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Hall-MHD equations

The dimensionless version, for a length scale L, density 11, and Alfven speed V4 = B, /y/47m;n,

au_ 1, .~ . - -
dU_ Lgruxp -Bop -1Ljeow v=—H
dt £ n &n m.nv,L,
1 g - - - - - - - - -
0:——(E+UexB)—ﬁDpe+iJ where  J=0OxB=(U-U,)
E n &n &
C
We define the Hall parameter &=
piLO
2
_ pO . .. —_— c Vie
as well as the plasma beta J¢; = and the electric resistivity 1=
mn,v; WyiLoV s
Adding these two equations yields: dU - - 9 -
n—=(UxB)xB-BU(p, + +vl°U
-~ (xB) AO(p; + p.) HAll-MHD
On the other hand, using equations
S 10A _
E=-=—-0¢ P - - -
L Lcar — a_A:(U—EDxB)xB—D¢+§Dpe—QDXB
B=[Ix A ot n n n



Hall-MHD reconnegtion in 250

Hall reconnection has extensively been studied for the Earth’'s magnetopause and also the magnetotail. The
Hall effect is expected to increase the reconnection rate.

The simplest geometrical setup is 2.5D, for which the velocity and magnetic field can be written in terms of
four scalar fields (Gomez 2006, Space Sci. Rev. 122, 231; Gomez et al. 2006, Adv. Sp. Res. 37, 1287)

B(x,y,t) =0x|Za(x,y,0)] + Zb(x,y,0)
U(xy.t) =0x[20x,y,0] + Zu(x,y,t)
U,=U-¢eJ =0x|i(p-€b)| + i(u-¢£j)

The 2.5D Hall-MHD equations are
d,a =|@-¢eb,a|+n0%a

0,w=|pw+j,a+Tw

atb = [qp, b] +’u - £, a] +,7D2b @ Inthe absence of Hall , the parallel components
(u,b) have no influence on the perp. dynamics.
ou= [b,a] +[(p,u] +v%u
@ When Hall is present, the parallel components will
be turned on and couple to the perp.

where _ ) . 2
w=-U¢ , j=-U%a components.
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@ When the Hall effect is neglected (pure MHD) 2D reconnection is possible.

Magnetic fieldlines (left) and flow streamlines (right) are shown at three succesive Alfven times.
Blue contours are positive and the red ones are negative.
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When the Hall effect is neglected (pure MHD) 2D reconnection is possible.

Magnetic fieldlines (left) and flow streamlines (right) are shown at three succesive Alfven times.
Blue contours are positive and the red ones are negative.
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@ When the Hall effect is neglected (pure MHD) 2D reconnection is possible.
@ Magnetic fieldlines (left) and flow streamlines (right) are shown at three succesive Alfven times.
positi ive.
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When the Hall effect is considered,
the out-of-plane fields are generated.
They were Initially set to zero.
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We show contour plots of the four
scalar fields at three succesive
Alfven times for £€=0.07
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The out-of-plane magnetic field
develops a quadrupolar pattern,

while the velocity field develops a 1
net flow at the reconnection region.

Blue contours are positive and the

Y

red ones are negative.




@ When the Hall effect is considered,
the out-of-plane fields are generated.
They were Initially set to zero.

@ We show contour plots of the four
scalar fields at three succesive
Alfven times for £=0.07

@ The out-of-plane magnetic field
develops a quadrupolar pattern,
while the velocity field develops a
net flow at the reconnection region.

@ Blue contours are positive and the
red ones are negative.
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the out-of-plane fields are generated.

@ When the Hall effect is considered, /
They were Initially set to zero.

@ We show contour plots of the four
scalar fields at three succesive
Alfven times for £=0.07

@ The out-of-plane magnetic field
develops a quadrupolar pattern,

while the velocity field develops a
net flow at the reconnection region.

@ Blue contours are positive and the
red ones are negative.
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@ The out-of-plane current density is shown for the cases £€=0.00 and 0.07

@ The current sheets becomes narrower and smaller as the Hall parameter is
increased.

@ The reconnected flux also
increases with the Hall Lo 0.10 7]
parameter, confirming
previous results from
collisionless and also
Hall-MHD simulations.
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@ The plot shows reconnected
flux vs. time for different
values of the Hall parameter.

D2

coll mow s my o wo s @ omo B g




back to multi-s_fi)"éciés plasmas_r_ ————

R

@ For each species s we have (Goldston & Rutherford 1995):

on

S —
0 Mass conservation at + L[] m”sUs ) =0

- -

- - -

dU, I -
0 Equation of motion s''s dt :qsns (E +EU5 XB)_Dps +Le gls + sts'

0 Momentum exchange rate Rss' =—m.n.Ju... (US - US.)

@ These moving charges act as sources for electric and magnetic fields:

0 Charge density

0 Electric current density



Qo

0 Mass conservation: 0= ? +UUWnU) , n, Un. Un
t
. dU I D N
° lons: m.n—=en(E +-U xB)—-Op, +R
dt C
0 Electrons: dU ~ 1 i - X
m,n—-==—en(E+-U,*xB)—Lp, =R
dt. C -
0 Friction force: R = ~mnv, (U _ Ue)
0 Ampere’s law: J :i [1x B :en(U - Ue) [] R =- mu;,
4t e
0 Polytropic laws:

piDny > peDny



@ The dimensionless version, for a length scale L,, density 11, and Alfven speed Va = By /+/47I0;1,

u, 1.~ _~ . »
-= —(E+U,; XB) _ﬁDpi_lJ
& n &n
1(E+U6XB)—EDpe+lJ where
& n &n

@ Adding these two equations yields:

-

where U — miUi + meUe

mi +me

and p=p; tp,

and the electric resistivity /1=

dU
m (

- -

0xB)x (B+¢:0x

-

J=0xB="(U
E

- -

)-Up

- -

cv.

e

2
wpiLOVA




Retaining electron inertia; EIHMHD eqy;ationSJ

@ In the equation for electrons (assuming incompressibility)

dU I N N - o
AU - Lg+u,xB)-p.op, +1s J=0xB==(U,-U,)
m, dt £ £ €
we replace E:—la—A—Dgo and B=[xA
c Ot
to obtain

: £ £ g U
%(A—EEZDZA—?U)=(U—SJ)X(B—EfDZB—?ew)—D(gD—E,Bepe —?e ) +n0*A

2
o " : : m, C
@  Electron inertia is quantified by the dimensionless parameter E, = =
m, w . L,
pe
. . _1 . . -
@ Just as the Hall effect introduces the new spatial scale k; = < (the ion skin depth), electron inertia

1
introduces the electron skin depth k, = < which satisfies

ke = wlﬂkH >>kH
me



MHD in2.5D

@ We now express the EIHMHD equations in 2.5D geometry. l.e. for simplicity we assume az = (0 and therefore

B =0x[2a(x,y,0]+2b(x,y,1)
U =0x[2¢(x,y,0)] +2u(x, y,0)

@ The equations for these four scalar fields are

0,a'=[¢ —¢b,a'] +n0%a
0,w=[¢,w]-[a, j] +v%w
3.b'=[¢ - eb,b'|+[u-g,a’l +n02b
0,u=[¢,ul-[a,b] +v%u
where - -
a':(l—efDé)a—?"u and b '=(1-&’0)b——=w



@ If we linearize our equations around an equilibrium characterized by a uniform magnetic field, we obtain the
following dispersion relation:

NN ke R 1 P e T
£ 272 B TR 4 5 '
* B, 1+ k * B, O-lt+é&.k g g

3f =
@ Asymptotically, at very large k, we have two branches 3 g ]
cn r ]
w0 [ - w, cosé = 2f E
w0 [T - w, cos O A E
MHD :
Ok L1 A R L1 . .
o.g 0.5 1.0 1.5 2.0 2.5 3.0

while for very small Kk, both branches simply become

Alfven modes, i.e. leglk)

wl]kl]l]o_,kcosé?

@ Different approximations, just as one-fluid MHD, Hall-MHD and electron-inertia HMHD can clearly be identified
in this diagram.



Ideal invariants in EIHMHD

@ For each species s in the incompressible and ideal limit

- - - - - -

mn(aU UXW) qn(E+1U XB) D(p 2

@ Using that J= —DXB anU and E:——OIA—D(p
C

we can readily show that energy is an ideal invariant, where

U2 2
EzJ'dgrEZ s ) EISBI'IE

@ We also have a helicity per species which is conserved, where

H. :J'd3r %4+cms S%%+cmswsg
d, d;




@ We perform 512x512 simulations of the EIHMHD equations in 2.5D geometry to study magnetic reconnection.
@ We force an external field with a double hyperbolic tangent profile to drive reconnection at two X points.

@ Atthree succesive times we show the current density in the background, the proton flow in the left half of each
frame, and the electron flow on the right half.

@ Although at large scales both flows look quite similar, in the vecinity of the X points, electrons tend to move much
faster, close to the Alfven velocity.




@ The total reconnected flux at the X-point is the magnetic flux through the perpendicular surface that extends from
the O-point to the X-point.

@ We compare the total reconnected flux between

a run that includes electron inertia and another

one that does not.
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The reconnection rate is the time derivative of these
two curves.

The apparent saturation is just a spurious effect
stemming from the dynamical destruction of the X-point.



~__Conclusions

In this presentation, we integrated the Hall-MHD equations numerically, to study
magnetic reconnection. Even though the Hall effect does not produce reconnection, its
role is to enhance the Ohmic reconnection rate.

The existence of parallel electric fields can provide particle acceleration.

We extended the Hall-MHD equations to include electron inertia, leading to what we call
the EIHMHD equations.

Integrating the EIHMHD equations in a 2.5D setup, we show that electron inertia leads to
efficient magnetic reconnection, even in the absence of magnetic resistivity.

The ideal invariants of a multi-species plasma are the total energy and also one helicity
per species.
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