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1 Pure Spinors

The Pure Spinors action is

SPS =
R2

2π

∫
d2zSTr

[
1

2
J2J̄2 +

1

4
J1J̄3 +

3

4
J̄1J3 − ω∇̄λ+ ω̂∇λ̂−NN̂

]
=Sint + Skin + S′int + S′kin,

with

∇A =∂A+ [J0, A],

N ={ω, λ}.

where we have divided to conquer: the S′ are the ones with Ghost fields ω, λ, ω̂ and λ̂, while the un-primed are the ones
involving only the Js.

The fields are defined as

J0 =J i0Ti ; J1 = Jα1 Tα ; J2 = Jm2 Tm ; J3 = J α̂3 Tα̂;

λ =λATA ; ω = ωAη
AÂTÂ ; λ̂ = λ̂ÂTÂ ; ω̂ = ω̂B̂η

BB̂TB .

Note that A means α, but, due the few letters in the alphabet (the greek and latin togethers), we use a change of the
definition.

The quantum expansion of the fields are

J0 =J0 + [J1, x3] + [J2, x2] + [J3, x1] +
1

2
([∂x1, x3] + [∂x2, x2] + [∂x3, x1]

+[[J1, x1], x2] + [[J1, x2], x1] + [[J2, x1], x3] + [[J2, x3], x1] + [[J3, x2], x3] + [[J3, x3], x2]) ,

J1 =J1 + ∂x1 + [J2, x3] + [J3, x2] +
1

2
([∂x2, x3] + [∂x3, x2]

+[[J1, x1], x3] + [[J1, x3], x1] + [[J1, x2], x2] + [[J2, x1], x2] + [[J2, x2], x1] + [[J3, x1], x1] + [[J3, x3], x3]) ,

J2 =J2 + ∂x2 + [J1, x1] + [J3, x3] +
1

2
([∂x1, x1] + [∂x3, x3]

+[[J1, x2], x3] + [[J1, x3], x2] + [[J2, x2], x2] + [[J2, x1], x3] + [[J2, x3], x1] + [[J3, x1], x2] + [[J3, x2], x1]) ,

J3 =J3 + ∂x3 + [J2, x1] + [J1, x2] +
1

2
([∂x1, x2] + [∂x2, x1]

+[[J1, x1], x1] + [[J1, x3], x3] + [[J2, x2], x3] + [[J2, x3], x2] + [[J3, x3], x1] + [[J3, x1], x3] + [[J3, x2], x2]) ,

λ =λ+ δλ,

ω =ω + δλ.

For the raising and lowering of index of the structure constants we used

fmαβ = ηαα̂f
α̂
βm and fmα̂β̂ = −ηαα̂fαβ̂m.

With all this, we compute the system without Ghosts and with them.
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2 Pure Spinors without Ghost fields

At second order in perturbation series the action is S = Skin + Sint. Without the ghosts the interaction term is

S′int =
R2

2π

∫
d2zSTr

{
J1

(
−3

8

[
∇̄x2, x1

]
− 5

8

[
∇̄x1, x2

])
+ J̄1

(
1

8
[∇x1, x2]− 1

8
[∇x2, x1]

)
+ J2

(
−1

2

[
∇̄x1, x1

])
+ J̄2

(
−1

2
[∇x3, x3]

)
+ J3

(
−1

8

[
∇̄x2, x3

]
+

1

8

[
∇̄x3, x2

])
+ J̄3

(
−3

8
[∇x2, x3]− 5

8
[∇x3, x2]

)
+

1

2
∇x2∇̄x2 +

1

4
∇x1∇̄x3 +

3

4
∇x3∇̄x1 + [J1, x1]

(
1

4
[J̄3, x3]

)
+ [J1, x2]

(
3

8
[J̄2, x3] +

1

2
[J̄3, x2]

)
+

[J1, x3]

(
−3

8
[J̄2, x2]− 1

4
[J̄3, x1]− 1

2
[J̄1, x3]

)
+ [J̄1, x1]

(
−1

4
[J3, x3]

)
+ [J̄1, x2]

(
−3

8
[J2, x3]− 1

2
[J3, x2]

)
+ [J̄1, x3]

(
−5

8
[J2, x2]− 3

4
[J3, x1]

)
+ [J2, x1]

(
1

4
[J̄2, x3] +

3

8
[J̄3, x2]

)
+ [J2, x2]

(
−1

2
[J̄2, x2]− 3

8
[J̄3, x1]

)
+ [J2, x3]

(
−1

4
[J̄2, x1]

)
+ [J̄2, x1]

(
−3

8
[J3, x2]

)
+ [J̄2, x2]

(
−5

8
[J3, x1]

)
− 1

2
[J3, x1][J̄3, x1]

}
,

and

S′kin =
R2

2π

∫
d2z

[
1

2
∇xm2 ∇̄xn2ηmn −∇xα1 ∇̄xα̂3 ηαα̂

]
.

From now on, we drop the quantum J0, because we don’t will use it.
Computing the STr we obtain:

S′int =
R2

2π

∫
d2z

[
1

2
∂̄xα1x

β
1J

m
2 fmαβ +

1

2
xα1x

β
1J

α̂
3 J̄

β̂
3 fiαα̂fjββ̂g

ij +
1

8

(
3xα1 ∂̄x

m
2 − 5∂̄xα1x

m
2

)
Jβ1 fmαβ

+
1

8
xα1x

m
2

(
−∂J̄β1 fmαβ +

[
3Jn2 J̄

α̂
3 + 5J̄n2 J

α̂
3

]
fiα̂αfjmng

ij + 3
[
Jn2 J̄

α̂
3 − J̄n2 J α̂3

]
fnαβfmβ̂α̂η

ββ̂
)

− 1

4
xα1x

α̂
3

([
J̄β1 J

β̂
3 − J

β
1 J̄

β̂
3

]
fmαβfnα̂β̂η

mn +
[
Jβ1 J̄

β̂
3 + 3J̄β1 J

β̂
3

]
fiα̂βfjαβ̂g

ij + Jm2 J̄
n
2

[
fmαβfnα̂β̂ − fnαβfmα̂β̂

]
ηββ̂
)

− 1

2
xm2 x

n
2

([
Jα1 J̄

α̂
3 − J̄α1 J α̂3

]
fmαβfnα̂β̂η

ββ̂ + Jp2 J̄
q
2fipmfjqng

ij
)

+
1

8

(
3∂xm2 x

α̂
3 − 5xm2 ∂x

α̂
3

)
J̄ β̂3 fmα̂β̂

+
1

8
xm2 x

α̂
3

(
−∂̄J β̂3 fmα̂β̂ + 3

[
J̄α1 J

n
2 − Jα1 J̄n2

]
fmαβfnα̂β̂η

ββ̂ +
[
3Jα1 J̄

n
2 + 5J̄α1 J

n
2

]
fiαα̂fjmng

ij
)

+
1

2
∂xα̂3x

β̂
3 J̄

m
2 fmα̂β̂ +

1

2
xα̂3x

β̂
3J

α
1 J̄

β
1 fiαα̂fjββ̂g

ij

]
,

with

gij =STrTiTj

ηmn =STrTmTn

ηαα̂ =STrTαTα̂

3 Pure Spinors with Ghosts

We now want to scare the reader, so we add ghosts fields to the calculations. Before we compute anything, is good to
note that, because ω and λ are fermionic fileds, the covariant derivate simplifies to

STr [ω∇λ] =STr [ω∂λ+ ωJ0λ− ωλJ0] = STr [ω∂λ−NJ0] .
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The ghost side of the action now reads

S′ =
R2

2π

∫
d2z

[
−ω∇̄λ+ ω̂∇λ̂−NN̂

]
S′kin =

R2

2π

∫
d2z

[
ωA∂̄λ

A + ω̂Â∂λ̂
Â
]

S′int =
R2

2π

∫
d2z

[
−δ2(N iN̂ j)gij + xα1

(
δN iJ̄ α̂3 − δN̂ iJ α̂3

)
fiαα̂ − xm2

(
δN iJ̄n2 − δN̂ iJn2

)
fimn

+ xα̂3

(
δN iJ̄α1 − δN̂ iJα1

)
fiαα̂ +

1

2
xα1x

β
1

(
N iJ̄m2 − N̂ iJm2

)
fmαµfiβµ̂η

µµ̂

+
1

2
xα1x

m
2

(
N iJ̄β1 − N̂ iJβ1

) (
fipmfqαβη

pq + fiαµ̂fmβµη
µµ̂
)
− 1

2

(
∂̄xα1x

α̂
3 − xα1 ∂̄xα̂3

)
N ifiαα̂

+
1

2

(
∂xα1x

α̂
3 − xα1 ∂xα̂3

)
N̂ ifiαα̂ −

1

2
xm2

(
∂̄xn2N

i − ∂xn2 N̂ i
)
fimn

+
1

2
xm2 x

α̂
3

(
N iJ̄ β̂3 − N̂ iJ β̂3

)(
fipmfqα̂β̂η

pq − fiα̂µfmβ̂µ̂η
µµ̂
)
−1

2
xα̂3x

β̂
3

(
N iJ̄m2 − N̂ iJm2

)
fmα̂µ̂fiµβ̂η

µµ̂

]
,

with

N i =ωAλ
BηAB̂fjBB̂g

ij ,

δN i =(δωAλ
B + ωδλ)ηAB̂fjBB̂g

ij ,

δ2(N iN̂ j) =δN iδN̂ j + δωAδλ
BηAB̂f i

BB̂
N̂ j +N iδω̂Âδλ̂

B̂ηBÂf j
BB̂

.

4 Schwinger-Dyson Equation

The Schwinger-Dyson equation in momentum space for this theory reads

GαΛ =
ηαΛ

|k|2
+

1

|k|2
(ik∂̄ + ik̄∂ + �)GαΛ − ηαΩ

|k|2
FΣΩG

ΣΛ,

GmΛ =
ηmΛ

|k|2
+

1

|k|2
(ik∂̄ + ik̄∂ + �)GαΛ − ηmΩ

|k|2
FΣΩG

ΣΛ,

Gα̂Λ =− ηα̂Λ

|k|2
+

1

|k|2
(ik∂̄ + ik̄∂ + �)GαΛ +

ηΩα̂

|k|2
FΣΩG

ΣΛ,

G Λ
A =

i

k̄
δΛ
A +

i

k̄
∂̄G Λ

A −
i

k̄
FΣAG

ΣΛ,

GBΛ =− i

k̄
δBΛ +

i

k̄
∂̄GBΛ +

i

k̄
F B

Σ GΣΛ,

G Λ
Â

=
i

k
δΛ
Â

+
i

k
∂G Λ

Â
− i

k
FΣÂG

ΣΛ,

GB̂Λ =− i

k
δB̂Λ +

i

k
∂GB̂Λ +

i

k
F B̂

Σ GΣΛ,

where all δ and η are reescaled by a 2π/R2

The Green’s Function in coordinate space is related to its Fourier Transform by

G(x, y) =
1

(2π)2

∫
d2k exp(ik(x− y))G(x, k).
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5 Equations of Motion

The first order terms in the perturbation gives the equation of motion:

∂J̄α1 =
(
−N iJ̄β1 + N̂ iJβ1

)
fiα̂βη

αα̂,

∂̄Jα1 =∂J̄α1 +
(
Jm2 J̄

β̂
3 − J̄m2 J

β̂
3

)
fmα̂β̂η

αα̂,

∂J̄m2 =Jα1 J̄
β
1 fnαβη

mn +
(
N iJ̄p2 − N̂ iJp2

)
finpη

mn,

∂̄Jm2 =− J α̂3 J̄
β̂
3 fnα̂β̂η

mn +
(
N iJ̄p2 − N̂ iJp2

)
finpη

mn,

∂J̄ α̂3 =
(
Jm2 J̄

β
1 − J̄m2 J

β
1

)
fmαβη

αα̂ + ∂̄J α̂3 ,

∂̄J α̂3 = +
(
N iJ̄ β̂3 − N̂ iJ β̂3

)
fiαβ̂η

αα̂,

∂̄λA =N̂ iλBfiBÂη
AÂ, ∂̄ωB = −N̂ iωAfiBÂη

AÂ,

∂λ̂Â =N iλ̂B̂fiB̂Aη
AÂ, ∂ω̂B̂ = −N iω̂ÂfiB̂Aη

AÂ,

∂̄Nk =N iN̂ jfkij , ∂N̂k = −∂̄Nk

6 Interaction Matrix

The interaction matrix is given by

FΣΩ(x, y) =

←−
δ

←−
δ ΦΣ(y)

δSint
δΦΩ(x)

.

Because we are working in momentum space is useful to write also F in momentum space, for that reason the equation
we work with is

FΛΩ(x, k)f(x) =

∫
d2y

←−
δ

←−
δ ΦΣ(y)

δSint
δΦΩ(x)

exp(iky)f(y).

Note that the f(y) stands for the previous Green’s function and the exponential came from the Fourier Transform.
The interaction matrix is,

Fαβ =− Jm2 (ik̄ + ∂̄)fmαβ −
1

2
∂̄Jm2 fmαβ −

1

2
J α̂3 J̄

β̂
3

(
fiαα̂fjββ̂ − fiβα̂fjαβ̂

)
gij

− 1

2

(
N iJ̄m2 − N̂ iJm2

)
(fmαµfiβµ̂ − fmβµfiαµ̂) ηµµ̂

Fαm =Jβ1
(
ik̄ + ∂̄

)
fmαβ +

1

8

(
∂J̄β1 + 3∂̄Jβ1

)
fmαβ −

1

8

(
3Jn2 J̄

α̂
3 + 5J̄n2 J

α̂
3

)
fiα̂αfjmng

ij

− 3

8

(
Jn2 J̄

α̂
3 − J̄n2 J α̂3

)
fnαβfmβ̂α̂η

ββ̂ +
1

2

(
N iJ̄β1 − N̂ iJβ1

) (
fipmfqαβη

pq + fiαµ̂fmβµη
µµ̂
)

Fαα̂ =N ifiαα̂
(
ik̄ + ∂̄

)
− N̂ ifiαα̂ (ik + ∂) +

1

2

(
∂̄N i − ∂N̂ i

)
fiαα̂ +

1

4

(
J̄β1 J

β̂
3 − J

β
1 J̄

β̂
3

)
fmαβfnα̂β̂η

mn

+
1

4

(
Jβ1 J̄

β̂
3 + 3J̄β1 J

β̂
3

)
fiα̂βfjαβ̂g

ij +
1

4
Jm2 J̄

n
2

(
fmαβfnα̂β̂ − fnαβfmα̂β̂

)
ηββ̂

FαB =− ωAJ̄ α̂3 AAB αα̂ = −FBα
F A
α =− λB J̄ α̂3 AAB αα̂ = −FAα

FαB̂ =ω̂ÂJ
α̂
3 A

A
B αα̂ = −FB̂α

F Â
α =λ̂B̂J α̂3 A

A
B αα̂ = −F Âα
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Fmα =Jβ1
(
ik̄ + ∂̄

)
fmαβ +

1

8

(
5∂̄Jβ1 − ∂J̄

β
1

)
fmαβ −

1

2

(
N iJ̄β1 − N̂ iJβ1

) (
fipmfqαβη

pq + fiαµ̂fmβµη
µµ̂
)

+
1

8

(
3Jn2 J̄

α̂
3 + 5J̄n2 J

α̂
3

)
fiα̂αfjmng

ij +
3

8

(
Jn2 J̄

α̂
3 − J̄n2 J α̂3

)
fnαβfmβ̂α̂η

ββ̂

Fmn =−N ifimn
(
ik̄ + ∂̄

)
+ N̂ ifimn (ik + ∂)− 1

2

(
∂̄N i − ∂N̂ i

)
fimn

− 1

2

(
Jα1 J̄

α̂
3 − J̄α1 J α̂3

)
(fmαβfnα̂β̂ + fnαβfmα̂β̂)ηββ̂ − 1

2
Jp2 J̄

q
2 (fipmfjqn + fipnfjqm)gij

Fmα̂ =J̄ β̂3 fmα̂β̂ (ik + ∂) +
1

8

(
5∂J̄ β̂3 − ∂̄J

β̂
3

)
fmα̂β̂ +

3

8

(
J̄α1 J

n
2 − Jα1 J̄n2

)
fmαβfnα̂β̂η

ββ̂

+
1

8

(
3Jα1 J̄

n
2 + 5J̄α1 J

n
2

)
fiαα̂fjmng

ij − 1

2

(
N iJ̄ β̂3 − N̂ iJ β̂3

)(
fipmfqα̂β̂η

pq − fiα̂µfmβ̂µ̂η
µµ̂
)

FmB =− ωAJ̄n2 AAB mn = FBm

F A
m =− λB J̄n2 AAB mn = FBm

FmB̂ =ω̂ÂJ
n
2 A

A
B mn = FB̂m

F Â
m =λB̂Jn2 A

A
B mn = F Âm

Fα̂α =N ifiαα̂
(
ik̄ + ∂̄

)
− N̂ ifiαα̂ (ik + ∂) +

1

2

(
∂̄N i − ∂N̂ i

)
fiαα̂ −

1

4

(
Jβ1 J

β̂
3 − J

β
1 J̄

β̂
3

)
fmαβfnα̂β̂η

mn

− 1

4

(
Jβ1 J̄

β̂
3 + 3J̄β1 J

β̂
3

)
fiα̂βfjαβ̂g

ij − 1

4
Jm2 J̄

n
2

(
fmαβfnα̂β̂ − fnαβfmα̂β̂

)
ηββ̂

Fα̂m =J̄ β̂3 fmα̂β̂ (ik + ∂) +
1

8

(
3∂J̄ β̂3 + ∂̄J β̂3

)
fmα̂β̂ −

3

8

(
J̄α1 J

n
2 − Jα1 J̄n2

)
fmαβfnα̂β̂η

ββ̂

− 1

8

(
3Jα1 J̄

n
2 + 5J̄α1 J

n
2

)
fiαα̂fjmng

ij +
1

2

(
N iJ̄ β̂3 − N̂ iJ β̂3

)(
fipmfqα̂β̂η

pq − fiα̂µfmβ̂µ̂η
µµ̂
)

Fα̂β̂ =− J̄m2 (ik + ∂) fmα̂β̂ −
1

2
∂J̄m2 fmα̂β̂ −

1

2
Jα1 J̄

β
1

(
fiαα̂fjββ̂ − fiβα̂fjαβ̂

)
gij

+
1

2

(
N iJ̄m2 − N̂ iJm2

)(
fmα̂µ̂fiµβ̂ − fmβ̂µ̂fiµα̂

)
ηµµ̂

Fα̂B =− ωAJ̄α1 AAB αα̂ = −FBα̂
F A
α̂ =− λB J̄α1 AAB αα̂ = −FAα̂

Fα̂B̂ =ω̂ÂJ
α
1 A

A
B αα̂ = −FB̂α̂

Fα̂B =λÂJα1 A
A
B αα̂ = −F B̂α̂

F A
B =− N̂B

A = FAB

F Â
B =− ωAλ̂B̂AAÂBB̂ = F ÂB

FBB̂ =− ωAω̂ÂA
AÂ
BB̂

= FBÂ

FA
B̂

=− λBω̂ÂA
AÂ
BB̂

= F A
B̂

FAÂ =− λBλ̂B̂AAÂ
BB̂

= F ÂA

F Â
B̂

=−N Â
B̂

= F Â
B̂
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We have defined

ABAxy =fiAB̂fjxyη
BB̂gij

AB̂
Âxy

=fiÂBfjxyη
BB̂gij

with {x, y} = {{m,n}, {αα̂}}

7 Green’s Functions

With all the previous results, we start computing the Green’s Functions.

7.1 G1

G B
1A =

i

k̄
δBA = −GB1 A,

G B̂
1Â

=
i

k
δB̂
Â

= −GB̂
1 Â

.

7.2 G2

Gαα̂2 =
1

|k|2
ηαα̂ = −Gα̂α1 ,

Gmn2 =
1

|k|2
ηmn,

G B
2A =− i

k̄

(
F C
A G B

1C

)
=− 1

k̄2
N̂B
A = GB2 A,

G2AÂ =− i

k̄

(
FAĈG

Ĉ
1 Â

)
=

1

|k|2
ωBω̂B̂A

BB̂
AÂ

= G2ÂA,

G B̂
2A =− i

k̄

(
F Ĉ
A G B̂

1Ĉ

)
=− 1

|k|2
ωBλ̂

ÂABB̂
AÂ

= GB̂2 A,

GB
2 Â

=
i

k̄

(
FB
Ĉ
GĈ

1 Â

)
=− 1

|k|2
λAω̂B̂A

BB̂
AÂ

= GB
2Â
,

GBB̂2 =
i

k̄

(
FBĈG B̂

1Ĉ

)
=

1

|k|2
λAλ̂ÂABB̂

AÂ
= GB̂B2 ,

G B̂
2Â

=− i

k

(
F Ĉ
Â
G B̂

1Ĉ

)
=− 1

k2
N B̂
Â

= GB̂
2 Â

,
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7.3 G3

Gαβ3 =− ηαα̂

|k|2
(
Fβ̂α̂G

β̂β
2

)
=− i

|k|2
J̄m2
k̄
fmα̂β̂η

αα̂ηββ̂ ,

Gαm3 =− ηαα̂

|k|2
(Fnα̂G

nm
2 )

=− i

|k|2
J̄ β̂3
k̄
fnα̂β̂η

αα̂ηmn = −Gmα3 ,

Gαα̂3 =− ηαβ̂

|k|2
(
Fββ̂G

βα̂
2

)
=− i

|k|2

(
N i

k
− N̂ i

k̄

)
fiββ̂η

αβ̂ηβα̂ = Gα̂α3 ,

Gα3 A =− ηαα̂

|k|2
(
FBα̂G

B
1 A

)
=

i

|k|2
J̄β1
k̄
ωBA

B
A βα̂η

αα̂ = −G α
3A ,

GαB3 =− ηαα̂

|k|2
(
FAα̂G

B
1A

)
=− i

|k|2
J̄β1

k̂
λAA B

A βα̂η
αα̂ = −GBα3 ,

Gα
3 Â

=− ηαα̂

|k|2
(
FB̂α̂G

B̂
1 Â

)
=− i

|k|2
Jβ1
k
ω̂B̂A

B̂
Â βα̂

ηαα̂ = −G α
3Â
,

GαB̂3 =− ηαα̂

|k|2
(
F Âα̂G

B̂
1Â

)
=

i

|k|2
Jβ1
k
λ̂ÂA B̂

Â βα̂
ηαα̂ = −GB̂α3 ,
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Gmn3 =− ηmp

|k|2
(FqpG

qn
2 )

=
i

|k|2

(
N i

k
− N̂ i

k̄

)
fipqη

mpηnq,

Gmα̂3 =− ηmn

|k|2
(
FαnG

αα̂
2

)
=− i

|k|2
Jβ1
k
fnαβη

αα̂ηmn = −Gα̂m3 ,

Gm3 A =− ηmn

|k|2
(
FBnG

B
1 A

)
=− i

|k|2
J̄p2
k̄
ωBA

B
A npη

mn = −G m
3A ,

GmB3 =− ηmn

|k|2
(
FAα̂G

B
1A

)
=

i

|k|2
J̄p2

k̂
λAA B

A npη
mn = GBm3 ,

Gm
3 Â

=− ηmn

|k|2
(
FB̂α̂G

B̂
1 Â

)
=

i

|k|2
Jp2
k
ω̂B̂A

B̂
Â np

ηmn = −G m
3Â

,

GmB̂3 =− ηmn

|k|2
(
F Âα̂G

B̂
1Â

)
=− i

|k|2
Jp2
k
λ̂ÂA B̂

Â np
ηmn = −GB̂m3 ,

Gα̂β̂3 =− i

|k|2
Jm2
k
fmαβη

αα̂ηββ̂

Gα̂3 A =
ηαα̂

|k|2
(
FBα̂G

B
1 A

)
=− i

|k|2
J β̂3
k̄
ωBA

B
A β̂α

ηαα̂ = −G α̂
3A ,

Gα̂B3 =
ηαα̂

|k|2
(
FAα̂G

B
1A

)
=

i

|k|2
J β̂3
k̄
λAA B

A β̂α
ηαα̂ = −GBα̂3 ,

Gα̂
3 Â

=
ηαα̂

|k|2
(
FB̂α̂G

B̂
1 Â

)
=

i

|k|2
J β̂3
k
ω̂B̂A

B̂
Â β̂α

ηαα̂ = −G α̂
3Â
,

Gα̂B̂3 =
ηαα̂

|k|2
(
F Âα̂G

B̂
1Â

)
=− i

|k|2
J β̂3
k
λ̂ÂA B̂

Â β̂α
ηαα̂ = −GB̂α̂3 ,
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G3AC =− i

k̄

(
FD̂AG

D̂
2 C + F D̂A G2D̂C

)
=

i

|k|2
1

k̄
ωBωDλ̂

Âω̂B̂

[
ABĈ
AÂ

ADB̂
CĈ
−ABB̂

AĈ
ADĈ
CÂ

]
,

G3A
B =

i

k̄
∂̄G2A

B − i

k̄

(
FDA G

B
2D + FD̂AG

D̂B
2 + F D̂A G

B
2D̂

)
=− i

k̄3

(
δDA ∂̄ + N̂D

A

)
N̂B
D +

i

|k|2
1

k̄
ωDλ

C λ̂Âω̂B̂

[
ADB̂
AĈ

ABĈ
CÂ
−ADĈ

AÂ
ABB̂
CĈ

]
G3AÂ =

i

k̄
∂̄G2AÂ −

i

k̄

(
FD̂AG

D̂
2 Â

+ FDAG2DÂ

)
=

i

|k|2
1

k̄

(
δDA ∂̄ + N̂D

A

)
ωBω̂B̂A

BB̂
DÂ
− i

|k|2
1

k
ωBω̂B̂N

D̂
Â
ABB̂
AD̂

G B̂
3A =

i

k̄
∂̄G2A

B̂ − i

k̄

(
FDA G

B̂
2D + F D̂A G

B̂
2D̂

)
=− i

|k|2
1

k̄

(
δDA ∂̄ + N̂D

A

)
ωBλ̂

ÂABB̂
DÂ
− i

|k|2
1

k
ωBλ̂

ÂN B̂
D̂
ABD̂
AÂ

GB3 A =− i

k̄3

(
δBD∂̄ + N̂B

D

)
N̂D
A +

i

|k|2
1

k̄
ωDλ

C λ̂Âω̂B̂

[
ADĈ
AÂ

ABB̂
CĈ
−ADB̂

AĈ
ABĈ
CÂ

]
GBD3 =

i

|k|2
1

k̄
λAλC λ̂Âω̂B̂

[
ABĈ
AÂ

ADB̂
CĈ
−ABB̂

AĈ
ADĈ
CÂ

]
GB

3 Â
=− i

k̄

1

|k|2
(
δBD∂̄ + N̂B

D

)
λAω̂B̂A

BB̂
AÂ

+
i

|k|2
1

k
λAω̂B̂N

D̂
Â
ABB̂
AD̂

GBB̂3 =
i

k̄

1

|k|2
(
δBD∂̄ + N̂B

D

)
λAλ̂ÂABB̂

AÂ
+

i

|k|2
1

k
λAλ̂ÂN B̂

D̂
ABD̂
AÂ

G3ÂA =
i

|k|2
1

k

(
δD̂
Â
∂ +N D̂

Â

)
ωBω̂B̂A

BB̂
AÂ
− i

|k|2
1

k̄
ωBω̂B̂N̂

D
A A

BB̂
DÂ

G3Â
B =− i

|k|2
1

k

(
δD̂
Â
∂ +N D̂

Â

)
λAω̂B̂A

BB̂
AÂ
− i

|k|2
1

k̄
λAω̂B̂N̂

B
CA

CB̂
AÂ

G3ÂĈ =
i

|k|2
1

k
ω̂B̂ω̂D̂λ

AωB

[
ACB̂
AÂ

ABD̂
CĈ
−ABB̂

CÂ
ACD̂
AĈ

]
G3Â

B̂ =− i

k3

(
δD̂
Â
∂ +N D̂

Â

)
N B̂
D̂

+
i

|k|2
1

k
ω̂D̂λ̂

ĈλAωB

[
ABD̂
CÂ

ACB̂
AĈ
−ACD̂

AÂ
ABB̂
CĈ

]

GB̂3 A =− i

|k|2
1

k

(
δB̂
D̂
∂ −N B̂

D̂

)
ωBλ̂

ÂABD̂
AÂ

+
i

|k|2
1

k̄
ωBλ̂

ÂN̂C
AA

BB̂
CÂ

GB̂B3 =
i

|k|2
1

k

(
δB̂
D̂
∂ −N B̂

D̂

)
λAλ̂ÂABD̂

AÂ
+

i

|k|2
1

k̄
λAλ̂ÂN̂B

AA
CB̂
AÂ

GB̂3 Â =− i

k3

1

k

(
δB̂
D̂
∂ −N B̂

D̂

)
N D̂
Â
− i

|k|2
1

k
ω̂D̂λ̂

ĈλAωB

[
ACB̂
AĈ

ABD̂
CÂ
−ABB̂

CĈ
ACB̂
AÂ

]
GB̂D̂3 =

i

|k|2
1

k
λ̂D̂λ̂ĈλAωB

[
ACB̂
AÂ

ABD̂
CĈ
−ABB̂

CÂ
ACD̂
AĈ

]
7.4 G4

Gαβ4 =
1

|k|2k̄2

(
∂̄J̄m2 fmα̂β̂ + J̄m2 N̂

i
[
fiµα̂fmµ̂β̂ − fiµβ̂fmµ̂α̂

]
ηµµ̂ + J̄ µ̂3 J̄

ν̂
3 fmα̂µ̂fnβ̂ν̂η

mn
)
ηαα̂ηββ̂

+
1

|k|4

(
1

2
∂J̄m2 fmα̂β̂ +

1

2
Jµ1 J̄

ν
1 g

ij
(
fiµα̂fjνβ̂ − fiνα̂fjµβ̂

)
+

1

2

[
J̄m2 N

i + Jm2 N̂
i
] (
fmα̂µ̂fiµβ̂ − fmβ̂µ̂fiµα̂

)
ηµµ̂
)
ηαα̂ηββ̂

10



Gαm4 =
1

|k|2k̄2

[
∂̄J̄ β̂3 fnα̂β̂ + J̄ β̂3 N̂

i
(
fpα̂β̂finqη

pq + fnµ̂β̂fiµα̂η
µµ̂
)]
ηmnηαα̂

+
1

|k|4

[
1

8

(
3∂J̄ β̂3 + ∂̄J β̂3

)
fnα̂β̂ −

1

8

[
3J̄β1 J

p
2 + 5Jβ1 J̄

p
2

]
fnβµfpα̂µ̂η

µµ̂ − 1

8

[
5J̄β1 J

p
2 + 3Jβ1 J̄

p
2

]
fiβα̂fjnpg

ij

+
1

2
(3N iJ̄ β̂3 − N̂ iJ β̂3 )

(
fipnfqα̂β̂η

pq − fiα̂µfnβ̂µ̂η
µµ̂
)]
ηαα̂ηmn

Gαα̂4 =
1

|k|2k2

[
∂N ifiββ̂ −N

iN jfiµβ̂fjβµ̂η
µµ̂
]
ηαβ̂ηβα̂ +

1

|k|2k̄2

[
−∂̄N̂ ifiββ̂ − N̂

iN̂ jfiµβ̂fjβµ̂η
µµ̂
]
ηαβ̂ηβα̂

+
1

|k|4

[
1

2

(
∂̄N i − ∂N̂ i

)
fiββ̂ +

(
N iN̂ j +N jN̂ i

)
fiµβ̂fjµ̂βη

µµ̂ +
1

4
Jm2 J̄

n
2

(
3fmµβfnβ̂µ̂ + fnµβfmβ̂µ̂

)
ηµµ̂

+
1

4
Jµ1 J̄

µ̂
3

(
5fmµβfnµ̂β̂η

mn − fiµβ̂fjµ̂βg
ij
)
− 1

4
J̄µ1 J

µ̂
3

(
fmµβfnµ̂β̂η

mn + 3fiµβ̂fjµ̂βg
ij
)]
ηαβ̂ηβα̂

Gmn4 =
1

|k|2k̄2

[
∂̄N̂ ifipq + N̂ iN̂ jfirpfjsqη

rs
]
ηnqηmp +

1

|k|2k2

[
−∂N ifipq +N iN jfirpfjsqη

rs
]
ηnqηmp

+
1

|k|4
ηmpηnq

[
−1

2

(
∂̄N i − ∂N̂ i

)
fipq −

(
N iN̂ j +N jN̂ i

)
firpfjsqη

rs +
1

2
Jr2 J̄

s
2 (firpfjsq + firqfjsp) g

ij

−1

2

(
Jα1 J̄

α̂
3 + J̄α1 J

α̂
3

) (
fqαβfpα̂β̂ + fpαβfqα̂β̂

)
ηββ̂
]

Gα̂m4 =
1

|k|2k2

[
−∂Jβ1 fnαβ − J

β
1 N

i
(
fipnfqαβη

pq + fnµβfiµ̂αη
µµ̂
)]
ηmnηαα̂

+
1

|k|4

[
−1

8

(
3∂̄Jβ1 + ∂J̄β1

)
fnαβ +

1

8

(
3Jp2 J̄

β̂
3 + 5J̄p2J

β̂
3

)
fiαβ̂fjnpg

ij − 1

8

(
5Jp2 J̄

β̂
3 + 3J̄∂2 J

β̂
3

)
fpαµfnβ̂µ̂η

µµ̂

−1

2

(
N iJ̄β1 − 3N̂ iJβ1

) (
fipnfqαβη

pq + fiαµ̂fnβµη
µµ̂
)]
ηαα̂ηnm

Gα̂β̂4 =
1

|k|2k2

[
∂Jm2 fmαβ − Jm2 N i (fmαµfiβµ̂ − fmβµfiαµ̂) ηµµ̂ + Jµ1 J

ν
1 fmαµfnβνη

mn
]
ηαα̂ηββ̂

+
1

|k|4

[
1

2
∂̄Jm2 fmαβ +

1

2
J µ̂3 J̄

ν̂
3

(
fiµ̂αfjν̂β − fiµ̂βfjν̂αgij

)
−1

2

(
N iJ̄m2 + N̂ iJm2

)
(fmβµfiαµ̂ − fmαµfiβµ̂) ηµµ̂

]
ηαα̂ηββ̂

8 Current Algebra

We define J = J0 +K, K = J1 + J2 + J3, X = x1 + x2 + x3.

〈K〉 = 〈K̄〉 = 〈N〉 = 〈N̂〉 = 0

〈J0〉 =
1

2

(
{[N,Tα̂], Tα}ηαα̂ − {[N,Tα], Tα̂}ηαα̂ + [[N,Tm], Tn]ηmn

)
〈J̄0〉 =− 1

2

(
{[N̂ , Tα̂], Tα}ηαα̂ − {[N̂ , Tα], Tα̂}ηαα̂ + [[N̂ , Tm], Tn]ηmn

)

〈X,J0〉 =− [K,Tj ]Tkg
jk

〈X, J̄0〉 =− [K̄, Tj ]Tkg
jk
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〈x1, J1〉 =− [J2, Tα̂]Tαη
αα̂

〈x1, J̄1〉 =0

〈x1, J2〉 =− [J3, Tm]Tnη
mn

〈x1, J̄2〉 =0

〈x1, J3〉 =[N,Tα]Tα̂η
αα̂

〈x1, J̄3〉 =− [N̂ , Tα]Tα̂η
αα̂

〈x2, J1〉 =[J3, Tα̂]Tαη
αα̂

〈x2, J̄1〉 =0

〈x2, J2〉 =− [N,Tm]Tnη
mn

〈x2, J̄2〉 =[N̂ , Tm]Tnη
mn

〈x2, J3〉 =0

〈x2, J̄3〉 =[J̄1, Tα]Tα̂η
αα̂

〈x3, J1〉 =− [N,Tα̂]Tαη
αα̂

〈x3, J̄1〉 =[N̂ , Tα̂]Tαη
αα̂

〈x3, J2〉 =0

〈x3, J̄2〉 =− [J̄1, Tm]Tnη
mn

〈x3, J3〉 =0

〈x3, J̄3〉 =[J̄2, Tα]Tα̂η
αα̂

〈X,N〉 = 〈X, N̂〉 = 0

〈ω, J〉 = 〈λ, J〉 =0

〈ω, J̄0〉 = 〈λ, J̄0〉 =0

〈ω, K̄〉 =− [ω, Ti][K̄, Tj ]g
ij

〈λ, K̄〉 =− [λ, Ti][K̄, Tj ]g
ij

〈ω, λ〉 =〈ω̂, λ̂〉 = 0

〈ω, λ̂〉 =− [ω, Ti][λ̂, Tj ]g
ij

〈ω, ω̂〉 =− [ω, Ti][ω̂, Tj ]g
ij

〈λ, λ̂〉 =− [λ, Ti][λ̂, Tj ]g
ij

〈λ, ω̂〉 =− [λ, Ti][ω̂, Tj ]g
ij
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〈ω̂, J̄〉 = 〈λ̂, J̄〉 =0

〈ω̂, J0〉 = 〈λ̂, J0〉 =0

〈ω̂,K〉 =− [ω̂, Ti][K,Tj ]g
ij

〈λ̂,K〉 =− [λ̂, Ti][K,Tj ]g
ij

〈ω,N〉 = 〈λ,N〉 = 0

〈ω, N̂〉 =− [ω, Ti][N̂ , Tj ]g
ij

〈λ, N̂〉 =− [λ, Ti][N̂ , Tj ]g
ij

〈ω̂, N̂〉 = 〈λ̂, N̂〉 = 0

〈ω̂, N〉 =− [ω̂, Ti][N,Tj ]g
ij

〈λ̂, N〉 =− [λ̂, Ti][N,Tj ]g
ij

〈J0, J0〉 =[J1, Tα̂][J3, Tα]ηαα̂ − [J3, Tα][J1, Tα̂]ηαα̂ + [J2, Tm][J2, Tn]ηmn

〈J0, J1〉 =[J1, Tα̂][N,Tα]ηαα̂ − [J3, Tα][J2, Tα̂]ηαα̂ + [J2, Tm][J3, Tn]ηmn

〈J0, J̄1〉 =− [J1, Tα̂][N̂ , Tα]ηαα̂

〈J0, J2〉 =− [J3, Tα][J3, Tα̂]ηαα̂ + [J2, Tm][N,Tn]ηmn

〈J0, J̄2〉 =[J1, Tα̂][J̄1, Tα]ηαα̂ − [J2, Tm][N̂ , Tn]ηmn

〈J0, J3〉 =− [J3, Tα][N,Tα̂]ηαα̂

〈J0, J̄3〉 =[J3, Tα][N̂ , Tα̂]ηαα̂ + [J1, Tα̂][J̄2, Tα]ηαα̂ + [J2, Tm][J̄1, Tn]ηmn

〈J1, J1〉 = ([J2, Tα̂][N,Tα]− [N,Tα][J2, Tα̂]) ηαα̂ + [J3, Tm][J3, Tn]ηmn

〈J̄1, J̄1〉 =0

〈J1, J̄1〉 =
1

2
[∂J2, Tα̂]Tαη

αα̂ +
1

2

(
[J1, Ti][J̄1, Tj ] + [J̄1, Ti][J1, Tj ]

)
gij

+
1

2

(
[J̄2, Tα̂][N,Tα]− [J2, T α̂][N̂ , Tα]− 3[N,Tα][J̄2, Tα̂]− [N̂ , Tα][J2, Tα̂]

)
ηαα̂

〈J̄1, J1〉 =− 1

2
[∂J2, Tα̂]Tαη

αα̂ +
1

2

(
[J1, Ti][J̄1, Tj ] + [J̄1, Ti][J1, Tj ]

)
gij

+
1

2

(
[J̄2, Tα̂][N,Tα]− [J2, Tα̂][N̂ , Tα] + 3[N̂ , Tα][J2, Tα] + [N,Tα][J̄2, Tα̂]

)
ηαα̂
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〈J1, J2〉 =− [N,Tα][J2, Tα̂]ηαα̂ + [J3, Tm][J3, Tn]ηmn

〈J̄1, J̄2〉 =0

〈J1, J̄2〉 =
1

8
[5∂J̄3 − ∂̄J3, Tm]Tnη

mn +
1

8

(
11[J2, Tα̂][J̄1, Tα] + 5[J̄2, Tα̂][J1, Tα]

)
ηαα̂

+
1

8

(
5[J̄1, Ti][J2, Tj ] + 3[J1, Ti][J̄2, Tj ]

)
gij +

1

2

(
[N,Ta][J̄3, Tα̂]− [N̂ , Tα][J3, Tα̂]

)
ηαα̂

− 1

2

(
3[J̄3, Tm][N,Tn] + [J3, Tm][N̂ , Tn]

)
ηmn

〈J̄1, J2〉 =− 1

8
[3∂J̄3 + ∂̄J3, Tm]Tnη

mn +
3

8

(
[J2, Tα̂][J̄1, Tα]− [J̄2, Tα̂][J1, Tα]

)
ηαα̂

+
1

8

(
5[J̄1, Ti][J2, Tj ] + 3[J1, Ti][J̄2, Tj ]

)
gij +

1

2

(
3[N,Ta][J̄3, Tα̂] + [N̂ , Tα][J3, Tα̂]

)
ηαα̂

− 1

2

(
[J̄3, Tm][N,Tn]− [J3, Tm][N̂ , Tn]

)
ηmn

〈J1, J3〉 =− [N,Tα][N,Tα̂]ηαα̂

〈J̄1, J̄3〉 =− [N̂ , Tα][N̂ , Tα̂]ηαα̂

〈J1, J̄3〉 =
(

[N,Tα][N̂ , Tα̂] + [N̂ , Tα][N,Tα̂]
)
ηαα̂ +

1

4

(
3[J̄2, T α̂][J2, Ta] + 5[J2, Tα̂][J̄2, Tα]

)
ηαα̂

+
1

4

(
5[J̄3, Tm][J1, Tn] + 3[J3, Tm][J1, Tn]

)
ηmn +

1

4

(
[J1, Ti][J̄3, Tj ] + 3[J̄1, Ti][J3, Tj ]

)
gij

〈J̄1, J3〉 =
(

[N,Tα][N̂ , Tα̂] + [N̂ , Tα][N,Tα̂]
)
ηαα̂ − 1

4

(
[J̄2, T α̂][J2, Ta]− [J2, Tα̂][J̄2, Tα]

)
ηαα̂

+
1

4

(
[J̄3, Tm][J1, Tn]− [J3, Tm][J1, Tn]

)
ηmn +

1

4

(
[J1, Ti][J̄3, Tj ] + 3[J̄1, Ti][J3, Tj ]

)
gij

〈J2, J2〉 =[N,Tm][N,Tn]ηmn

〈J̄2, J̄2〉 =[N̂ , Tm][N̂ , Tn]ηmn

〈J̄2, J2〉 =−
(

[N,Tm][N̂ , Tn] + [N̂ , Tm][N,Tn]
)
ηmn +

1

2

(
[J2, Ti][J̄2, Tj ] + [J̄2, Ti][J2, Tj ]

)
gij

− 1

2

(
[J1, Tα][J̄3, Tα̂]− 3[J̄3, Tα̂][J1, Tα] + 3[J̄1, Tα][J3, Tα̂]− [J3, Tα̂][J̄1, Tα]

)
ηαα̂

〈J2, J̄2〉 =−
(

[N,Tm][N̂ , Tn] + [N̂ , Tm][N,Tn]
)
ηmn +

1

2

(
[J2, Ti][J̄2, Tj ] + [J̄2, Ti][J2, Tj ]

)
gij

+
1

2

(
[J̄3, Tα̂][J1, Tα]− 3[J1, Tα][J̄3, Tα̂] + 3[J1, Tα][J̄3, Tα̂]− [J̄1, Tα][J3, Tα̂]

)
ηαα̂

〈J3, J2〉 =0

〈J̄3, J̄2〉 =− [N̂ , Tα̂][J̄1, Tα]ηαα̂ − [J̄1, Tm][N̂ , Tn]ηmn

〈J3, J2〉 =
1

8
[5∂̄J1 − ∂J̄1, Tm]Tnηmn +

1

2

(
[J̄1, Tm][N,Tn] + 3[J1, Tm][N̂ , Tn]

)
ηmn

+
1

2

(
[N̂ , Tα̂][J1, Tα]− [N,Tα̂][J̄1, Tα]

)
ηαα̂ +

1

8

(
3[J̄3, Ti][J2, Tj ] + 5[J3, Ti][J̄2, Tj ]

)
gij

− 1

8

(
5[J2, Tα][J̄3, Tα̂] + 11[J̄2, Tα][J3, Tα̂]

)
ηαα̂

〈J3, J2〉 =− 1

8
[3∂̄J1 + ∂J̄1, Tm]Tnηmn − 1

2

(
[J̄1, Tm][N,Tn]− [J1, Tm][N̂ , Tn]

)
ηmn

+
1

2

(
3[N̂ , Tα̂][J1, Tα] + [N,Tα̂][J̄1, Tα]

)
ηαα̂ +

1

8

(
3[J̄3, Ti][J2, Tj ] + 5[J3, Ti][J̄2, Tj ]

)
gij

+
3

8

(
[J2, Tα][J̄3, Tα̂]− [J̄2, Tα][J3, Tα̂]

)
ηαα̂

14



〈J3, J3〉 =0

〈J̄3, J̄3〉 =
(

[J̄2, Tα][N̂ , Tα̂]− [N̂ , Tα̂][J̄2, Tα]
)
ηαα̂ + [J̄1, Tm][J̄1, Tn]ηmn

〈J̄3, J3〉 =− 1

2
[∂̄J2, Tα]Tα̂η

αα̂ +
1

2

(
[J3, Ti][J̄3, Tj ] + [J̄3, Ti][J3, Tj ]

)
gij

+
1

2

(
[N,Tα̂][J̄2, Tα]− [N̂ , Tα̂][J2, Tα]− 3[J̄2, Tα][N,Tα̂]− [J2, Tα][N̂ , Tα̂]

)
ηαα̂

〈J3, J̄3〉 =
1

2
[∂̄J2, Tα]Tα̂η

αα̂ +
1

2

(
[J3, Ti][J̄3, Tj ] + [J̄3, Ti][J3, Tj ]

)
gij

+
1

2

(
3[N,Tα̂][J̄2, Tα] + [N̂ , Tα̂][J2, Tα]− [J̄2, Tα][N,Tα̂] + [J2, Tα][N̂ , Tα̂]

)
ηαα̂

〈J,N〉 =0

〈J̄ , N̂〉 =0

〈K̄,N〉 =− [K̄, Ti][N,Tj ]g
ij

〈K, N̂〉 =− [K,Ti][N̂ , Tj ]g
ij

〈N, N̂〉 =− [N,Ti][N̂ , Tj ]g
ij

9 Super Jacobi Identities and other useful identities.

Let A, B and C be bosons, X, Y and Z fermions, then, the generalized Jacobi Identities are

[A, [B,C]] + [B, [C,A]] + [C, [A,B]] =0

[A, [B,X]] + [B, [X,A]] + [X, [A,B]] =0

{X, [Y,A]}+ {Y, [X,A]}+ [A, {X,Y }] =0

[X, {Y,Z}] + [Y, {Z,X}] + [Z, {X,Y }] =0.

In this theory the Dual-Coxeter Number is 0, this implies

[[A, Ti], Tj ]g
ij + {[A, Tα], Tα̂}ηαα̂ + [[A, Tm], Tn]ηmn − {[A, Tα̂], Tα}ηαα̂ =0

[[X,Ti], Tj ]g
ij + [{X,Tα}, Tα̂]ηαα̂ + [[X,Tm], Tn]ηmn − [{X,Tα̂}, Tα]ηαα̂ =0.

It is also true that fmαβfnα̂β̂η
mnηαα̂ = fiαβ̂fjα̂βg

ijηαα̂ = 0. This implies that

[[J1,3, Ti], Tj ]g
ij = [[J1,3, Tn], Tm]ηmn = {[J1,3, Tα], Tα̂}ηαα̂ = {[J1,3, Tα̂], Tα}ηαα̂ =0

[[ω + λ+ ω̂ + λ̂, Ti], Tj ]g
ij = [[ω + λ+ ω̂ + λ̂, Tn], Tm]ηmn =0

[{ω + λ+ ω̂ + λ̂, Tα}, Tα̂]ηαα̂ = [{ω + λ+ ω̂ + λ̂, Tα̂}, Tα]ηαα̂ =0

10 〈T 〉

T =STr

(
1

2
J2J2 + J1J3 − ω∇λ

)
T̄ =STr

(
1

2
J̄2J̄2 + J̄1J̄3 − ω̂∇̄λ̂

)
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〈T 〉 =STr

(
1

2
〈J2, J2〉+ 〈J1, J3〉+N〈J0〉

)
=SRr

(
1

2
[N,Tm][N,Tn]ηmn − [N,Tα][N,Tα̂]ηαα̂ +

1

2
N
(
{[N,Tα̂], Tα}ηαα̂ − {[N,Tα], Tα̂}ηαα̂ + [[N,Tm], Tn]ηmn

))
=0

〈T̄ 〉 =STr

(
1

2
〈J̄2, J̄2〉+ 〈J̄1, J̄3〉 − N̂〈J̄0〉

)
=SRr

(
1

2
[N̂ , Tm][N̂ , Tn]ηmn − [N̂ , Tα][N̂ , Tα̂]ηαα̂ +

1

2
N̂
(
{[N̂ , Tα̂], Tα}ηαα̂ − {[N̂ , Tα], Tα̂}ηαα̂ + [[N̂ , Tm], Tn]ηmn

))
=0

11 Conserved Currents

11.1 j

j =g

(
J2 +

3

2
J3 +

1

2
J1 + 2N

)
g−1 = gAg−1

j̄ =g

(
J̄2 +

1

2
J̄3 +

3

2
J̄1 + 2N̂

)
g−1 = gĀg−1

〈j〉 =〈g〉A0g
−1
0 + 〈g,A〉g−1

0 + 〈g,A0, g
−1〉+ g0〈A, g−1〉+ g0A0〈g−1〉

〈g〉 =
1

2
g0

(
TmTnη

mn + Tα̂Tαη
αα̂ − TαTα̂ηαα̂

)
〈g−1〉 =

1

2

(
TmTnη

mn + Tα̂Tαη
αα̂ − TαTα̂ηαα̂

)
g−1

0

〈g,A0, g
−1〉 =g0

(
TαA0Tα̂η

αα̂ − Tα̂A0Tαη
αα̂ − TmA0Tnη

mn
)
g−1

0

〈g〉A0g
−1
0 + 〈g,A0, g

−1〉+ g0A0〉g−1〉 =
1

2
g0

(
[[A0, Tm], Tn]ηmn + {[A0, Tα̂], Tα}ηαα̂ − {[A0, Tα], Tα̂}ηαα̂

)
g−1

0

〈A〉 =0

g−1
0 〈g, J1〉+ 〈J1, g

−1〉g0 =− {[J2, Tα̂], Tα}ηαα̂ − {[J3, Tα̂], Tα}ηαα̂ − {[N,Tα̂], Tα}ηαα̂

g−1
0 〈g, J2〉+ 〈J2, g

−1〉g0 =− [[J3, Tm], Tn]ηmn − [[N,Tm], Tn]ηmn

g−1
0 〈g, J3〉+ 〈J3, g

−1〉g0 ={[N,Tα], Tα̂}ηαα̂

g−1
0 〈g,N〉+ 〈N, g−1〉g0 =0

⇒ 〈j〉 =0

〈j̄〉 =〈g〉Ā0g
−1
0 + 〈g, Ā〉g−1

0 + 〈g, Ā0, g
−1〉+ g0〈Ā, g−1〉+ g0Ā0〈g−1〉

g−1
0 〈g, J̄1〉+ 〈J̄1, g

−1〉g0 ={[N̂ , Tα̂], Tα}ηαα̂

g−1
0 〈g, J̄2〉+ 〈J̄2, g

−1〉g0 =− [[J̄1, Tm], Tn]ηmn + [[N̂ , Tm], Tn]ηmn

g−1
0 〈g, J̄3〉+ 〈J̄3, g

−1〉g0 ={[J̄1, Tα], Tα̂}ηαα̂ + {[J̄2, Tα], Tα̂}ηαα̂ − {[N̂ , Tα], Tα̂}ηαα̂

g−1
0 〈g, N̂〉+ 〈N̂ , g−1〉g0 =0

⇒ 〈j̄〉 =0
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11.2 b

b =(λλ̂)−1STr
(
λ̂[J2, J3] + {ω, λ̂}[λ, J1]

)
− STr (ωJ1)

b̄ =(λλ̂)−1STr
(
λ[J̄2, J̄1] + {ω̂, λ}[λ̂, J̄3]

)
− STr

(
ω̂J̄3

)
(λλ̂) =λAλ̂ÂηAÂ

〈b〉 =(λλ̂)−1STr〈λ̂[J2, J3] + {ω, λ̂}[λ, J1]〉 − STr〈ωJ1〉 − (λλ̂)−2〈λλ̂〉STr
(
λ̂[J2, J3] + {ω, λ̂}[λ, J1]

)
− (λλ̂)−2〈(λλ̂),STr

(
λ̂[J2, J3] + {ω, λ̂}[λ, J1]

)
〉

〈(λλ̂)〉 =− λAλ̂ÂfBAif B̂Âjg
ijηBB̂ = 0

STr〈λ̂[J2, J3]〉 =− STr
(

[λ̂, Ti]([[J2, Tj ], J3] + [J2, [J3, Tj ]])g
ij
)

=− STr
(

[λ̂, Ti][Tj , [J2, J3]]gij
)

= −STr
(

[[λ̂, Ti], Tj ][J2, J3]gij
)

= 0

STr〈{ω, λ̂}[λ, J1]〉 =− STr
(
{[ω, Ti], [λ̂, Tj ]}[λ, J1] + {ω, [λ̂, Ti]}[[λ, Tj ], J1] + {ω, [λ̂, Ti]}[λ, [J1, Tj ]]

)
gij

=− STr
(
{ω, [λ̂, Ti]}([Tj , [λ, J1]] + [[λ, Tj ], J1] + [λ, [J1, Tj ]])

)
gij = 0

λA[λ̂Â, Ti]ηAÂ =− [λA, Ti]λ̂
ÂηAÂ = {λ, λ̂}jgij

〈(λλ̂),STr
(
λ̂[J2, J3]

)
〉 =STr

(
[λ̂, {λ, λ̂}][J2, J3]

)
+ STr

(
λ̂[[J2, J3], {λ, λ̂}]

)
= 0

〈(λλ̂),STr
(
{ω, λ̂}[λ, J1]

)
〉 =STr

(
{ω, [λ̂, {λ, λ̂}]}[λ, J1]− {[ω, {λ, λ̂}], λ̂}[λ, J1] + [{ω, λ̂}, {λ, λ̂}][λ, J1]

)
=2STr

(
{ω, [λ̂, {λ, λ̂}]}[λ, J1]

)
= 0

For 〈b̄〉 one needs to use the same relations from above.
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