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Motivation

• Cartan formalism (1922)
• Poincaré Gauge Theory (Kibble-Sciama 1961-

1962)

¿What is Matter made of?

Èlie Cartan (1869-1951)



First Order Formalism

Traslations Rotations

Field 𝑒𝑎 = 𝑒 𝜇
𝑎 d𝑥𝜇 𝜔𝑎𝑏 = 𝜔 𝜇

𝑎𝑏 d𝑥𝜇

Structure
equations 𝑇𝑎 = d𝑒𝑎 + 𝜔 𝑏

𝑎 ∧ 𝑒𝑏 𝑅𝑎𝑏 = d𝜔𝑎𝑏 + 𝜔 𝑐
𝑎 ∧ 𝜔𝑐𝑏

Bianchi
Identities D𝑇𝑎 = 𝑅 𝑏

𝑎 𝑒𝑏 D𝑅𝑎𝑏 = 0



Einstein-Cartan-Holts Theory

Action Principle   (𝜅 = 8𝜋𝐺)

𝐼 𝑒, 𝜔, 𝜓 =
1

4𝜅
 𝜖𝑎𝑏𝑐𝑑𝑅

𝑎𝑏 ∧ 𝑒𝑐 ∧ 𝑒𝑑 + 2𝛾𝑅𝑎𝑏 ∧ 𝑒
𝑎 ∧ 𝑒𝑏 + 𝐿𝑀[𝜓]

Equations of Motion

𝛿𝑒 ∶ −
1

2
𝜖𝑎𝑏𝑐𝑑𝑅

𝑎𝑏 ∧ 𝑒𝑐 + 𝛾𝑅𝑑𝑎 ∧ 𝑒
𝑎 = 𝜅𝜏𝑑

𝛿𝜔 ∶ 𝜖𝑎𝑏𝑐𝑑𝑇
𝑐 ∧ 𝑒𝑑 + 2𝛾𝑇[𝑎 ∧ 𝑒𝑏] = 𝜅𝜎𝑎𝑏

𝛿𝜓 ∶
𝛿𝐿𝑀

𝛿𝜓
= 0

where 

𝛿𝐿𝑀 = −𝛿𝑒
𝑎 ∧ 𝜏𝑎 −

1

2
𝛿𝜔𝑎𝑏 ∧ 𝜎𝑎𝑏 +

𝛿𝐿𝑀

𝛿𝜓
𝛿𝜓
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(non-Grassmann) Dirac Field

Consider

𝜓 =
𝜓𝐿
𝜓𝑅

,  𝜓 = −𝒾𝜓†Γ0

Γ = Γ𝑎𝑒
𝑎 , Γ𝑎, Γ𝑏 = 2𝜂𝑎𝑏𝕀 , Γ𝑎𝑏 =

1

2
[Γ𝑎 , Γ𝑏]

Quiral Representation 

Γ0 =
0 −1
1 0

, Γ𝑖 =
0 𝜎𝑖
𝜎𝑖 0

, Γ5 =
1 0
0 −1

Γ0𝑖 =
−𝜎𝑖 0
0 𝜎𝑖

, Γ𝑖𝑗 = 𝒾𝜖𝑖𝑗𝑘Σ𝑖 , Σ𝑖 =
𝜎𝑖 0
0 𝜎𝑖
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(non-Grassmann) Dirac Field

Covariant Derivative (Γ𝑎𝑏 =
1

2
[Γ𝑎 , Γ𝑏])

D𝜓 = d𝜓 +
1

4
𝜔𝑎𝑏Γ𝑎𝑏𝜓

D  𝜓 = d  𝜓 −
1

4
𝜔𝑎𝑏  𝜓Γ𝑎𝑏

DΓ𝑎 = 0

define

(vector current) 𝐽𝑎 = 𝒾  𝜓Γ𝑎𝜓

(quiral current)          𝐽5𝑎 = 𝒾  𝜓Γ5Γ𝑎𝜓
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Matter Lagrangian

Impose conditions:

• Lorentz & diffeomorphism invariance

• First order equations

• Minimal Coupling

• Real Action

𝐼𝑀 𝜓 =  
1

2
 𝜓 ⋆ Γ ∧ D𝜓 +

1

2
D  𝜓 ∧⋆ Γ𝜓 −

1

2
𝑚  𝜓𝜓𝑒4

+𝒾𝑛
1

2
 𝜓 ⋆ Γ ∧ D𝜓 −

1

2
D  𝜓 ∧⋆ Γ𝜓
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⋆ : Hodge dual
𝑒4 = 𝑒 d4𝑥 : Volume 4-form
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Additional term

𝒾𝑛
1

2
 𝜓 ⋆ Γ ∧ D𝜓 −

1

2
D  𝜓 ∧⋆ Γ𝜓 = −

𝒾𝑛

2
d(  𝜓 ⋆ Γ𝜓)+

𝒾𝑛

2
 𝜓D ⋆ Γ𝜓

=
𝑛

2
𝑇𝑎  𝜓 ⋆ Γe𝑎 𝜓 + 𝑏. 𝑡.

=
𝑛

2
𝒾  𝜓Γ𝑎𝜓 𝑇𝑏𝑎𝑏 𝑒 𝑑

4𝑥 + 𝑏. 𝑡.
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Matter Lagrangian

Impose conditions:

• Lorentz & diffeomorphism invariance

• First order equations

• Minimal Coupling

• Real Action

𝐼𝑀 𝜓 =  
𝛼

2
 𝜓 ⋆ Γ ∧ D𝜓 +

 𝛼

2
D  𝜓 ∧⋆ Γ𝜓 −

1

2
𝑚  𝜓𝜓𝑒4

where 𝛼 = 1 + 𝒾𝑛

here

⋆ : Hodge dual
𝑒4 = 𝑒 d4𝑥 : Volume 4-form



Equations of Motion

(Einstein)                    −
1

2
𝜖𝑎𝑏𝑐𝑑𝑅

𝑎𝑏 ∧ 𝑒𝑐 + 𝛾𝑅𝑑𝑎 ∧ 𝑒
𝑎 = 𝜅𝜏𝑑

(Cartan)                  𝜖𝑎𝑏𝑐𝑑𝑇
𝑐 ∧ 𝑒𝑑 + 2𝛾𝑇[𝑎 ∧ 𝑒𝑏] = 𝜅𝜎𝑎𝑏

(Stress)       𝜏𝑑 = −
𝛼

2
 𝜓 ⋆ Γ𝑒𝑑 ∧ D𝜓 +

 𝛼

2
D  𝜓 ∧ ⋆ Γ𝑒𝑑 𝜓 +𝑚  𝜓𝜓 ⋆ 𝑒𝑑

(Spin)        𝜎𝑎𝑏 =
1

2
𝜖𝑎𝑏𝑐𝑑 𝐽

5𝑐 ⋆ 𝑒𝑑 + 𝑛 ⋆ 𝑒[𝑎 𝐽𝑏]

and

(Dirac)             𝐷𝜓 −𝑚𝜓 −
3𝒾

4
𝐴𝑎Γ

5Γ𝑎𝜓 +
3𝑛𝒾

4
𝑉𝑎Γ

𝑎𝜓 = 0

were ( D = d +  𝜔 ⇒ de𝑎 +  𝜔 𝑏
𝑎 𝑒𝑏 = 0)
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Stationary & Spherically Symmetric Solutions

Metric:
𝑑𝑠2 = −𝑓 𝑟 d𝑡2 + ℎ 𝑟 d𝑟2 + 𝑟2(d𝜃2 + sin2 𝜃 d𝜙2)

Torsion:

𝑇 𝑏𝑐
𝑎 = 𝑇 𝑏𝑐

𝑎 𝑟

𝐴2 = 𝐴3 = 𝑉2 = 𝑉3 = 0

first constraints

 𝜓Σ2𝜓 =  𝜓Σ3𝜓 = 0

𝑛  𝜓Γ02𝜓 = 𝑛  𝜓Γ03𝜓 = 0
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Stationary & Spherically Symmetric Solutions

Vielbein:      (g𝜇𝜈 = 𝜂𝑎𝑏𝑒 𝜇
𝑎 𝑒 𝜈

𝑏 ,  𝜂𝑎𝑏 = diag(−1,1,1,1))

𝑒0 = 𝑓1/2d𝑡 ,   𝑒1 = ℎ1/2d𝑟 ,    𝑒2 = 𝑟d𝜃 ,    𝑒3 = sin 𝜃 d𝜙2

Torsion:
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𝑉1 =
𝜅

2(1+𝛾2)
𝑛 𝜓†Γ01𝜓 + 𝛾 𝜓

†Σ1𝜓

𝐴1 =
𝜅

2(1+𝛾2)
𝜓†Σ1𝜓 − 𝑛𝛾 𝜓

†Γ01𝜓
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Stationary & Spherically Symmetric Solutions

Spin Connection: from first structure equation 𝑇𝑎 = d𝑒𝑎 + 𝜔 𝑏
𝑎 ∧ 𝑒𝑏

𝜔01 =
1

2

𝑓′

𝑓ℎ1/2
+ 𝑉1 𝑒

0 +
1

2
𝑉0𝑒

1

𝜔02 =
1

2
𝑉0𝑒

2 +
1

2
𝐴1𝑒

3

𝜔03 =
1

2
𝑉0𝑒

3 −
1

2
𝐴1𝑒

2

𝜔12 = −
1

𝑟ℎ1/2
+
1

2
𝑉1 𝑒

2 −
1

2
𝐴0𝑒

3

𝜔12 = −
1

𝑟ℎ1/2
+
1

2
𝑉1 𝑒

3 +
1

2
𝐴0𝑒

2

𝜔23 = −
cot 𝜃

𝑟
𝑒3 −

1

2
𝐴1𝑒

0 −
1

2
𝐴0𝑒

1
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Einstein Equations

ℎ′

𝑟ℎ2
+
1

𝑟2
1 −

1

ℎ
= 𝜅

𝒾

2ℎ1/2
𝜓†Γ01 𝜕𝑟𝜓 +

𝒾

2𝑟
𝜓†Γ02 𝜕𝜃𝜓 +

𝒾

2𝑟 sin 𝜃
𝜓†Γ03 𝜕𝜙𝜓 + Δ +𝑚  𝜓𝜓

−
𝑓′

𝑟𝑓ℎ
+
1

𝑟2
1 −

1

ℎ
= 𝜅

𝒾

2𝑓1/2
𝜓† 𝜕𝑡𝜓 +

𝒾

2𝑟
𝜓†Γ02 𝜕𝜃𝜓 +

𝒾

2𝑟 sin 𝜃
𝜓†Γ03 𝜕𝜙𝜓 + Δ +𝑚  𝜓𝜓

−

𝑓´
𝑓ℎ 1/2

′

2 𝑓ℎ 1/2
+
1

2𝑟𝑓

𝑓

ℎ

′

= 𝜅
𝒾

2𝑓1/2
𝜓† 𝜕𝑟𝜓 +

𝒾

2ℎ1/2
𝜓†Γ01 𝜕𝑟𝜓 +

𝒾

2𝑟
𝜓†Γ02 𝜕𝜃𝜓 + Δ +𝑚  𝜓𝜓

where

Δ = −
3𝑛

8
𝑉0𝜓

†𝜓 −
3𝑛

8
𝑉1𝜓

†Γ01𝜓 −
3

8
𝐴0𝜓

†Γ5𝜓 +
3

8
𝐴1𝜓

†Σ1
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𝛷2 1,±1,0,0
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Final Equations for 𝑛 ≠ 0

Einstein Equations
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1 −

1
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𝑓ℎ 1/2
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2𝑟𝑓

𝑓

ℎ
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= 0

Dirac Equation
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2
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𝛷 𝜕𝜙𝜆 ∓
1

2
cos 𝜃 − 𝑟𝑚 sin 2𝜆 sin 𝜃 = 0
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Solutions for 𝑛 ≠ 0

Metric

𝑓 =
1
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= 1 −

2𝐺𝑀

𝑟

Spinor
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Spinor Density

non trivial spinor density

𝑗𝜇 = 𝜌 𝑟 1,∓1,0,0

𝜌 𝑟 =
𝛷0
2

𝑟2|1 − 𝑅𝐻/𝑟|

𝑄 𝑅 ≡ 4𝜋 
0

𝑅

𝜌 𝑟 𝑟2d𝑟

𝑄 𝑅𝐻 − 𝜖 → −4𝜋𝑅𝐻𝛷0
2𝐿𝑜𝑔

𝜖

𝑅𝐻
𝑄 𝑅 → ∞ → 4𝜋𝑅Φ0
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Torsion

Effect of Immirzi parameter

𝑉𝑎~
1

1 + 𝛾2
𝑛𝜌 𝑟

𝐴𝑎~
𝛾

1 + 𝛾2
𝑛𝜌(𝑟)



Torsion

Effect of Immirzi parameter

𝑉𝑎~
1

1 + 𝛾2
𝑛𝜌 𝑟

𝐴𝑎~
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1 + 𝛾2
𝑛𝜌(𝑟)

A and V vectors
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• There is a non-vanishing torsion due to the coupling between
torsion trace and vector current (trough 𝑛).

• There is a singularity of spinor density and torsion at the horizon
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