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o Correlation functions are calculated with an absolutely
generalized initial state, as required for cosmology.

o Can answer some questions even while avoiding several
technical difficulties like the exact structure of inner
products on the Hilbert space, or the non-unique nature of
self-adjoint extensions.

e Systematic way to realize higher derivative corrections in
the equations of motion for a canonically quantized system.

o New perspective on known features of QFT, like
renormalization, which may prove to be useful while
quantizing with a dynamical background.

@ Being canonical, applicable to certain models of LQG and

LQC.
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@ Define expectation values, with respect to some state, as:

G = ((B = (B)(§— (@) )wen (2.1)

@ Begin with a Hamiltonian operator: H= i-\l(fy, p)
Take its expectation value with respect to the same state to define an
‘effective’ Quantum Hamiltonian
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The New Variables

[M. Bojowald and A. Skirzewski, 2006]

@ Define expectation values, with respect to some state, as:

G = ((B = (B)(§— (@) )wen (2.1)

@ Begin with a Hamiltonian operator: H= i-\l(fy, p)
Take its expectation value with respect to the same state to define an
‘effective’ Quantum Hamiltonian

_s=x~ 1 (n)0"H(q,p) zan
= i < >8paaq" G (2.2)

@ Ap 1nt in this infinite dimensional space is completely specified by
( Ga n)
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The Poisson Bracket

@ Define Possion Bracket as:

(1R} = 5 (1F.R) @3

@ Using (2.3), we have:

().} =0 = {(@), 6"}
{@a,n7 Gb,m} _ iﬂ: {(g)er[a’ b, m,n, r]aa+b—2r—l,m+n—4r—2]

—b(n _ a) aa,n—l éb—l,m—l + a(m _ b)ab7m71 Ga—l,nfl
where

Kla.b,mmrd = 3 (5)(FA+1-ON () Gase) () (355-) -

0<f<2r+1

(2.4)
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The Equations of Motion

Let g := (§) and p := (p).
The Hamilton’s equations of motion gives us

g={q,Hqo} (2.5)
- p={p Ho}
G*" = {G*" Hq} (2.7)

Instead of solving the Schrodinger’s partial differential equation,
we have to solve this infinite set of coupled ordinary differential
equations.
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The Equations of Motion

Let g := (§) and p := (p).
The Hamilton’s equations of motion gives us

g={q,Hqo} (2.5)
- p={p Ho}
G*" = {G*" Hq} (2.7)

Instead of solving the Schrodinger’s partial differential equation,
we have to solve this infinite set of coupled ordinary differential
equations.
o The validity of the solutions to these equations of motion
are subject to certain ‘Uncertainty Relations’, imposed on
the moments.
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Example: A Quantum
Anharmonic Oscillator
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The Effective Quantum Hamiltonian

The Hamiltonian for an oscillator with a perturbation term is
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The Hamiltonian for an oscillator with a perturbation term is

PN 1 1 ~
b= 2 Lo 9.9 N
5P +2qu + U(§)

The corresponding ‘effective’ Quantum Hamiltonian is

1 1 huw
Ho = 2—p2 + 5mw2q2 + U(q) + 7(G0,2 + G2?)
+ Z ((h/mw) )"2U(M (q)GOn (2.8)

where G»" = h~"/?(mw)"/>~2G?" are now dimensionless

quantities.
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The equations of motion generated by the effective Quantum
Hamiltonian are:

. _ m_lp
1
s 2y _ —1 —13\n/2(n+1) 0,n
p=—mwlq—U'(q) =) —(m h)"2Ul™N(q)G
/
G = —awG* " + (n— a)wGt" — U Gan (2.9)
mw
+ﬂaU’”(3q) GaLn-1G02 | hal""(q )Ga 1,n-150,3
2(mw)? 31(mw)?
\FUW( )Ga Lntl hUW(q} Ga—Ln+2
2 (mw) 3(mw)
La=1)@=2) (VAU"(@) aanes | DU asnea)
3.23 (mw)? (mw)?
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We need to make two approximations:

@ Moments need to be solved perturbatively in (%)1/2. Here L is some
angular momentum scale provided by the perturbing potential.

@ Need to make an adiabatic approximation for the moments where we
assume they are slowly varying with time but the evolution of g and p
are free. Derivatives with respect to time in equations of motion are
rescaled as % — )\%. In the end, we shall set A =1

Thus, we can expand the moments as

ZZ Gor ()e/z N (2.10)
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We need to make two approximations:

@ Moments need to be solved perturbatively in (%)1/2. Here L is some
angular momentum scale provided by the perturbing potential.

@ Need to make an adiabatic approximation for the moments where we
assume they are slowly varying with time but the evolution of g and p
are free. Derivatives with respect to time in equations of motion are
rescaled as % — )\%. In the end, we shall set A =1

Thus, we can expand the moments as
e/2
->rey (7) X (2.10)

At a given order in %, denoted by the index e, the adiabatic
approximation gives

0= {GJ, Ho} (2.11)
to leading order, and )
Gj,’in = {G: ,117 HQ} (2~12)

for higher orders.
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O(H9, \°)

The equation is:

i
0=—awGjo"" + (n— a)wGye™" — Uns 9)a E o (2.13)
[09)

subject to the constraint (coming from the first order equation) :

SE ()5 a0 e

aceven

which gives the solution

a,n __ (n - a)!a! U/’(q) (2a—n)/4 i
Goo = 27((n— a)/2)Y(a/2)! <1+ o2 > (2.15)

for even a and n, and Gy = 0 for odd a and/or n.

@ The numerical constant chosen here is such that our expectation
values are about the ground state of the harmonic oscillator.
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O(R°, A1)

The solutions are:

o1 =0 for odd n

5

. =0 for even a and n (once again to match with the ground state)

2a—n—6

4
> for odd a and even n

a
0,

11 g 1
G = c, Y3 (1 )

7 mw3 mw?

where C, , is a dimensionless prefactor given by:

n—a—2
(n— a)l(a — 1)! - bon—(a+2c)| (n—a)a —1) _,
Coin=—" 5 —a 5 (2a—n)—2 (22 —n)
R C=TE TR > {1:10 at2e } =Dy
for even a, where a’ = a+ 2(b +1).
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O(H, \)

Conclusion Procedure

Anharmonic Oscillator

The solutions are:

1o =0 for odd a

= 0 for even a and n (vacuum state considerations
1,0

a—n—5
11 1! 7
fDa n Z/2(q5)/2 (1 aF %f;”) for even a and odd n
where
_1)br(n
127:() 7(%22 ((n —1blvE+(n—8b— 1) (b+ )

L) EEED -8~ e~ 1) = DN (b e~ §) (~b)es1)

2
er 2)r
3n—11
(=2 2)T

ifn>5 b>2
ifn>3, b=0
; iftn>3, b=1
is a dimensionless prefactor that depends on a and n. In the above
expression, b = (n—a—1)/2 and (x), = x(x + 1).
Pochhammer symbol.

Nl Nl

..(x+ n—1) is the
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Equation of motion for g is thus:

. 7“}2 _ U/( )/mi h U///( ) GOAQ 4 E e
g=-uwyq q TGl ox T\ 7

where the relevant moments are

02 1 U (q) -3
8- (1 2)

mw

_5 i _7
g2 U@+ @@ (U@ s @a? (U@ T
B2 16mw* mw? 64m?2wb mw?
02 _ U (q) G +4U"" (q)d g + 30U (@)% + 6U"" (q)g2G + UM (g)g - U (q) 5
B — 64mw mw?

. _9
20U (@) + U (@) T (@)U (@) +3U""da+ U (@) ] (U@ T2
* 256m2w8 64m2w8 mw?
11
231U ()4 + U (9)5°)(U""" 8) <1 N U“(q>> Tz

512m3w10

mw?
13
2

4096m* w12 mw?

ua - \4 1 -
1155(U"" (q)4) <1+ u (q)>
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Equation of motion for g up to ~°/< and fourth

adiabatic order

We may now rewrite the equation of motion as:

§g = —w’q—U(q)/m (2.16)
— 55 U"(a) [f(a,) + fi(a, @) + (9)8” + F(q, 9) 4 + fa(a) &) + O(1?)
where
‘ ! U’ (q) —1/2 U ()2 U"(q) —5/2 5(U""" ()22 U"(q) =7/
f(a, 4) - E <1+ mw? ) i 16mw? <1+ mw? ) - 64m?2 w0 <1+ mw?2 )

64mw® mw? 256m?2w8 mw?

B U//////(q)dA (1 N U”(q)) —7/2 N 21(U////(q))2‘~74 <1 . U”(q)) —9/2

mw? mw?

7U///”(q)U/”(q)[74 U”(q) —9/2 231U”//(q)(Ul”(q))2¢'74 U//(q) —11/2
+ 4= — 1+
64m2w8 512m3w10

111 4.4 7’ —13/2
| 15U (@) <1+ U (q)) (2.17)

4096m* w12 mw?
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f( ) 5 U”/(q) - U//(q) —5/2 B 3U”///(q)c'72 - U”(q) —7/2
Bh a 16mw* mw? 32mwb mw?
+63U””(q)U/”(q)i72 - U”(q) —9/2 231(U/”(q))3¢'72 - U”(q) 711(/2218)
128m2w8 mw? 512m3w10 mw? ’
3y v’ —7/2 21(U!" 2 U’ —9/2
hla) = - (9) A (9) + (U™ () a1 (9) (2.19)
64mwb mw? 256m2w8 mw?
U@a ([ U@\ T 1w @z (vt T
13(q, g = - 1 4F 1+ 2.20
3(a:4) 16mwb * mw? 64m2 w8 mw? ( )
U”/(q) U”(q) —7/2
£ - 14 2.21
o(a) 64mwb mw? ( )
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Coleman Weinberg Potential
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CW Potential for a (0 4 1)-dimensional system

[S. Coleman and E. Weinberg, 1973]

For a given Lagrangian L(q, q,t) = %méf — V(q), with a vev defined by
(0] g |0) := qo, the Effective Coleman-Weinberg potential is given by

Ver() = V(qo) + 2f dkl (%2"("0))+0(h2) (2.22)
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CW Potential for a (0 4 1)-dimensional system

[S. Coleman and E. Weinberg, 1973]

For a given Lagrangian L(q, q,t) = %méf — V(q), with a vev defined by
(0] g |0) := qo, the Effective Coleman-Weinberg potential is given by

Veri(q) = V(qo) + % / % log (%z(q")) + O(h%) (2.22)

This integral is obviously convergent and it gives:

Vea(8) = V(@) + 5 7=/ V" (a0) + O(1) (2.23)

S.Brahma Effective Equations for QFT 19/33
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CW Potential for an anharmonic oscillator
Recall

L )+ (G°2+G22)

2m 2

+30 gymey 7 g

Hq =
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CW Potential for an anharmonic oscillator
Recall

L )+ (G°2+G22)

2m 2

+30 gymey 7 g

Hq =

Plugging in the value for the moments in Hg, the Coleman-Weinberg
effective potential up to two loop order turns out to be

1 hw U"(q0) \"/?
Verr(q) = Emw 9 + U(qo) + > <1 T mEﬂ )>

N n? <1+U”(qo))*

8m2w? mw?

V) | WL () )

4 IOmw? mw?

S.Brahma Effective Equations for QFT
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CW Potential using moment expansion

For a general Hamiltonian of the form H(p, g,t) = % + V(q), using a
moment expansion we get the effective Coleman-Weinberg potential up to
two loop order is:

L V(@)

Veir(q) = V(qo) + 4 9V (qo

m i 8mV"(qo)

N[ >t

V//(qo) h2 |:V////(q0) 12 + O(h3)

We reproduce the one-loop order correction and also have the two-loop
order correction to the Coleman-Weinberg potential with a canonical

kinetic term.

S.Brahma Effective Equations for QFT 21/33
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The Setup

@ Use the ‘in-in’ formalism to get equal-time correlation functions

@ The ‘phi-fourth’ Hamiltonian
~ - ~ ~ 2 ~
H = [d® {%” + 2 R(x) + 4 (w(x)) e )x(/)“()()}

Define

a,b P
(Xty-e vy Xai Y1y ey Yoy t) ==

G
< T X1 i‘ /((Xl, t))) (TA'(XQ i‘) — <’/A'(Xa t)>> X
(B, 1) — B, )>)...(é(yb,t)f<¢3<yb,t>>)> (3.1)

st
ViV, {Ga’b(xl,...,xa;y17..4,yb7t)} —

<( (1, 1) = (70, 1)) ... Vi (7%, 1) — (7(i, 1)) - ..
<(300,9= (B00,00) -+ Vi (B0, — (B0 ) ) (32)
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Ho = %/d‘o’x |:7|'2(X) + G*%(x,x) + m® (¢2(X) + Go’z(x,x))
+Vv2 (GO’Z(X,X)) + (Vo(x)® + 27 {¢* (%)
+6¢%(x) G*?(x, x) + 4¢(x) G¥3(x, x, x) + G¥*(x, x, x, X)}:| (3.3)

The (equal time) Poisson Algebra is defined as:

(960,70} = 32 [600.300] ) =5~ ») (3.4

The equations of motion are derived as:

d
5101 = {He, O} (3.5)

S.Brahma Effective Equations for QFT
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EOM ({g(y)) and (7(y)))

oy, 1) = —mly,t)

w(y,t) = (m*—=V3)é(y,t)
+ 473 (y, t) + 12Xé(y, £)G%2(y, v, t)
+4XG3(y,y,y,1) (3.6)
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EOM (Second Order Moments)

GO’2(.V7Z7 t) _[GIY].(yaza t)+ G171(21y7 t)]

Gl.l(yv z, t) 7G2’0(.y7 z, t) + [m2 - v)%]GOQ(yv z, t)+ 4>\G0‘4(y,y,y72" t)

Gy, z,t) = [m*=VIG " (y,z,t) +[m" = VI]G " (z,y,1)
+ANG (v, 2,2,2,t) + G¥(z,y, ¥, ¥, t)] (3.7)
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EOM (Higher Order Moments)

The general scheme for equations of higher order moments

GO,n(yh o e

& s

C"_l’l(y1, o

& (1700

y ¥ny t) ~ Gl’nil(yh °co

y Yn, t) ~ G27n_2(y17 e

» Yn, t) ~ G"—272(y17 e

7.yn7 t) ~ G"7171(y17 ttt

S.Brahma

7y'17 t)

+ )\GO.n+2(y1

Effective Equations for QFT

7.yn7 t) + GO’”(yh e

» Yn, t) + Gn#o(y17 s

y ¥Yn, t) +>\G”71l3(y17 <oy Y,y

,ny t)

y Yn, t)
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Solving these equations

@ Expand the moments in powers of the coupling constant,
G*° = D e AGZP

@ Solve for the moments in lower orders in \, starting with the free field
solutions.

@ Plug the (solved_) lower order A moments, in the equations containing
higher order in .

@ In this way, perturbatively solve for the moments, which shall give us
the required correlation functions.
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Renormalizability

When is such a moment expansion valid?
@ The moments are expanded in the dimensionless perturbation
parameter A = \/L, where L is some parameter.
@ For ¢* theory, L =1 and for ¢° theory, L m/h.

@ For any other ¢ theory, with n > 4, then L o< A"~%, thus rendering
the moment expansion ill-defined.
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Cancellation of the tadpole term

For ¢* theory,

¢(y7 t) = _(m2 - vi)(b(yv t)

S.Brahma Effective Equations for QF T 30/33
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Cancellation of the tadpole term

For ¢* theory,

Sly,t) = —(m*=V})o(y,1)
+400°(y, t) + 1200 (y, t)G¥*(y, y, t)
+AAG"(y,y,y, 1)

S.Brahma Effective Equations for QFT
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Cancellation of the tadpole term

For ¢* theory,

Sly,t) = —(m*=V})o(y,1)
+400°(y, t) + 1200 (y, t)G¥*(y, y, t)
+AAG"(y,y,y, 1) (3.9)

In this case, ¢(y,t) = 0 is easily a solution up to any order since all odd
moments (including G®*(y1, y», y3, t)) are zero up to any order.
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Cancellation of the tadpole term

For ¢* theory,

By) = —(m*—V2)ly. 1)
+400°(y, t) + 1200 (y, t)G¥*(y, y, t)
+AAG (v, y,y,t) (3.9)
In this case, ¢(y,t) = 0 is easily a solution up to any order since all odd

moments (including G%3(y1, y», y3, t)) are zero up to any order.
For ¢° theory,

d.;(yv t) = 7(m2 - v)z/)d)()/7 t)
_|_
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Cancellation of the tadpole term

For ¢* theory,

By) = —(m*—V2)ly. 1)
+400°(y, t) + 1200 (y, t)G¥*(y, y, t)
+AAG (v, y,y,t) (3.9)
In this case, ¢(y,t) = 0 is easily a solution up to any order since all odd

moments (including G%3(y1, y», y3, t)) are zero up to any order.
For ¢° theory,

d.;(yv t) = 7(m2 - v)z/)d)()/7 t)
+3X¢%(y, t) + 3AG"*(y, y, t) (3.10)
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Cancellation of the tadpole term

For ¢* theory,

By) = —(m*—V2)ly. 1)
+400°(y, t) + 1200 (y, t)G¥*(y, y, t)
+AAG (v, y,y,t) (3.9)
In this case, ¢(y,t) = 0 is easily a solution up to any order since all odd

moments (including G%3(y1, y», y3, t)) are zero up to any order.
For ¢° theory,

d.;(yv t) = 7(m2 - v§)¢(y7 t)
+3X¢%(y, t) + 3AG"*(y, y, t) (3.10)

In order for ¢(y,t) = 0 to be a solution of this equation, we require an
additional term (proportional to ¢) in the Hamiltonian (or equivalently,
Lagrangian) which will cancel off the G%?(y, y, t) up to whichever order we

want.
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The Propagator

The free propagator is calculated from the set of equations:

6072(.}/727 t) = _[Glyl(y7z7 t)+Gl,1(Zay7 t)]
Gl’l(y7z7 t) = _G270(y7z7 t)+ [m2 _vi]Go,z(%L t)
Gy, z,t) = [m = VIG"(y,z,t) + [m* = V}]G"(z,y,1) (3.11)
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The Propagator

The free propagator is calculated from the set of equations:

(.;072(.)/727 t) = _[Glyl(y7z7 t)+Gl,1(Zay7 t)]
Cl’l(y7z7 t) = _G270(y7z7 t)+ [m2 _vi]Go,z(%L t)
Gy, z,t) = [m = VIG"(y,z,t) + [m* = V}]G"(z,y,1) (3.11)

With the condition ¢(y, t) = 0, the propagator is G%?(y, z, t). The most
general solution turns out to be:
Bk, [ Pk,

0 20= [ Gy | @y

|:f(ky, kz) ky y+kz Z—wt) + f (ky7 k ) — il ky y+kz zZ— wt)]
(3.12)

where w = w, — w;, with w; = \/m? + k2.

The two arbitrary functions f(ky, k;) & *(ky, k.) are fixed by the initial

value of the (second-order) moments, thus capturing the arbitrariness of the

initial state.
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For a particular initial value of the moments, given by

1 d3k T o=
0,2 ik.(y—2)
G (y,z,0) = 2773/2 o =e and
G%2(y,z,0) = 0 (3.13)

we reproduce the usual result from QFT, that is,

. 3 .
GO2%(y, z,t) = / d>k

ik.(y—2)
e 3.14
2(2m3)V k% + m? (3:14)

The unique factorization of w = w, — w, is why the two results
(rightly) match up.

o The propagator has been calculated to agree up to one loop
order with QFT.
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Important lessons and looking ahead

So, why Effective Equations?

@ Using these canonical techniques for effective action, we recover the
usual QFT results and also extend them, for instance, by including
more general states.

@ There is well defined systematic way to derive the higher derivative
corrections while avoiding some technical difficulties.
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Important lessons and looking ahead

So, why Effective Equations?

@ Using these canonical techniques for effective action, we recover the
usual QFT results and also extend them, for instance, by including
more general states.

@ There is well defined systematic way to derive the higher derivative
corrections while avoiding some technical difficulties.

Where are these useful?

@ Currently being applied to certain models of isotropic, homogeneous
cosmology and also to a de Sitter background.

@ Current work is underway to include (perturbative) quantum
corrections in the Scalar and Diffeomorphism constraints of spherical
LQG, and see what effects they have on the hyperspace deformation
algebra. In the high curvature regime, these might be of the same
order as that of other non-perturbative corrections (like holonomy
corrections), and hence they should be included for a full analysis.
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If | have time... Analysis

Hypersurface Deformation Algebra

Generically,
{DIN],DIM']} = D[LwN'] (5.1)
{HIN],DINT} = —HILwiN] 5.2)
{HIN],HIM]} = DI[g"(No;M — Md;N)]
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If | have time... Analysis

Hypersurface Deformation Algebra

Generically,
{DIN], D[M]} = DILwN] (5.1)
{HIN], DIN]} = —H[LpiN] :
{HIN],HIM]} = DI[g"(No;M — Md;N)] (5.3)

For spherically symmetric LQG, the specific form of the constraints (after
solving for the Gauss constant) is given by

HIN = %/dx NIEX| ™2 [KZE® + 2K K E* + (1= T3)E? + 2T E°]
D[NX] = % /dX NX [2E¢K(;> . KxE,X]

where Iy = —E™/(2E?).
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If | have time... Analysis

@ [M. Bojowald and J. Reyes, 2009; M. Bojowald and G. Pailey, 2012] Work has been
done to see what kind of correction functions are required to include
Holonomy-corrections and Inverse-Triad corrections in these
constraints and how does that affect the Hypersurface Deformation
Algebra.

@ [M. Bojowald and S.B., forthcoming] Recent results show we do not need to
modify the Hypersurface Deformation Algebra if we include only the
higher derivative terms, given by these moment expansions (as is
expected from previous results on higher curvature gravity).

@ Aim is to unify non-perturbative corrections from LQG with these
perturbative corrections and look at resulting effects on the
Hypersurface Deformation Algebra, at least in the effective framework.
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Isotropic and Homogeneous Cosmology

If | have time... Analysis

Starting with the Einstein-Hilbert action (with the FLRW metric),
including a cosmological constant and matter, we can write the Friedmann
Equation as (setting 22¢ = 1):

1p; kA
SEE L oy (5.4)
4a a 3
where 2 is the , \ is the cosmological constant, p is the energy
density, p, = 72;,‘:/‘3 is the momentum canonically conjugate to a and N is

the usual lapse function.
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Isotropic and Homogeneous Cosmology

If | have time... Analysis

Starting with the Einstein-Hilbert action (with the FLRW metric),
including a cosmological constant and matter, we can write the Friedmann
Equation as (setting 22¢ = 1):

1 pa k A
=2l = 5.4
4 a* * 2 3 7 (54)
where 2 is the , \ is the cosmological constant, p is the energy
density, p, = 72;,‘:/‘3 is the momentum canonically conjugate to a and N is

the usual lapse function.

For a closed universe (k = 1) and the radiation-dominated era p = %, we
have a Hamiltonian which generates evolution with respect to some time

co-ordinate t, related to the proper time 7 as t = fOT B(T/)ildT/, given by:

_ 1o o A4
prff4pa+a 32 (5.5)

So we have an Anharmonic Oscillator Hamiltonian with m =2, w = 1 and

U(a) = —%a*.
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Results
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Results

@ The quantum corrections to the scale factor prevents it from
going back to zero where the classical solution did!!! Although
the quantum corrections are small usually, they play a significant
role when the classical solution goes to zero. This result
indicates that the scale factor may be saved (or, at least,
delayed) from going back to the singular point in the presence of
quantum corrections.
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Results

@ The quantum corrections to the scale factor prevents it from
going back to zero where the classical solution did!!! Although
the quantum corrections are small usually, they play a significant
role when the classical solution goes to zero. This result
indicates that the scale factor may be saved (or, at least,
delayed) from going back to the singular point in the presence of
quantum corrections.

@ The acceleration from the classical solution is negative for the
first half cycle (as expected during the radiation-dominated era).
However the acceleration for the overall scale factor (including
quantum corrections) turns positive at some points in this
period. This also indicates that this positive acceleration, coming
from the quantum corrections, may drive the scale factor away
from zero!!
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