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Variational problem in EH gravity

o EH gravity action in D = d + 1 dimensions

1
ley = —— [d¥1x/=G (R—2A
ST T A G ( )

o Variation of the action:
Slen = fd‘““lx\/ GEL(G1eG)) + [ dix@
@ Surface term:

0= 167rGV h”ﬂ ﬁsfsr“
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Variational problem in EH gravity

@ In Gauss-normal coordinates
ds? = N2 (p)dp2 + h,-j(p, x)dxidxj

e L= 1 ..
Extrinsic curvature KU = 2Naphu
e 1y i i
rij_NKU' l"pj_—NKj

@ On-shell variation of the action (n, = (N, 0)):
Slen = 1okg | d9xv/=h (20K + Ki(h~1on)])
oM

o Gibbons-Hawking term:
Ipirichiet = len — gg | d9xv/—hK
oM

@ Dirichlet problem for the metric:

Ipirichiet = ﬁ [ d9xv/—=h (KJ' - KZSJ':) (h=15h)’
oM
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Quasilocal stress tensor

Variation of the Dirichlet action respect to h;;
Slpiy = [ d¥x3/—hTU[h]6h;
oM

e Brown-York tensor is conserved, i.e., V;T¥ = 0.

o Conserved current:

J= Tig = QEl= [VouTlg
X

e In AAdS spacetimes Q[(] is divergent, even in D = 3.

We can always add local counterterms such that T%[h] is regular

len = gy — gog | d9xvV=hK+ [ d9xLc(h, R, VR)
oM oM
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Counterterm method

o Regularized AdS gravity action (holographic renormalization)
[Henningson Skenderis JHEP 9807:023(1998)]

lren = on Gfddﬂxx/ (R—2A) f di%v/—hK+
+ ddxﬁct(h,R,VR)
( ) oM
d(d—1
A Y

o Renormalized quasi-local stress tensor: T/.,[h] = ﬁ ‘55’,’76”".
- ij

e Background-independent charge definition
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Holographic Renormalization

e For Asymptotically AdS (AAdS) spacetimes, Fefferman-Graham (FG) form of

the metric X

l 1 P
ds® = e do® + Eg,-j(x,p) dx’ dx/ (1)
@ the boundary of the spacetime is at p =0

° gj (x,p) accepts a regular expansion in powers of p

8ij(x. p) = &0 (x) + p&(1)(x) + P° 2y (X) + - - -

® g(0)jj is the boundary data for the holographic reconstruction of the
spacetime, i.e., solving g(k) asa covariant funtional of &(0)

o Holographic stress tensor T7 l80)] = Iimo (Pd/% TU[h]>.
‘DH

Contains the holographic information of the theory (e.g., Weyl anomaly)
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Counterterm method in AdS gravity

Lot = S7V/=h+ R + g oo )(R'R ~ k)

e5f 3d-2 i d(d+2) 153
H @24 6) ( sta-1 *RVRj ~ f5g- 1 R

—2RIRNR g — 4o VIRV R + VERIV, Ry ) + ..

o Full series for an arbitrary dimension is unknown.
@ Terms do not seem to follow any pattern.

@ Far more complicated for higher-curvature theories (e.g.,
Einstein-Gauss-Bonnet).
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Kounterterms

o Extrinsic regularization Tep = Igy+cg [ d9xBy(h K, R)
oM

Inspired by a simple observation (EH4+GB in D = 4)

4 uvap nv 2
- G/dxx/ G [(R—2) + &(Ruup R — 4Ry, RV + R2)

@ Euclidean action for Sch-AdS black hole:

M 4 r3 4
1+ T 1— —

2 < +e2“> 5+4G£2< 52"‘>

. . _ P
GB coupling has to be fixed as « = 7

G=ptF =

.. T 2
Finite Noether current also implies &« = %

[Aros, Contreras, 0Olea, Troncoso, Zanelli, PRL 84, 1647 (2000)]
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@ MacDowell-Mansouri form of the action

_ 4 [oAuv 70y [v4] B [«B]
%"_2% G/dxv %wﬁ(R qmo<&w+géwo.

The action has a minimum for global AdS spacetime

Iren =0

Weyl tensor (on-shell)

ap _ pup [p]
Wl = Ry +€ﬂﬂ

(On-shell) regularized action is equal to Conformal Gravity action
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Kounterterms

@ Euler Theorem in D = 4 dimensions

/d4x GB = 327t%x (M) + / d3x Bs
M oM

@ Kounterterms = given polynomial in the extrinsic and
intrinsic curvatures (Kj; and ’Rfj’(h))

B3 — 4\/_7/7 (i3] KJl (% RJ2J3(h) _ % K12 KJ3)

i3] i i3\ i i3 .
=4/ | 2R} JR)K] — SIS+ K (K]~ 3K
c3 = 02/647G
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Kounterterms

@ D =2ndimensions [R.0., JHEP 0506: 023 (2005)]

Byp-1 = 2nv- /dt pli-fn-1] KJ1 < RIS _ KJQK!3) X

Ui-jon— i ipi3 i i3

12n—212n—1 I2n—2 ~ 12n—-1

. X <1Rj2n2j2n1 _ 42 K__j2n72 Kj2n1>
2

on1 = (=£?)""1/(16mwGn(2n —2)!)
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Kounterterms

@ Kountertermsin D =2n+1 [R.0., JHEP 0704: 073 (2007)]

1 t
2
_ Urton] pein gio (L poisia _ 2 i peia | ST sisgia\ o ..
Ban = 2n_/dt/ds(S[l'lmizn] Kjl 5]2 (2Rj3j4 t Kj3 Kj4 + 02 5]3514 x
0 0

1 . . . 52 . .
i = phln-1n _ 12201 pelon > sln—1 gin
x <2 Rj?nfl.an t l<.an71 szn T 02 512,1715]2,1 :
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Kounterterms

@ Kountertermsin D =2n+1 [R.0., JHEP 0704: 073 (2007)]

1 t
2
_ Urton] pein gio (L poisia _ 2 i peia | ST sisgia\ o ..
Ban = 2n_/dt/ds(S[l'lmizn] Kjl 5]2 (2Rj3j4 t Kj3 Kj4 + 02 5]3514 x
0 0

1 . . . 52 . .
i = phln-1n _ 12201 pelon > sln—1 gin
x <2 Rj?nfl.an t l<.an71 szn T 02 512,171512,1 :

@ Coupling constant
L1y
©16mG22n-2p(p—1)12°

Cn
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Quasilocal vs Holographic Stress Tensor

o Kounterterms: No clear identification of the boundary quasilocal stress

tensor 1 .
~ i ! / [
Slren = / dP~1xv/=h ( TJ. (hfléh) + AJ-5K-’>
2 i j I J
oM

e But what about holographic stress tensor?
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Holographic stress tensor not from a quasilocal one

@ Example 1: AAdS sector in 3D Topologically Massive Gravity

1 3 2.3
/ =1 — [ d Idl' + =T
T™G EH+327TGP£A{ X ( T3 )

@ No Gibbons-Hawking term for Lcs(I') = No quasilocal stress tensor

L i 1 .
- 2 y -1 k )
Sltme = / d’x\/—h (2 T (h 5h)j + oy 90K eu)
oM
(0)
o However Kjj = %gz +gi(‘1) T

@ Holographic stress tensor

T i 1 i O K.
Tf[g(o)] = T(JEH)[g(O)] - m (g(ll)g,(k)ekf + <—>J)
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Holographic stress tensor not from a quasilocal one

o Example 2: EH AdS+ GB term in 4D

; I
fren = 16 167G /d4XV { (R—2A) + - (RuyupR"™*P — 4Ry R + RQ)}

@ For any D > 4 (arbitrary GB coupling &)
D—-1 [ -1 i k i i iy
dles= 1 /d x/=h o2 [ (hton). K] +5KJ-K REE (h )—KJ;KJ;)
o Gibbons-Hawking term for GB
B \/7 [/11213] (1 R0 L K™ Kis)
6B = 5 Rhn 3 KKy |

[111213] 2 Vs 3 2 i3
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Holographic stress tensor not from a quasilocal one

@ Dirichlet variation

(i iini3) 2 2h3 3 2 B

_ & D-1 Ujiafal -1 1 i3 _1 i i3
6lep=ge / 4P Lxy/=hsUREB (hon)) K ( RiB 2 ki
oM
@ No Gibbons-Hawking term for 4D GB =- No quasilocal stress tensor

8Tren = lim /d3x A <1 - ( 1(5h) +AJ 5K>
p—0 2 !
oM

where

K m (on P ikl) (i
¥ = 32:7LIG5[Um11p] Ki (Rk/p + e%‘sw]) WES 32}IG5[L{'np]] (Rk/p + %25%])
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Holographic stress tensor not from a quasilocal one

@ Performing FG expansion of the fields

r_F Vo ()+Op’1/2)

3/2 P3/2

(h16h); = (g7 20g)} = (g(5§5g(0))j +0(p), oKI = 0(p),

v = p*2T][g)] + O(p°) = &+ O(p?)

@ Holographic stress tensor

5W—/fv 2 g0) (&0 %QI
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Conclusions and prospects

@ The result of D = 4 is always true in D = 2n
(requires the asymptotic behavior of the Weyl tensor)

@ In D =2n+1 it is more subtle because counterterms ambiguity
(finite counterterms that do not modify the Weyl anomaly).

@ Reading off the holographic (quasilocal) stress tensor from the variation of
the action in other gravity theories (EGB, Lovelock, etc.) where Holographic
Renormalization would drive you insane.

Rodrigo Olea (UNAB) 19 /19



	Outline
	Variational problem in General Relativity
	Quasilocal stress tensor
	Counterterm method in AdS gravity
	Holographic Renormalization
	Counterterm method in AdS gravity
	Kounterterms
	Kounterterms
	Kounterterms
	Kounterterms
	Quasilocal vs Holographic Stress Tensor
	Quasilocal vs Holographic Stress Tensor
	Quasilocal vs Holographic Stress Tensor
	Quasilocal vs Holographic Stress Tensor
	Quasilocal vs Holographic Stress Tensor
	Conclusions

