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How?: Schwinger-Dyson Equation

Using the following identity∫
Dφ

δ

δφ(z)

(
e−S[φ]O(y)

)
= 0,

we find 〈
δS

δφ(z)
O(y)

〉
=

〈
δO(y)

δφ(z)

〉
.
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Here I will show how to compute amplitudes for a simple
sigma model.

Action S [g ]

S = −T
∫

d2zTr∂g−1∂̄g

The algebra for this model is just

[Ta,Tb] = f cabTc
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The 10-Steps rule

Step 1: Define the current J = g−1∂g

(under global g → h · g
J is invariant)
Step 2: Write the action as function of J

S = T

∫
d2zTrJJ̄

Step 3: Apply fluctuations on a classical background g = g0e
X

J = J0 +∇X +
1

2
[∇X ,X ] + · · ·
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Step 4: Write down the Schwinger-Dyson equation for this
model

〈
δS

δX a(z)
X b(y)

〉
= δbaδ

2(z − y)

Step 5: Using the quantum fluctuations “expand” the action

S = S0 + Sint + Skin

and insert the result in the SDE〈
δSkin

δX a(z)
X b(y)

〉
+

∫
d2w

δ2Sint

δX c(w)δX a(z)

〈
X c(w)X b(y)

〉
=δbaδ

2(z − y)
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Step 7

: Solve G (z , k) iteratively in powers of 1/k

G ab(z , k) =
ηab

T

1

|k |2
− ηbd

T

i

2|k |2
f ade

(
Je
0

k
+

J̄e
0

k̄

)
+ · · ·

Step 8: Go back to coordinates space using Fourier transform,
deal with divergences using dimensional regularization

lim
z→y

∫
ddk

(2π)d
e ik(z−y)

|k |2
= − 1

2πε

where d = 2− ε.
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We are only interesting in the contact terms (y → z)

so only
the 1/|k |2 survives, thus, each ∂y take us to the next order in
the series, times a −i .The rules is as follows

G (z , k) =
A

|k |2
+

B

k |k |2
+

C

k̄ |k |2

And we want

〈XX 〉 ≡ lim
y→z
〈X (z)X (y)〉

= lim
z→y

∫
ddk

(2π)d
e ik(z−y)

A

|k |2
+ · · · = IA

For a term with a derivative〈
X ∂̄X

〉
≡ lim

y→z
∂̄y 〈X (z)X (y)〉

= lim
z→y

∫
ddk

(2π)d
e ik(z−y)

−iC
|k |2

+ · · · = −iIC
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= lim
z→y

∫
ddk

(2π)d
e ik(z−y)

−iC
|k |2

+ · · · = −iIC
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Step 9: For operators like 〈∂X∂X 〉

use the identity

〈∂X∂X 〉 = ∂ 〈X∂X 〉 − 〈X∂∂X 〉

Step 10: For a multiplication of general operators O, O′use

〈OO′〉 = 〈O〉O′ +O 〈O′〉+ 〈O,O′〉

where

〈O〉 =
1

2

∫
d2zd2y

δ2O
δX a(z)δX b(y)

〈
X a(x)X b(y)

〉
〈O,O′〉 =

∫
d2zd2y

δO
δX a(z)

δO′

δX b(y)

〈
X a(x)X b(y)

〉
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Pure Spinors

What is a Pure Spinor?

λAγµABλ
B = 0

Pure Spinor model → a Super String model on a coset
space.Equivalent to Green-Schwartz model.
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Pure Spinor

The Pure Spinors action is

S =
R2

2π

∫
d2zSTr

[
1

2
J2J̄2 +

1

4
J1J̄3 +

3

4
J̄1J3 + ω∇̄λ + ω̂∇λ̂− NN̂

]
N ={ω, λ}
∇ =∂ + [J0, ]

The AdS5 × S5 is described by the group

PSU(2, 2|4)

SO(1, 4)× SO(5)
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Pure Spinor
Now we only have to apply the 10-steps

, but life is not so
simple!The current reads

J =J0 + J1 + J2 + J3 = J0 + K

=J i
0Ti + Jα

1 Tα + Jm
2 Tm + J α̂

3 Tα̂

And since we have

g ∼ g · h

we can choose

X =X1 + X2 + X3
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Pure Spinor

How does everything look like now?

Matrix multiplication!

GAB = IAB + FA
CG

CB

G =


Gαβ · · ·

... Gmn

G α̂β̂

. . .





Pure Spinor

How does everything look like now?Matrix multiplication!

GAB = IAB + FA
CG

CB

G =


Gαβ · · ·

... Gmn

G α̂β̂

. . .





Pure Spinor

How does everything look like now?Matrix multiplication!

GAB = IAB + FA
CG

CB

G =


Gαβ · · ·

... Gmn

G α̂β̂

. . .





Pure Spinor

How does everything look like now?Matrix multiplication!

GAB = IAB + FA
CG

CB

G =


Gαβ · · ·

... Gmn

G α̂β̂

. . .





Pure Spinor

Some results

〈K 〉 = 0

〈j〉 =

〈
g

(
J2 +

3

2
J3 +

1

2
J1 + 2N

)
g−1
〉

= 0

〈b〉 =
〈

(λλ̂)−1STr
(
λ̂[J2, J3] + {ω, λ̂}[λ, J1]

)
− STr (ωJ1)

〉
= 0



Dilatation operator

O = 〈J , J〉 δ
δJ

δ

δJ
+ 〈J ,X 〉 δ

δJ

δ

δX
+ 〈X ,X 〉 δ

δX

δ

δX
+ 〈J〉 δ

δJ



Conclusions

I We have developed a method to compute divergent part
of any operator on the Worldsheet

I It is fast and can be done by a computer

I Can be extended to a 3-point function straightforward
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Future Work

I Compute 3 and 4-point functions

I Do it with a computer program

I Look for signs of integrability in the string

I Find physical states of the string



Obrigado
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