale, superfluid neutrons and protons in the
interior of a neutron star have velocity fields that are curl-free outside
a set of quantized vortices. On larger scales, however, a single,
averaged, velocity field u# accurately describes a neutron star (Baym
and Chandler 1983; Sonin 1987; Mendell and Lindblom 1991).
Although the approximation of uniform rotation is not valid on scales
shorter than 1 cm, the error in computing the structure of the star on
larger scales is negligible. In particular, with T*P approximated by a
value <T%P> averaged over several cm, the error in computing the

metric is of order Lem
) aﬁ”(—j ~107"
R



For equilibria, these are the main corrections. For dynamical
evolutions -- oscillations, instabilities, collapse, and binary inspiral,
however, one must worry about the microphysics governing, for
example viscosity, heat flow, magnetic fields, superfluid modes, and

turbulence.



B. The Einstein-Euler equations

A perfect-fluid spacetime is a spacetime M, g, whose source is a
perfect fluid. That is, its metric satisfies

G,,=8xrT,

with T =eu“u” + Pq* .
The Bianchi identities imply
aff _
V,T% =0,

and this equation, together with an equation of state, determines
the motion of the fluid.

The projection of the equation VﬂT ¥ =0 along U¢ is an energy
conservation law, while the projection orthogonal to u¢ is the
relativistic Euler equation. For an intuitive understanding of these
equations, it is helpful to look first at conservation of baryons.



Conservation of baryons

The baryon mass M, of a fluid element is conserved by the motion of
the fluid. The proper volume of a fluid element is the volume V of a slice
perpendicular to u# through the history of the fluid element; and

conservation of baryons can be written in the form 0=AM_ =A(pV) or

A(pV) AV
O=———=Ap+p—.
Vv pp Vv

(1.1)
First term of (1): With 7 the proper time along each fluid trajectory, the
changein p in a proper time Az is given by Apzdip AT=U"V_p Ar.

T

Second term: the fractional change in V in a proper time A7 is given by
the 3-dimensional divergence of the velocity, in the subspace
orthogonal tou¢: 2V




1 : .
Because u“u,=-1, we have uﬂvauﬁ :Eva(uﬂuﬂ):o, implying
q*”V U, =V u?, A\/—Vzvau“m,
and conservation of baryons takes the form
AV
O=Ap+pT:(u“Vap+pVau“)Ar

or
V_(pu®)=0. (1.2)

A more formal derivation is given below, in part to introduce a perturbation formalism
that one needs to discuss the Hamiltonian formalism, stellar oscillations and stability,
the virial theorem, and thermodynamics of neutron stars and black holes.



Conservation of energy
aff _
u,v,1* =0
0=u,V,T¥
=U,V, T =u,V leu"u” +Pq”]
=-V (eu”)+Pu,V (g +u"u”)

= —Vﬂ(euﬂ)— PV-u

Vﬂ(euﬂ)z—PV-u or Uﬁvﬂez—(e-i—P)V'U (1.3)

The equation means that the energy €V of a fluid element decreases

Pytheworls b gv =P vau Vdz

it does in proper time dr.

Prob. 1: Check that this is the meaning of Eq. (1.3), by following steps
analogous to those in the heuristic derivation of baryon conservation.



Relativistic Euler equation

q” VT =0

P(x) P(X+AX)

0=q" V  [eu”u” +Pg”]
=q” eu’V u" +q*V ,P+q° PV ,(u"u”)

=eu’V u” +q7V P+ Pu’V u”

(e +PU’V u* =—q”V ,P. (1.3)



Newtonian limit:
Let ¢ be a small parameter of order v/c or v, ,/c, whichever is larger.

Then u“ =(1,v')+0(g?)
P/e=0(s?)
e=p+0(g?)
Conservation of energy coincides to lowest order with
conservation of baryons:
0,(pu')+0,(pu’)=—P(Ou" +o.u')
8tp+6i(pvi):O+O(e2)

To recover the Euler equation, we need

0, =—(1+20)
: 1
Iy :_Eaigtt = V0.

Then ,ou“Vﬂui =—V'P becomes
PO, +VV v, + pV,® =-V,P



C. Barotropic flows: enthalpy, the Bernoulli equation, injection
energy, and conservation of circulation

A fluid with a one-parameter EOS is called barotropic. Neutron-star
matter is accurately described by a one-parameter EOS because it is
approximately isentropic: It has nearly constant (nearly zero) entropy
per baryon. (There is, however, a composition gradient in neutron stars,
with the density of protons and electrons ordinarily increasing outward,
and this dominates a departure from a barotropic equation of state in
stellar oscillations).

Recall that, that enthalpy H is defined by H=E+PV . The specific
enthalpy — enthalpy per unit rest mass— is then

n— E+PV e+P
M, P
— P P
In the Newtonian approximation, h—1= <P +—=U+—,
P P P

with U = e/p the internal energy per unit rest mass.



A stationary flow is described by a spacetime with a timelike Killing
vector, t%, the generator of time-translations that leave the metric and
the fluid variables fixed:

£tgaﬂ:£tua=£t6:£tP:() (1.4)

Bernoulli’s law
In the Newtonian approximation, Bernoulli’s law is conservation of
enthalpy for a stationary flow, and its relativistic form is

£u(huat“):£u(€;P uat“j:(). (1.5)

u"@ﬂ[ﬁputjzo.
yo,

or




A stationary flow is described by a spacetime with a timelike Killing

vector, t%, the generator of time-translations that leave the metric and
the fluid variables fixed:

£tgaﬂ:£tua=£t€=£t|3:() (1.4)

Bernoulli’s law

In the Newtonian approximation, Bernoulli’s law is conservation of
enthalpy for a stationary flow, and its relativistic form is

£u(huat“):£u(€+ Puat“j:(). (1.5)

Jo,

To derive this equation, use the relation

u“v_P
Jo,

which follows from conservation of energy and baryon number:

u“V_h=




That is, from

u"Vv e -V " u"v p’
e+P
we have
ey €+P //v E+U"Y P)- ”P
u“v _P
Jo,

Because £ U, =u"V u +u,V u”=u"Vu_,

the Euler equation, (1.3), becomes

vV _P
L (hu )= o (1.6)

Contracting this form of the Euler equation with t# and using Eq. (1.4),
we obtain the relativistic Bernoulli equation, (1.5).



The derivation holds for any Killing vector that Lie-derives the fluid
variables, and, for an axisymmetric flow, yields conservation of a fluid
element’s angular momentum in the form

£y(huz¢?) = 0. (1.7)

Check of Newtonian limit of the relativistic Bernoulli equation:
Here’s an outline of the steps. We need u, to order v?/c?.

1
(1—v2)(1+2cb)

-1=g,,u"u" :—(1+26D)(ut)2 +v'+0(g') = (ut)2 =

u' :1+lv2—CD
2
Next, u =g.u' =—(1+%v2 +(Dj
Finally, (1.5) becomes
AL
Newt ,O
(0, +£,) (.. +%V2 +®)=0



_yt AvaNtL
£utkua—u/ﬁk/ua+uﬂk V. u

==V _Inu'
Because uﬂVﬂP =utkﬂVﬁP =0,

we have qaﬂVﬂP =V ,P

Y5 _v logh
— Og .
e+ P pio8

Euler's equation thus has the form,

h
-V logu' ==V jlogh = V log—=0
U
h
with first integral 526&, (1.8)

& constant throughout the star.



— = = is the (first-integral of the) equation of hydro-equilibrium for a
U
uniformly rotating barotropic star. &£ is the injection energy per baryon,
the energy needed to lower a collection of baryons at zero temperature
from infinity, expand a volume to accommodate them, add kinetic

energy to match the rotation of the star, and insert them in the star.

Bernoulli’s law:
hu, is conserved along the fluid worldlines when entropy per baryon is
conserved by the flow. Newtonian limit hNewt+%v2+(D
Hydro equilibrium (Poincare-Wavre):

h/ut is constant throughout a uniformly rotating barotropic star.

Newtonian limit hNewt—%VerCD

This first integral of hydro-equilibrium is sometimes mistakenly called
Bernoulli’s law in the relativity literature.



Conservation of vorticity and circulation: Newtonian approximation

In the Newtonian approximation, the vorticity of a fluid is defined by
@' =Vxv or w,=V v,-V,v
As we will quickly show in the full theory, it is preserved by the fluid
flow:
(0, +£,)V,,v,,=0.

That is, vorticity is conserved in this Lie-derived sense.

The meaning of the conservation law is easier to understand using the
integral form of vorticity: circulation. If S'is a surface bounded by a

curve ¢, then the circulation of the fluid about cis

circulation :=J. v.dl’ :IS(Vavb—vaa)dS“b.



Let ¢, be the curve ¢ moved along with the fluid flow for a time #:

Move each point of c for a time ¢ along the fluid trajectory through
that point.

Then

4 v, dl" =0.
dt 2

It turns out to be quicker and, | hope, clearer, to derive these laws in

the full theory, where the derivative along the 4-velocity is not split
into O, +£v.



Conservation of vorticity and circulation in GR

The vorticity @, is
®,, =V, (hu,) -V ,(hu,),

the differential conservation law is the curl of the Euler equation,

£,a,,=0.

Again, because the vorticity is the curl (exterior derivative) of the vector
field hu,, Stokes’ theorem relates the integral of vorticity over a

2-surface Sto the line integral of hu,around its boundary c.

circulation := L hu,d(* :_[S[Va(h%)_vﬁ(h% )dS.



From the form (1.6) £ (hu )=-V_Inh of the Euler equation and the
relation [gﬁ’u,d] =(, the differential form of the conservation law is
immediate.

The curl of the Euler equation is
V,&(hu,)=V £ (hu,)=-V V, Inh+V V Inh=0
£V, (huy)—=V ,(hu,)]=0

or £ua)aﬂ =0.



The corresponding integral law again involves the circulation along a
curve moving with the fluid. Let c be a closed curve in the fluid,

bounding a 2-surface S; and let c_be the curve obtained by moving

each point of c a proper time 7 along the fluid trajectory through that
point.

Claim: ij hu, di* =0.
dr 7

The proof involves two of the main properties of integrals:
invariance of an integral under a diffeo (active version of invariance

under change of coordinates) and Stokes’ theorem. And it uses the
geometrical definition of Lie derivative.



Here it is:
Start with the curl of the Euler equation in its original form:

V., £,(hu,) =V £, (hu,)=0.

Integrate over the surface S_ , and write the integral of the curl as a
line integral over c.:

[V, £,(hu,) =V , £,(hu,)dS = [ £,(hu,)d"
S ’

Use the geometrical definition of Lie derivative of a vector along u as
the rate of change of a vector dragged along by the fluid flow

£u(hua):iw_f(hua)
dr

Finally, use the invariance of an integral under a diffeo

d d
0=y (hu,)de* == hu,dee
dz-J-cW—T( ua) dfjcr Uy

L/ eraadfa zjcaadéa — LW—TUGCM& _ Gadéa}

Ve
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