N

i
PONTIFICIA UNIVERSIDAD

CATOLICA
DE VALPARAISO

- o —

symmetric Spi

norial Source

"_-_\~'
-~ -

-
- -

Adolfo Toloza Diaz (

Advisor: Joi







* Motivation




* Motivation

 Einstein-Cartan-Holts Theory




* Motivation

 Einstein-Cartan-Holts Theory

 Stationary & Spherically Symmetric Solutions




* Motivation

 Einstein-Cartan-Holts Theory

 Stationary & Spherically Symmetric Solutions

* Conclusions and further work




Motivation

* (Cartan formalism (1922)
* Poincaré Gauge Theory (Kibble-Sciama 1961-

Elie Cartan (1869-1951)

. What is Matter made of?




| Tesltos | Romtons
Field e = e dxH w® = 0 dx#
Structure
equations T% = de® + w?%, Aeb R = dw® + w A 0
Bianchi

dentities DT® = R%,e? DR% =0
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Einstein-Cartan-Holts Theory

Action Principle (k = 87n()

Ile,w, Y] = f(eabcdRab AeC Ae + 2yR , N e? /\eb) +fLM[l/)]

Equations of Motion

1

Se : —EeabcdR“b Ae +YRy, Ne® = kTy4

Sw  €qpcaTC Ne 4+ 2yTig A ey = Koy
8Ly

sy« =g

where

SLy = —8e® ATy — 38w Ay, + 221 2 5
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(hon-Grassmann) Dirac Field

Consider
_ l/)L T et
v=(ys) - F=-wT

1
= 1_‘aea ) {Fa: Fb} = 2Ngpll ) [ap = 5 [Far l_‘b]

Quiral Representation

n=( o) o n=(n 9) = %)
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(hon-Grassmann) Dirac Field

Covariant Derivative (I;; = % 1T, Ip])

Dy = dip + 4 0™ Tapt)

1

Dj = dff - 2wy,
D¢ =0

define

(vector current) J& = iyYyrey
(quiral current) J°% = 4y
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Matter Lagrangian

Impose conditions:

Lorentz & diffeomorphism invariance
here

First order equations
* : Hodge dual

e* = |e|d*x : Volume 4-form

Minimal Coupling
Real Action

1 _ 1 _ 1 _ 4
IM[¢]=j S P *TADY + oD Ax T — - mije

+4Ln(%1/7*FAD1/J—%D1/3/\*F1/J>




Additional term

in -

in (3% T ADY — DY Ax Tt ) = = Zd(P * Tyh)+ 2D * T
= %T“t/j * (l'e, )Y + b.t.
= gfi(l/jralp)Tbab|e|d4x +b.t.



Additional term

in (3 * T ADY — D Ax T )

— 22 d( * T)+ 24D » Ty
~T%) x (Teg) + b.t.
§¢(z/jra¢)rbab|e|d4x + b.t.




Matter Lagrangian

Impose conditions:

* Lorentz & diffeomorphism invariance

- First order equations here

* : Hodge dual

* Minimal Coupling e* = |e|d*x : Volume 4-form

* Real Action

a — a _ 1 _ 4
IM[¢]=j "« T ADY + oD Ax T — - mife

where a=1+1n
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Equations of Motion

. 1
(Einstein) -3 €apcaR* Ne€ +YRyq N e® = k1y

(Cartan) EapcaT® Ne® + 2yTi, A ey = Koy,

(Stress) T4 = — %1/3 * (Teg) A DY + ng/j Ax (Teg)yY + mypy x eg

. 1
(Spin)  Gap = ; €abed J>¢ x e +n*epg Jy

and

(Dirac)  Jp —mip — = A TST% + 22V, M%) = 0

were (D=d+ @ = de® + @%,e’? = 0)
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Splitting Torsion
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From Cartan Equation

K

Aq = 2(1+y2)
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(mJa+vJ2)

V, =

2(1+y2)

K

T%%: =
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Splitting Torsion
Tape = Eabchd + 77a[ch] + Mgpc

ab _ ~abcd —
n Mabc = € Mabc =0

From Cartan Equation

K

Aa 2(1"‘)/2)

(_]g + Tl]/]a) y Mabc =0
(nJa+7vJ3)

Va = 2(1+V2)

K

T%. =
"¢ 21 +y2)

(€%ca (2% + nyJ?) — nép, Jop — Yopp ]E])
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Stationary & Spherically Symmetric Solutions

Metric:
ds? = —f(r)dt? + h(r)dr? + r?(d6? + sin? 6 d¢?)

Torsion:
Tabc — Tabc(r)
A2=A3=V2=V3=O

first constraints

lljzzlp — 1/3231/J =0
m/jrozlp = m/;r‘oslp =0
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Stationary & Spherically Symmetric Solutions

Vielbein: (g, = nape®ue®, , ngp = diag(—1,1,1,1))

e¥ = f1/2dt , el = h'2dr , e? =rdf , e3 =sin6de?

Torsion:
0 = 2(1:/2) (—n Vi 4y ¥ITY)
o= s T )
V1 = 2(1_’;,2) (n Y o1y +y ¥13,9)

~— (Y2 — ny YITo1y)

L7 2014y2)
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Stationary & Spherically Symmetric Solutions

Spin Connection: from first structure equation T% = de® + w%, A e?

o1 _1( 1
w ——(fh1/2+V1)e + - Voe
w% = EVOe +§A1e
w3 = %Voe3 — lAle2

a)12=—(

a)12=—(

rh1/2+ Vl)e ——Aoe

1z T3 Vl)e + - Aoe

23 C0t9 3

w> = e——Ae——Ae
r 271 270
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Einstein Equations

G PR I LA i, T 0,0 + A+ m

ot (13 ) =k (57 Tor 0 + -9 Toa g + 5 Wi T Bgth + & +
AR PO P ¢*6t¢+ t/ﬁrozaew P To30,1 + A+ myp
rfh = 12 h 2]”1/2 27 sin 6 ¢

¢T0T¢ + 2h1/2

((fh)l/z) (L (f) (

2(fh)17

Y10 + o z/ffroﬁew +A+ mz/?v,b)

2f1/2




Einstein Equations

L PR TG + i, T30, + A + mi

ot (1= 7 ) = (g ¥ o + W TonBgth + 51Tt + A&+
- A + : 1_1 ‘ llﬂatl/)*‘ ¢TF0269¢+ P1To30,9 + A + my
rfh = 12 h 2f1/2 27 sin 6 ¢

(b7 gy
(Fh)172 f i e
2(F072 207 \h ( ) " <2f1/2 Vo

where

2h1/2 1Ty 0, ‘|‘ 1/)*[‘02391/) +A+ ml/jl/J)

3n

3n 3 .3
A= —gVol/JJrl/J - gVﬂ/ﬂLFoﬂ/J - §A01/JTF Y+ §A11/JTZ1
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Dirac Equation

1 1
50V + -7 i)z [010-Y + — I‘025491/J +

7 sin 6

1 (f
[o30pY + hi/2 ( 4f ) [o1Y

3
Fozl/) mrol/} + - (TLVO + nV1F01 + Aor - Alzl)l/J —_— O
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plus additional constraints

Y0,y = YiTe,0, = YiTps0,9 = 0

Yoy = yIT,0,9 = Y109 = 0

© YTT10p9 = Yoy = 0

o YiTy1040 + 4 cos O YiTSyP = 0

Yoy —icos @Yl =0

Y TosOgt = — g ¥ 020 = — 5z O, (F/2r2Yry)

sin 6
¢ I/JTrozael/J =

1 >
YiTh3041

sin 6
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W) = cb(r)ei’l(x) (ill) , Yp = CD(F)e—iA(x) (-I_—ll)

here
YIr>yYy =y, =0 but YTy =402 & YT,y = F4P?




Solution of constraints

W) = cp(r)ei’l(x) (ill) , Yp = CD(F)e—iA(x) (;1)

here
YISy =y9isp =0 but Py =492 & YTy Y = F402
SO
jo = 49%(1,¥1,00) & j§=(0,0)

_ 2NK 2
V, = (1+yz)‘p (1,41,0,0)

WK $2(1,41,0,0 )

A, =

 (1+y2)
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Einstein Equations

ool 1\
_rfh+r2<1_ﬁ>_0

1 Y L (1Y _,
- 2(fm)? ((fh)l/z) 2rf E) B




Final Equations forn # 0

Einstein Equations Dirac Equation
id . . — ’ f’ 1
rh2+r2(l_ﬁ>_0 . (4f _>¢=0
- (1-7) o0 ;
rfh = r? h) ¢<at,1¢<£> 0,&) _
1 Y ii’_o D (01 + : 21) = 0
2(fh)1/2 (fh)1/2 2rf\h) (0gA £ mrcos24) =

1
¢<6¢A$ECOSH —rmsinZAsin@) =0
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Solutions forn = 0

Metric Torsion
f 1 1 2GM 5 CDZ
=—=1- nK
h r Va= (1+y2)r2f1/2(1 +100)
Spinor 2nyxk D3
A 1,+1,0,0
p = 20 =W ryDrepie )




Spinor Density
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non trivial spinor density _
Spinor Density
2

j* = p(r)(1,+1,0,0)

et e . o . T e e e e e —




Torsion

Effect of Immirzi parameter

v 1
“ 1+

()

Ag

o o(r)

T4y




Torsion

Effect of Immirzi parameter A and V vectors

v 1
“ 1+

()

Ao~ T m ()

T4y
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Conclusions and further work

Conclusions

* For n # 0 the spinorial source has no effect on the metric.
* There is a non-trivial spinor configuration

* There is a non-vanishing torsion due to the coupling between
torsion trace and vector current (trough n).

* There is a singularity of spinor density and torsion at the horizon
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Conclusions and further work

Further work

* Study the n = 0 case
* Reconsider Grassmann Dirac Spinor
* Include rotation &/or coupling with Maxwell field







