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A. (Extremely) Brief review

of the tree level

open string scattering amplitudes
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(Tree level) N-point amplitude of gauge bosons
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(Tree level) N-point amplitude of gauge bosons

AN = i(2π)DδD(k1 + . . . + kN)×

×
[
tr(λa1λa2 . . . λaN ) A(1, 2, . . . , N) +

(
non-cyclic

permutations

) ]
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(Tree level) N-point amplitude of gauge bosons

AN = i(2π)DδD(k1 + . . . + kN)×

×
[
tr(λa1λa2 . . . λaN ) A(1, 2, . . . , N) +

(
non-cyclic

permutations

) ]

A(1, 2, . . . , N) =

gN−2
∫
dµ(z) < V̂1(z1, k1)V̂2(z2, k2) . . . V̂N(zN , kN) > , N ≥ 3
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(Tree level) N-point amplitude of gauge bosons

AN = i(2π)DδD(k1 + . . . + kN)×

×
[
tr(λa1λa2 . . . λaN ) A(1, 2, . . . , N) +

(
non-cyclic

permutations

) ]

A(1, 2, . . . , N) =

gN−2
∫
dµ(z) < V̂1(z1, k1)V̂2(z2, k2) . . . V̂N(zN , kN) > , N ≥ 3

V̂j(zj, kj)→ Open string vertex operator.
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For the BOSONIC open string:

A(1, 2, . . . , N) =

gN−2
∫ 1

0

dxN−2

∫ xN−2

0

dxN−3 . . .

∫ x3

0

dx2

N∏
i<j

(xj − xi)2α
′ki·kj

× exp

 N∑
i<j

2α′ζi · ζj
(xj − xi)2

−
N∑
i 6=j

2α′kj · ζi
(xj − xi)

∣∣∣∣
linear
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For the BOSONIC open string:

A(1, 2, . . . , N) =

gN−2
∫ 1

0

dxN−2

∫ xN−2

0

dxN−3 . . .

∫ x3

0

dx2

N∏
i<j

(xj − xi)2α
′ki·kj

× exp

 N∑
i<j

2α′ζi · ζj
(xj − xi)2

−
N∑
i 6=j

2α′kj · ζi
(xj − xi)

∣∣∣∣
linear

For the SUPERSYMMETRIC open string:

A(1, 2, . . . , N) = 2
gN−2

(2α′)2
(xN−1 − x1)(xN − x1)× ×∫ xN−1

0

dxN−2

∫ xN−2

0

dxN−3 . . .

∫ x3

0

dx2 ×

×
∫
dθ1 . . . dθN−2

N∏
i<j

(xj − xi − θjθi)2α
′ki·kj ×∫

dφ1 . . . dφN ×

exp

 N∑
i 6=j

(2α′)1(θj − θi)φj(ζj · ki)− 1/2 (2α′)1φjφi(ζj · ζi)
xj − xi − θjθi


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Example 1 : 3-point amplitude
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Example 1 : 3-point amplitude

i) Open BOSONIC string

Ab(1, 2, 3) =

2g
[

(ζ1 · k2)(ζ2 · ζ3) + (ζ2 · k3)(ζ3 · ζ1) + (ζ3 · k1)(ζ1 · ζ2)
]

+

+ 2g (2α′) (ζ1 · k2)(ζ2 · k3)(ζ3 · k1)
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Example 1 : 3-point amplitude

i) Open BOSONIC string

Ab(1, 2, 3) =

2g
[

(ζ1 · k2)(ζ2 · ζ3) + (ζ2 · k3)(ζ3 · ζ1) + (ζ3 · k1)(ζ1 · ζ2)
]

+

+ 2g (2α′) (ζ1 · k2)(ζ2 · k3)(ζ3 · k1)

ii) Open SUPERSYMMETRIC string

As(1, 2, 3) =

2g
[

(ζ1 · k2)(ζ2 · ζ3) + (ζ2 · k3)(ζ3 · ζ1) + (ζ3 · k1)(ζ1 · ζ2)
]
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Example 2 : 4-point amplitude
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Example 2 : 4-point amplitude

i) Open BOSONIC string

Ab(1, 2, 3, 4) = 8 g2 α′
2 Γ(−1− α′s)Γ(−1− α′t)

Γ(2− α′s− α′t)
×

× Kb(ζ1, k1; ζ2, k2; ζ3, k3; ζ4, k4;α
′)
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Example 2 : 4-point amplitude

i) Open BOSONIC string

Ab(1, 2, 3, 4) = 8 g2 α′
2 Γ(−1− α′s)Γ(−1− α′t)

Γ(2− α′s− α′t)
×

× Kb(ζ1, k1; ζ2, k2; ζ3, k3; ζ4, k4;α
′)

ii) Open SUPERSYMMETRIC string

As(1, 2, 3, 4) = 8 g2 α′
2Γ(−α′s)Γ(−α′t)
Γ(1− α′s− α′t)

×

× Ks(ζ1, k1; ζ2, k2; ζ3, k3; ζ4, k4) ,

16



where

s = −(k1 + k2)
2 , t = −(k1 + k4)

2 , u = −(k1 + k3)
2

are the Mandelstam variables
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where

s = −(k1 + k2)
2 , t = −(k1 + k4)

2 , u = −(k1 + k3)
2

are the Mandelstam variables and

Ks = −1

4

[
ts(ζ1 · ζ3)(ζ2 · ζ4) +

+su(ζ2 · ζ3)(ζ1 · ζ4) + ut(ζ1 · ζ2)(ζ3 · ζ4)
]

+

+
1

2
s
[
(ζ1 · k4)(ζ3 · k2)(ζ2 · ζ4) + (ζ2 · k3)(ζ4 · k1)(ζ1 · ζ3) +

+(ζ1 · k3)(ζ4 · k2)(ζ2 · ζ3) + (ζ2 · k4)(ζ3 · k1)(ζ1 · ζ4)
]

+

+
1

2
t
[
(ζ2 · k1)(ζ4 · k3)(ζ3 · ζ1) + (ζ3 · k4)(ζ1 · k2)(ζ2 · ζ4) +

+(ζ2 · k4)(ζ1 · k3)(ζ3 · ζ4) + (ζ3 · k1)(ζ4 · k2)(ζ2 · ζ1)
]

+

+
1

2
u
[
(ζ1 · k2)(ζ4 · k3)(ζ3 · ζ2) + (ζ3 · k4)(ζ2 · k1)(ζ1 · ζ4) +

+(ζ1 · k4)(ζ2 · k3)(ζ3 · ζ4) + (ζ3 · k2)(ζ4 · k1)(ζ1 · ζ2)
]
.
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α′ expansion of the 4-point momentum factor:

α′
2Γ(−α′s)Γ(−α′t)
Γ(1− α′s− α′t)

=
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α′ expansion of the 4-point momentum factor:

α′
2Γ(−α′s)Γ(−α′t)
Γ(1− α′s− α′t)

=

1

st
− π2

6
α′

2 − ζ(3)(s + t) α′
3 − π4

360
(4s2 + st + 4t2) α′

4
+

+

[
π2

6
ζ(3) st(s + t)− ζ(5)(s3 + 2s2t + 2st2 + t3)

]
α′

5
+

+

[
1

2
ζ(3)2st(s + t)2−

− π6

15120
(16s4 + 12s3t + 23s2t2 + 12st3 + 16t4)

]
α′

6
+

+ O(α′
7
) .
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B. (Extremely) Brief review

of the low energy

e�ective lagrangian
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General Structure

Le� =
1

g2
tr
[
F 2 + (2α′)F 3 + (2α′)2F 4 + (2α′)3

(
F 5 + D2F 4

)
+

+(2α′)4
(
F 6 + D2F 5 + D4F 4

)
+O

(
(2α′)4

) ]
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General Structure

Le� =
1

g2
tr
[
F 2 + (2α′)F 3 + (2α′)2F 4 + (2α′)3

(
F 5 + D2F 4

)
+

+(2α′)4
(
F 6 + D2F 5 + D4F 4

)
+O

(
(2α′)4

) ]
+ (fermions)
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General Structure

Le� =
1

g2
tr
[
F 2 + (2α′)F 3 + (2α′)2F 4 + (2α′)3

(
F 5 + D2F 4

)
+

+(2α′)4
(
F 6 + D2F 5 + D4F 4

)
+O

(
(2α′)4

) ]
+

+ (fermions)

i) Low energy e�ective lagrangian up to α′2

terms

Le� =
1

g2
tr

[
− 1

4
F µνFµν + (2α′)1a1F

λ
µ F

ν
λ F

µ
ν +

+ (2α′)2
(
a3F

µλF ν
λF

ρ
µ Fνρ + a4F

µ
λF

λ
ν F

νρFµρ +

+ a5F
µνFµνF

λρFλρ + a6F
µνF λρFµνFλρ

)
+

+ O((2α′)
3
)

]
.

24



General Structure

Le� =
1

g2
tr
[
F 2 + (2α′)F 3 + (2α′)2F 4 + (2α′)3

(
F 5 + D2F 4

)
+

+(2α′)4
(
F 6 + D2F 5 + D4F 4

)
+O

(
(2α′)4

) ]
+

+ (fermions)

i) Low energy e�ective lagrangian up to α′2

terms

Le� =
1

g2
tr

[
− 1

4
F µνFµν + (2α′)1a1F

λ
µ F

ν
λ F

µ
ν +

+ (2α′)2
(
a3F

µλF ν
λF

ρ
µ Fνρ + a4F

µ
λF

λ
ν F

νρFµρ +

+ a5F
µνFµνF

λρFλρ + a6F
µνF λρFµνFλρ

)
+

+ O((2α′)
3
)

]
.

→ 1 coe�cient at α′1 order : a1
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General Structure

Le� =
1

g2
tr
[
F 2 + (2α′)F 3 + (2α′)2F 4 + (2α′)3

(
F 5 + D2F 4

)
+

+(2α′)4
(
F 6 + D2F 5 + D4F 4

)
+O

(
(2α′)4

) ]
+

+ (fermions)

i) Low energy e�ective lagrangian up to α′2

terms

Le� =
1

g2
tr

[
− 1

4
F µνFµν + (2α′)1a1F

λ
µ F

ν
λ F

µ
ν +

+ (2α′)2
(
a3F

µλF ν
λF

ρ
µ Fνρ + a4F

µ
λF

λ
ν F

νρFµρ +

+ a5F
µνFµνF

λρFλρ + a6F
µνF λρFµνFλρ

)
+

+ O((2α′)
3
)

]
.

→ 1 coe�cient at α′1 order : a1
→ 4 coe�cients at α′2 order: a3, a4, a5, a6.
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ii) Low energy e�ective lagrangian at

α′3 order

Le�
(3) =

(2α′)3

g2

tr
[
a10 F

ν
µ F

λ
ν F

ρ
λ F

σ
ρ F

µ
σ + a11 F

ν
µ F

λ
ν F

ρ
λ F

µ
σ F

σ
ρ +

+ a12 F
ν

µ F
λ

ν F
µ

σ F
ρ

λ F
σ

ρ + a13 F
ν

µ F
σ

ρ F
λ

ν F
µ

σ F
ρ

λ

+ a14 F
ν

µ F
λ

ν F
µ

λ F
σ

ρ F
ρ

σ + a15 F
ν

µ F
λ

ν F
σ

ρ F
µ

λ F
ρ

σ +

+ a16
(
DµF

λ
ν

)
(DµF ρ

λ )F ν
σ F

σ
ρ +

+ a17
(
DµF

λ
ν

)
F ν
σ (DµF ρ

λ )F σ
ρ +

+ a18
(
DµF

λ
ν

)
(DµF ν

λ )F σ
ρ F

ρ
σ +

+ a19
(
DµF

λ
ν

)
F σ
ρ (DµF ν

λ )F ρ
σ +

+ a20
(
DσF

ν
µ

)
F ρ
λ

(
DµF λ

ν

)
F σ
ρ +

+ a21F
ν

µ

(
DµF λ

ν

)
F σ
ρ (DσF

ρ
λ ) +

+ a22F
ν

µ (DµF ρ
λ )
(
DσF

λ
ν

)
F σ
ρ

]
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ii) Low energy e�ective lagrangian at

α′3 order

Le�
(3) =

(2α′)3

g2

tr
[
a10 F

ν
µ F

λ
ν F

ρ
λ F

σ
ρ F

µ
σ + a11 F

ν
µ F

λ
ν F

ρ
λ F

µ
σ F

σ
ρ +

+ a12 F
ν

µ F
λ

ν F
µ

σ F
ρ

λ F
σ

ρ + a13 F
ν

µ F
σ

ρ F
λ

ν F
µ

σ F
ρ

λ

+ a14 F
ν

µ F
λ

ν F
µ

λ F
σ

ρ F
ρ

σ + a15 F
ν

µ F
λ

ν F
σ

ρ F
µ

λ F
ρ

σ +

+ a16
(
DµF

λ
ν

)
(DµF ρ

λ )F ν
σ F

σ
ρ +

+ a17
(
DµF

λ
ν

)
F ν
σ (DµF ρ

λ )F σ
ρ +

+ a18
(
DµF

λ
ν

)
(DµF ν

λ )F σ
ρ F

ρ
σ +

+ a19
(
DµF

λ
ν

)
F σ
ρ (DµF ν

λ )F ρ
σ +

+ a20
(
DσF

ν
µ

)
F ρ
λ

(
DµF λ

ν

)
F σ
ρ +

+ a21F
ν

µ

(
DµF λ

ν

)
F σ
ρ (DσF

ρ
λ ) +

+ a22F
ν

µ (DµF ρ
λ )
(
DσF

λ
ν

)
F σ
ρ

]

→ 13 coe�cients at α′3 order
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C. Basics of the S-matrix approach

to the (tree level) open string

low energy e�ective lagrangian
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Matching the open string amplitudes

with the ones from the LEL:
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Matching the open string amplitudes

with the ones from the LEL:

i) Case of the 3-point amplitude:

Bosonic string: a1 = −i/3.

Supersymmetric string: a1 = 0.
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Matching the open string amplitudes

with the ones from the LEL:

i) Case of the 3-point amplitude:

Bosonic string: a1 = −i/3.

Supersymmetric string: a1 = 0.

ii) Case of the 4-point amplitude:

Coe�cient Bosonic Supersymmetric

open string theory open string theory

a3 π2/12 π2/12

a4 π2/24 π2/24

a5 −π2/48− 1/8 −π2/48

a6 −π2/96 + 1/8 −π2/96
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Matching the open string amplitudes

with the ones from the LEL:

i) Case of the 3-point amplitude:

Bosonic string: a1 = −i/3.

Supersymmetric string: a1 = 0.

ii) Case of the 4-point amplitude:

Coe�cient Bosonic Supersymmetric

open string theory open string theory

a3 π2/12 π2/12

a4 π2/24 π2/24

a5 −π2/48− 1/8 −π2/48

a6 −π2/96 + 1/8 −π2/96

It is exactly
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Matching the open string amplitudes

with the ones from the LEL:

i) Case of the 3-point amplitude:

Bosonic string: a1 = −i/3.

Supersymmetric string: a1 = 0.

ii) Case of the 4-point amplitude:

Coe�cient Bosonic Supersymmetric

open string theory open string theory

a3 π2/12 π2/12

a4 π2/24 π2/24

a5 −π2/48− 1/8 −π2/48

a6 −π2/96 + 1/8 −π2/96

It is exactly the SAME method
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Matching the open string amplitudes

with the ones from the LEL:

i) Case of the 3-point amplitude:

Bosonic string: a1 = −i/3.

Supersymmetric string: a1 = 0.

ii) Case of the 4-point amplitude:

Coe�cient Bosonic Supersymmetric

open string theory open string theory

a3 π2/12 π2/12

a4 π2/24 π2/24

a5 −π2/48− 1/8 −π2/48

a6 −π2/96 + 1/8 −π2/96

It is exactly the SAME method applied to two

di�erent expressions for

A(1, 2, . . . , N) .
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D. Our revisited S-matrix approach

to the (tree level) open string

low energy e�ective lagrangian

36



Main observation
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Main observation

In the case of the superstring
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Main observation

In the case of the superstring

A(1, . . . , N) does not contain (ζ · k)N terms
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Main observation

In the case of the superstring

A(1, . . . , N) does not contain (ζ · k)N terms

This is probably due to

D=10 Supersymmetry
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i) α′2 calculation
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i) α′2 calculation

a3 = −8 a6 , a4 = −4 a6 , a5 = 2 a6 .
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i) α′2 calculation

a3 = −8 a6 , a4 = −4 a6 , a5 = 2 a6 .

Le� =
1

g2
tr

[
− 1

4
F µνFµν + a6 (2α′)2

(
− 8 F µλF ν

λF
ρ

µ Fνρ −

−4 F µ
λF

λ
ν F

νρFµρ + 2 F µνFµνF
λρFλρ + F µνF λρFµνFλρ

)
+

+O((2α′)
3
)

]
.
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i) α′2 calculation

a3 = −8 a6 , a4 = −4 a6 , a5 = 2 a6 .

Le� =
1

g2
tr

[
− 1

4
F µνFµν + a6 (2α′)2

(
− 8 F µλF ν

λF
ρ

µ Fνρ −

−4 F µ
λF

λ
ν F

νρFµρ + 2 F µνFµνF
λρFλρ + F µνF λρFµνFλρ

)
+

+O((2α′)
3
)

]
.

→ At α′2 order there is only 1 coe�cient: a6.
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i) α′2 calculation

a3 = −8 a6 , a4 = −4 a6 , a5 = 2 a6 .

Le� =
1

g2
tr

[
− 1

4
F µνFµν + a6 (2α′)2

(
− 8 F µλF ν

λF
ρ

µ Fνρ −

−4 F µ
λF

λ
ν F

νρFµρ + 2 F µνFµνF
λρFλρ + F µνF λρFµνFλρ

)
+

+O((2α′)
3
)

]
.

→ At α′2 order there is only 1 coe�cient: a6.

a6 =−π
2

96
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ii) α′3 calculation
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ii) α′3 calculation

−2a16 = −2a17 = 8a19 = −a20 = a22 ,

a18 = a21 = 0 .

a11 = a13 = −2a15 = −i a22 ,
a10 = a12 = a14 = 0 .
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ii) α′3 calculation

−2a16 = −2a17 = 8a19 = −a20 = a22 ,

a18 = a21 = 0 .

a11 = a13 = −2a15 = −i a22 ,
a10 = a12 = a14 = 0 .

Le�
(3) = −(2α′)3 a22

g2
×

× tr

[
i F ν

µ F
λ

ν F
ρ

λ F
µ

σ F
σ

ρ + i F ν
µ F

σ
ρ F

λ
ν F

µ
σ F

ρ
λ −

− i
2
F ν
µ F

λ
ν F

σ
ρ F

µ
λ F

ρ
σ +

1

2

(
DµF

λ
ν

)
(DµF ρ

λ )F ν
σ F

σ
ρ

+
1

2

(
DµF

λ
ν

)
F ν
σ (DµF ρ

λ )F σ
ρ −

1

8

(
DµF

λ
ν

)
F σ
ρ (DµF ν

λ )F ρ
σ +

+
(
DσF

ν
µ

)
F ρ
λ

(
DµF λ

ν

)
F σ
ρ − F ν

µ (DµF ρ
λ )
(
DσF

λ
ν

)
F σ
ρ

]
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ii) α′3 calculation

−2a16 = −2a17 = 8a19 = −a20 = a22 ,

a18 = a21 = 0 .

a11 = a13 = −2a15 = −i a22 ,
a10 = a12 = a14 = 0 .

Le�
(3) = −(2α′)3 a22

g2
×

× tr

[
i F ν

µ F
λ

ν F
ρ

λ F
µ

σ F
σ

ρ + i F ν
µ F

σ
ρ F

λ
ν F

µ
σ F

ρ
λ −

− i
2
F ν
µ F

λ
ν F

σ
ρ F

µ
λ F

ρ
σ +

1

2

(
DµF

λ
ν

)
(DµF ρ

λ )F ν
σ F

σ
ρ

+
1

2

(
DµF

λ
ν

)
F ν
σ (DµF ρ

λ )F σ
ρ −

1

8

(
DµF

λ
ν

)
F σ
ρ (DµF ν

λ )F ρ
σ +

+
(
DσF

ν
µ

)
F ρ
λ

(
DµF λ

ν

)
F σ
ρ − F ν

µ (DµF ρ
λ )
(
DσF

λ
ν

)
F σ
ρ

]
→ At α′3 order there is only 1 coe�cient: a22.
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ii) α′3 calculation

−2a16 = −2a17 = 8a19 = −a20 = a22 ,

a18 = a21 = 0 .

a11 = a13 = −2a15 = −i a22 ,
a10 = a12 = a14 = 0 .

Le�
(3) = −(2α′)3 a22

g2
×

× tr

[
i F ν

µ F
λ

ν F
ρ

λ F
µ

σ F
σ

ρ + i F ν
µ F

σ
ρ F

λ
ν F

µ
σ F

ρ
λ −

− i
2
F ν
µ F

λ
ν F

σ
ρ F

µ
λ F

ρ
σ +

1

2

(
DµF

λ
ν

)
(DµF ρ

λ )F ν
σ F

σ
ρ

+
1

2

(
DµF

λ
ν

)
F ν
σ (DµF ρ

λ )F σ
ρ −

1

8

(
DµF

λ
ν

)
F σ
ρ (DµF ν

λ )F ρ
σ +

+
(
DσF

ν
µ

)
F ρ
λ

(
DµF λ

ν

)
F σ
ρ − F ν

µ (DµF ρ
λ )
(
DσF

λ
ν

)
F σ
ρ

]
→ At α′3 order there is only 1 coe�cient: a22.

a22 = 2ζ(3)
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iii) α′4 calculation:

Le�
(4) =

(2α′)4π4

g2

(
LF 6 + LD2F 5 + LD4F 4

)
,

where
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LF 6 =
1

46080
×

× tµ1ν1µ2ν2µ3ν3µ4ν4µ5ν5µ6ν6(12) tr
(
Fµ1ν1Fµ2ν2Fµ3ν3Fµ4ν4Fµ5ν5Fµ6ν6

)
,

LD2F 5 =
56 i

46080
tµ1ν1µ2ν2µ3ν3µ4ν4µ5ν5(10) ×

× tr
(
Fµ1ν1Fµ2ν2Fµ3ν3D

αFµ4ν4DαFµ5ν5
)

+

+
i

46080
(η · t(8))µ1ν1µ2ν2µ3ν3µ4ν4µ5ν5 ×

× tr
(
− 169 DαFµ1ν1Fµ2ν2Fµ3ν3Fµ4ν4DαFµ5ν5 +

+68 DαFµ1ν1DαFµ2ν2Fµ3ν3Fµ4ν4Fµ5ν5 +

+237 Fµ1ν1D
αFµ2ν2DαFµ3ν3Fµ4ν4Fµ5ν5 +

+237 Fµ1ν1D
αFµ2ν2Fµ3ν3DαFµ4ν4Fµ5ν5 +

+267 Fµ1ν1Fµ2ν2D
αFµ3ν3DαFµ4ν4Fµ5ν5 +

+16 Fµ1ν1Fµ2ν2Fµ3ν3D
αFµ4ν4DαFµ5ν5

)
−

− i

5760
tµ1ν1µ2ν2µ3ν3µ4ν4(8) ×

×
{

17 tr
(
Dµ5Fµ1ν1Fµ2ν2Fµ3ν3D

ν5Fµ4ν4Fµ5ν5
)

+

+2 tr
(
Fµ1ν1D

µ5Fµ2ν2D
ν5Fµ3ν3Fµ4ν4Fµ5ν5

)}
,

LD4F 4 = − 1

11520
tµ1ν1µ2ν2µ3ν3µ4ν4(8) ×

× tr
(
DαFµ1ν1D(αDβ)Fµ2ν2D

βFµ3ν3Fµ4ν4 +

+8 DαFµ1ν1DαFµ2ν2D
βFµ3ν3DβFµ4ν4

)
.
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S-matrix method

54



1. There now is an improved (revisited)

version of the S-matrix approach to the

Open Superstring low energy e�ective

lagrangian, Le�.
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1. There now is an improved (revisited)

version of the S-matrix approach to the

Open Superstring low energy e�ective

lagrangian, Le�.

2. It incorporates a kinematic requireme-

nent in the gauge boson scattering ampli-

tudes, (presumably) due to Supersymmetry.

3. It has been successfully used to obtain

the bosonic terms of Le� up to α′4 order.
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that, demanding:

I. The kinematical constraints

(absence of (ζ · k)N terms)

+

II. The Open Superstring

4-point amplitude
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5. Important remark:

In the literature there already exists another

method which only uses the open superstring

4-point amplitude and that succeeds in �nd-

ing the α′ terms of Le� up to α′4 order:

The method of BPS con�gurations

→ It is due to Koerber and Sevrin

(2001-2004).

→ Our results agree with the ones of Koer-

ber and Sevrin up to α′3 order and probably
also agree at α′4 order.
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F. ... As for the scattering amplitudes ...
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F. ... As for the scattering amplitudes ...

(Work in progress,

to be soon sent to the hep-th ArXiv)
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Open Superstring Theory,

A(1, 2, . . . , N) = 2
gN−2

(2α′)2
(xN−1 − x1)(xN − x1)× ×∫ xN−1

0

dxN−2

∫ xN−2

0

dxN−3 . . .

∫ x3

0

dx2 ×

×
∫
dθ1 . . . dθN−2

N∏
i<j

(xj − xi − θjθi)2α
′ki·kj ×∫

dφ1 . . . dφN ×

exp

 N∑
i 6=j

(2α′)1(θj − θi)φj(ζj · ki)− 1/2 (2α′)1φjφi(ζj · ζi)
xj − xi − θjθi


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admit a closed expression for any N?

Answer:

Yes !

Mafra, Schlotterer, Stieberger, arXiv:0909.0256

75



Mafra, Schlotterer and Stieberger's result:

76



Mafra, Schlotterer and Stieberger's result:

A(1, 2, . . . , N) = F
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(4)
1 AYM(1, 2, 3, 4)
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As(1, 2, 3, 4) = 8 g2 α′
2Γ(−α′s)Γ(−α′t)
Γ(1− α′s− α′t)

×

× Ks(ζ1, k1; ζ2, k2; ζ3, k3; ζ4, k4) ,
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×

× Ks(ζ1, k1; ζ2, k2; ζ3, k3; ζ4, k4) ,

(Both expressions are equivalent)
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F
(5)
1 = 1− (2α′)2 ζ(2) (α12 α34 − α34 α45 − α12 α51)−
− (2α′)3 ζ(3)

(
α2
12 α34 + 2 α12 α23 α34 + α12 α

2
34 −

− α2
34 α45 − α34 α

2
45 − α2

12 α51 − α12 α
2
51

)
+O((2α′)4)
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F
(6)
1 = α12 α45
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0

dx4

∫ x4

0

dx3

∫ x3

0

dx2 x2
2α′α12−1x3

2α′α13

x4
2α′α14(1− x2)2α

′α25(1− x3)2α
′α35

(1− x4)2α
′α45−1(x3 − x2)2α

′α23

(x4 − x2)2α
′α24(x4 − x3)2α

′α34

×
[ α13

x3
+

α23

x3 − x2

]
.
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dx4
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0
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2α′α13

x4
2α′α14(1− x2)2α

′α25(1− x3)2α
′α35

(1− x4)2α
′α45−1(x3 − x2)2α

′α23

(x4 − x2)2α
′α24(x4 − x3)2α

′α34

×
[ α13

x3
+

α23

x3 − x2

]
.

F
(6)
1 = 1− (2α′)2 ζ(2)

(
α45 α56 + α12 α61 − α45 t123 −

− α12 t345 + t123 t345

)
+

+ (2α′)3 ζ(3)
(

2 α12 α23 α45 + 2 α12 α34 α45 +

+ α2
45 α56 + α45 α

2
56 + α2

12 α61 + α12 α
2
61 −

− 2 α34 α45 t123 − α2
45 t123 − α45 t

2
123 −

− 2 α12 α45 t234 − α2
12 t345 − 2 α12 α23 t345 +

+ t2123 t345 − α12 t
2
345 + t123 t

2
345

)
+

+O((2α′)4),

where

αij = ki · kj and tmnp = αmn + αmp + αnp .
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(N)
1 AYM(1, 2, . . . , N − 1, N) + . . .

+ F
(N)
(N−3)! AYM(1, N − 2, . . . , N − 1, N) ???

Answer:

It can be re-derived from it !
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can be re-derived.
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+ F
(N)
(N−3)! AYM(1, N − 2, . . . , N − 1, N) ,

can be re-derived.

At least we have succeeded in the cases of N=5 and

N=6 (also N=7 ?) :

F
(5)
1 = 1− (2α′)2 ζ(2) (α12 α34 − α34 α45 − α12 α51)−
− (2α′)3 ζ(3)

(
α2
12 α34 + 2 α12 α23 α34 + α12 α

2
34 −

− α2
34 α45 − α34 α

2
45 − α2

12 α51 − α12 α
2
51

)
+

+ O((2α′)4) ,
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can be re-derived.

At least we have succeeded in the cases of N=5 and

N=6 (also N=7 ?) :

F
(5)
1 = 1− (2α′)2 ζ(2) (α12 α34 − α34 α45 − α12 α51)−
− (2α′)3 ζ(3)

(
α2
12 α34 + 2 α12 α23 α34 + α12 α

2
34 −

− α2
34 α45 − α34 α

2
45 − α2

12 α51 − α12 α
2
51

)
+

+ O((2α′)4) ,

F
(6)
1 = 1− (2α′)2 ζ(2)

(
α45 α56 + α12 α61 − α45 t123 −

− α12 t345 + t123 t345

)
+

+ (2α′)3 ζ(3)
(
2 α12 α23 α45 + 2 α12 α34 α45 +

+ α2
45 α56 + α45 α

2
56 + α2

12 α61 + α12 α
2
61 −

− 2 α34 α45 t123 − α2
45 t123 − α45 t

2
123 −

− 2 α12 α45 t234 − α2
12 t345 − 2 α12 α23 t345 +

+ t2123 t345 − α12 t
2
345 + t123 t

2
345

)
+

+ O((2α′)4) .
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G. Global summary
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1. Our revisited S-matrix approach, which deals

with the RNS description of the open superstring,

proposes a CONCRETE SHORTCUT to:

i) The construction of the LEL, Le� .

Le� =
1

g2
tr
[
F 2 + (2α′)F 3 + (2α′)2F 4 + (2α′)3

(
F 5 + D2F 4

)
+

+(2α′)4
(
F 6 + D2F 5 + D4F 4

)
+O

(
(2α′)4

) ]
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2. Although at this moment,

→ neither Le�

→ nor the momentum factors F
(N)
j ,

of A(1, 2, . . . , N),

are known at any α′ order,

our revisited S-matrix method suggests an explicit

construction of both of them,

bypassing the computation of α′ expansion of world-

sheet integrals that arise inN ≥ 5 point amplitudes,

like, for example, for N=6 :

∫ 1

0

dx4

∫ x4

0

dx3

∫ x3

0

dx2 x2
2α′α12 x3

2α′α13 x4
2α′α14−1 (x3−x2)2α

′α23−1

(x4−x2)2α
′α24 (x4−x3)2α

′α34−1(1−x2)2α
′α25−1

(1−x3)2α
′α35 (1−x4)2α

′α45
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∫ 1

0

dx4

∫ x4

0

dx3

∫ x3

0

dx2 x2
2α′α12 x3

2α′α13 x4
2α′α14−1 (x3−x2)2α

′α23−1

(x4−x2)2α
′α24 (x4−x3)2α

′α34−1(1−x2)2α
′α25−1

(1−x3)2α
′α35 (1−x4)2α

′α45

=

1

(2α′)3

[(
1

α23α16t234
+

1

α34α56t234

)
+

(
1

α34α16t234
+

1

α23α56t234

)]
+

+
ζ(2)

(2α′)1

[
−
(

α16

α23t234
+

α56

t234α34

)
+

(
1

α56
+

1

α16

)
−
(

α23

t234α56
+

α34

t234α16

)
+

+

(
1

α23
+

1

α34

)
−
(

α23

t234α16
+

α34

t234α56

)
−
(

α12

α56α34
+

α45

α23α16

)
−

−
(

α56

α23t234
+

α16

t234α34

)
−
(

t345
α34α16

+
t123
α23α56

)]
+

+ O((2α′)0)

where

αij = ki · kj and tmnp = αmn + αmp + αnp .
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Obrigado !
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