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Introduction and motivations

Fundamental objects which underlies
the construction every gauge theory:

1) A Lie group G, its asociated algebra G.

2) A G invariant polynomial of order n is a multilineal map
(..):G" —>C

which satisty the invariant condition

VTA = g,g = G) (Tla aTn> — <ngg_19 "'7ngg_1>

3) A gauge connection one form A = AT 4 and its asociated

strength field F = dA + AN A




Examples:

Yang-Mills Theories:

L0 (A) = (FA%F).
= FAAN«FB (T4, Tg)

or a Chern-Simons Theories in d = 3:
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First example:
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(1951) —
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Special Theory of
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Newtonian
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During the second half of the 20th century appeared in the literature:

Mechanism

1. Contraction
2. Deformation
3. Extension

Example

(Anti)de-Sitter — Poincaré
Galileo —— Poincaré
Poincaré —— Super-Poincaré
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[Mab) Mcd] — gaCMbd — gbcMad — gadec + gbdMac
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0
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Brief history of these methods
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2000 -2003: Generalized Inonu-Wigner
contractions, Weimar Woods

\_ J

2003: Expansion method, Hatsuda, Sakaguchi | —
[arXiv:hep-th/0106114]
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higher dimension
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Brief history of these methods

4 N
K[ 1953: Inonu-Wigner contractions JN

2000 -2003: Generalized Inonu-Wigner
contractions, Weimar Woods

N /

2003: Expansion method, Hatsuda, Sakaguchi
[arXiv:hep-th/0106114]

@e Azcarraga et al [arXiv: hep-th/0212347] Expanded algebras with

higher dimension
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Results and conclusions

Classification of Lie algebras

— simple real

complex compact

complex simple algebras
semisimple algebras

algebra Y AmBm CmDm

GoFy Bk E,s simple real

non compact

general algebras

Lie
algebra L

solvable .
maximal nilpotent abelian

radical N algebras
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Many physical applications have been appeared by using this
methods.
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Many physical applications have been appeared by using this
methods.

‘ This motivates the following question:

Given two algebras

A and B

Can these algebras be related by some
contraction or expansion method?
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S-expansion method

Here we review the main characteristics of the method.
For further detalls, see the original article:

[1] F. Izaurieta, E. Rodriguez, P. Salgado, J.Math.Phys.47:123512,2006
arXiv: 0606215




S-expansion method

Ingredients:
1) A Lie algebra G with basis {TA}jir:nlg

2) A finite abelian semigroup S = {A\a}._,

(there is a compostion law A, Az which is closed and asociative)




S-expansion method

Steps:
I) Construction of Gg = S ® G with

basis {T(A,a) = Aa ® TA} and define
the induced Lie product:

[T(4,0), T(8,8)] = AaAs ® [T 4, Tg]

Farst result: Gg = S ® G 1s a Lie algebra,
called the expanded algebra

elements
A

4

3

=1

> > > > >

0 Subspaces

K Vo WV, algebra j




S-expansion method

Semigroup
elements

Ay
IT) Supose that G =EPV,. 5 = [ J S, Ay
pel pel s i
satistying respectively: N
7\-0 E Sub:p:ces
of the
Ve, Vil € Vi and S, xS, | W \__ % W a'sely

r€i(p.q) rei(p.q)

Perform the following construction Gg g = GDSP RV,
pel

Second result: Gs r 1s a subalgebra called the resonant subalgebra




S-expansion method

ﬁmlgroup \
elements

o

ITI) Supose that there is an element Os wich
satisfies OgA, = 0g VA, € S

-

(]

..

Third result: the sector 0g ® G can be
removed from the expanded algebra
to obtain the so called reduced algebra.

I
0 | Subspaces

—» of the
Vo Vi algebra

/>»>’>’>’>>

Observartion: Steps II and III are independent, but
can also be applied simultaneously.
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S-expansion

In general the S-expansion method consist in a serie of steps:

@ Obtain the S-expanded algebra
@ Find the (resonant)subalgebras
@ Perform a reduction.

Semigroup Semigroup Semigroup
elements elements elements

A A

e e . . o — —

-
-

w

w
w

..

=
h—

i L

i i
1]

B 5 55 a2
(%]

0 Subspaces 0 Subspaces
» of the > of the

Subspaces
» of the

0

Vo Wi algebra Vo Vi algebra Voo Vi algebra
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S-expansion method

m) Inénii-Wigner contraction,
m) its generalizations (Weimar-Woods contractions),

m) and the dAIPV-expansion method

can be obtained as an S-expansion (as a Og-reduction of the

resonant subalgebra) with one of the semigroups ng) defined by:
S = {Xo, A1y ey An, Ang1} With

AaAg = Aags,ifa+B<N+1
Aadg = Ani1, fa+pB>N+1

S0 = {Aam, withm =0, ..., [X]} U {Ansa)

S = 50U S5y with S1 = {dom+1, withm =0,...,[552] U {An41}

So X Sop C Sp
So X 51 C 51
S; xS C S
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Example: Inonii-Wigner contraction as an Sj(,;)-expansmn

Starting from (G=S50(3,2) =V, 4 V; where

~ ~ ;tzab: tical] N_jab ‘/0:‘/0 e %
Vo = {Jab} 3 Vi= {Pa} and _JabaPc] ™~ I'q B ‘/07‘/1 ~ Vi
_Paa _b] ~ jab Vl)‘/l ~ %




S-expansion method

o .. . - - 1 -
Example: Inonii-Wigner contraction as an Sj(r;)-expansmn

Starting from (G=S50(3,2) =V, 4 V; where

B B ;ﬁzaba‘zcd] N_jab ‘/0;‘/0 B %
Vo = {Jab} 3 Vi= {Pa} and _{aba_Pc] ™~ La B ‘/07‘/1 ~ Vi
_Paa b] ~ Jab _Vla‘/l_ ~ Vo

So = {0, A2}
Aarg = Aqyp, fa+ 8 <2 T S1 = {1, A2}
Aoadsg = Ao, ifa+B>2 g =20US1 5 g% 8 C S
So X 51 C 5,

S1 X 51 C So







>

s

GrF =(So® Vo) @ (S1® W)




nod




S-expansion method

A A

Jab = Ao ® Jab
Pa:/\1®Pa

X _(F
Ao Jab
V-

Ww W Vo W

Grrea = (S0 @ Vo) & (51 @ V1)]ieqa = ({MoJab, MPa}) = ({Jab, Pu})




Vo v ’ Vo Wi

1)

G35 =[S0 ® Vo) ® (1 @ Vi)l,ea = ({AoTaps MPa)}) = ({Tupy Pu))

[T(a,0), T(8,8)] = Xars ® [Ta, T5]

;Jaba Jed] = AoAo ® [_j _—c | ~ Nodap ~ Jap
Jab, Pe] = AoA1 ® [c_] _P] o )\1P 23 — IW contraction.
Py Po) = MA1 @ [Po, Py ~ Aadop ~ 0




S-expansion method
Example: The B algebra

Starting from G=S5S0 (4,2) = Vo & W

where s

Vo={Jw} ; Vi={P,} and

:V07 %
Vo, V1
:Vla Vl




S-expansion method
Example: The B algebra

Starting from G=S0 (4,2) =Vo & W,
where - _ ~N
.V07 VE) ~ VE)
VO — {jab} ) Vl - {Pa} and :Vo,V1: ~J Vl
V1, V1]l ~ W
V1 V1l 0
Consider the semigroup SS) = {0, A1, A2, A3, Ay} with

Aads = Agyg, fa+ B8 <4
Aoadsg = A1, ifa+B>4

Is easy to check that S = Sg U S satisty - ~

So X So C So
and So X 51 C 5y
\SlelcSoj

SO — {AOJAQ)A/J-}
S1 = {1, A3, A4}




S-expansion method

Example: The B algebra
A A




T (4,0)5

S-expansion method
Example: The B algebra

B = {Jab, Zab; -Pa, Za}

T(8,8)] = Aars ® [T4, T5] j

-

:Pa-.Pb]:Zabs [Jabepc]:Paan_anac-.

:Zas Zb] — [Zaba Zc] — [Zabe ch] — [Pa-. Zb] = ( ;
.Zaba Pc] = [Jab- Zc] - Za Tbe — Zb Nac -

:Jabe ch] = _']ac TIbd + ch Nad — de Nac + Jad Tlbe -

Jabs Zed| = —Zae Mbd + Zbe Nad — Zbd Nac + Zad Mbe - /

~
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1)
2)

3)

Chern-Simons Theories

Exist in odd dimensions
Its fundamental field is a g-valued gauge connection A with

associate curvature F
Given an invariant tensor g, the dynamics of A is governed

by the CS action whose Lagrangian is constructed from:

(F/\---/\F>g:chs(A)
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Chern-Simons Theories

1) Exist in odd dimensions
2) Its fundamental field is a g-valued gauge connection A with

associate curvature F
3) Given an invariant tensor g, the dynamics of A is governed
by the CS action whose Lagrangian is constructed from:

(F/\---/\F>g:dLCS(A)

4) CS for AdS in D=3 is equivalent to GR
5) CS for Lorentz in D=3 defines exotic gravity.

For further detalls about CS therories see [2].

[2] J. Zanelli, arXiv: 0502193
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Applications in Chern-Simons Theories

1) CS action for the M algebra:

In ref. [3] the M algebra is obtained from the Osp(32/1) algebra
using the dAIPV-expansion method.

[3] J. A. de Azcarraga, J. M. Izquierdo, M. Picon, O. Varela, Nucl.
Phys. B 662 (2003) 185 arXiv: 0212347

[4] F. Izaurieta, E. Rodriguez, P. Salgado, Eur. Phys. J. C 54, 675-
684, 2008 arXiv: 0606225
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Applications in Chern-Simons Theories

1) CS action for the M algebra:

In ref. [3] the M algebra is obtained from the Osp(32/1) algebra
using the dAIPV-expansion method.

In ref. [4] the result is re-obtained with the S-expansion method
which, in addition, gives non trivial invariant tensors for the M
algebra.

[3] J. A. de Azcarraga, J. M. lzquierdo, M. Picon, O. Varela, Nucl.
Phys. B 662 (2003) 185 arXiv: 0212347

[4] F. Izaurieta, E. Rodriguez, P. Salgado, Eur. Phys. J. C 54, 675-
684, 2008 arXiv: 0606225
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Applications in Chern-Simons Theories

1) CS action for the M algebra:

In ref. [3] the M algebra is obtained from the Osp(32/1) algebra
using the dAIPV-expansion method.

In ref. [4] the result is re-obtained with the S-expansion method
which, in addition, gives non trivial invariant tensors for the M

algebra.

‘ A CS action for the M algebra is constructed.

[3] J. A. de Azcarraga, J. M. lzquierdo, M. Picon, O. Varela, Nucl.

Phys. B 662 (2003) 185 arXiv: 0212347
[4] F. 1zaurieta, E. Rodriguez, P. Salgado, Eur. Phys. J. C 54, 675-

684, 2008 arXiv: 0606225

)
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Applications in Chern-Simons Theories

1) CS action for the M algebra:

- the problem of finding all the invariant tensors for a non-semisimple
Lie algebra remains an open problem until now.
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1) CS action for the M algebra:

- the problem of finding all the invariant tensors for a non-semisimple

Lie algebra remains an open problem until now.
- given an algebra the choice of the invariant tensor fixes the classes of

Interactions that may occur between the different fields in the theory.
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Results and conclusions

Applications in Chern-Simons Theories

1) CS action for the M algebra:

- the problem of finding all the invariant tensors for a non-semisimple
Lie algebra remains an open problem until now.

- given an algebra the choice of the invariant tensor fixes the classes of
Interactions that may occur between the different fields in the theory.

- the standard procedure to obtain an invariant tensor of range r is to
use the symmetrized (super)trace for the product of r generators

In some matrix representation of the algebra

- there are limitations in the case of non-semisimple Lie algebras.

- on [arXiv: 0606225] it is shown that the supertrace is not a

good choice
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Applications in Chern-Simons Theories

1) CS action for the M algebra:

- it has so many vanishing components that a transgression or a CS
Lagrangian constructed from it depends only on the spin connection
(kind of exotic gravity).
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Applications in Chern-Simons Theories

1) CS action for the M algebra:

- it has so many vanishing components that a transgression or a CS
Lagrangian constructed from it depends only on the spin connection
(kind of exotic gravity).

- then it is not possible to reproduce general relativity neither to include
fermionic fields or fields associated with central charges.
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Results and conclusions

Applications in Chern-Simons Theories

1) CS action for the M algebra:

- it has so many vanishing components that a transgression or a CS
Lagrangian constructed from it depends only on the spin connection
(kind of exotic gravity).

- then it is not possible to reproduce general relativity neither to include
fermionic fields or fields associated with central charges.

- the S-expansion procedure provide an invariant tensor, different from
the supertrace, which leads to a theory with a richer structure.

- the S-expansion method does not solve the problem of classifying all
Invariant tensors for non-semisimple algebras, it at least gives invariant
tensors different from the supertrace that are useful for the construction
of the mentioned gauge theories of gravity.
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Applications in Chern-Simons Theories

2) Dual formulation:

A dual formulation of S-expansion method is given in [5].
permits to perform the expansion at the level of the Lagrangian.

[5] F. Izaurieta, A. Pérez, E. Rodriguez, P. Salgado, Jour.Math. Phys.
50 7 073511 (2009) arXiv: 0903.4712
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Applications in Chern-Simons Theories

2) Dual formulation:

A dual formulation of S-expansion method is given in [5].
permits to perform the expansion at the level of the Lagrangian.

As an example, this permit to obtain 3D CS AdS gravity from
exotic gravity (because SO(2,2) can be regarded as an
expansion of SO(2,1))

[5] F. Izaurieta, A. Pérez, E. Rodriguez, P. Salgado, Jour.Math. Phys.
50 7 073511 (2009) arXiv: 0903.4712
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Applications in Chern-Simons Theories

3) Standard General Relativity from CS theoriesind =5

In ref. [6] it was observed that

5 1 a c e 2 ab _c e
Lf\c)lS = KREabede (%6 ebe ede + @R be ede +
1
+5RabR6dee) .

does not leave E-H term alone in any limit of the ¢ parameter!

[6] J. D. Edelstein, M. Hassaine, R. Troncoso, J. Zanelli, Phys. Lett. B
640 (2006) 278. arXiv: 0605174
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Applications in Chern-Simons Theories

3) Standard General Relativity from CS theoriesind =5

In ref. [6] it was observed that

("3)_, labcde 2 ab ¢ d e
L js = KEabede —Sgseeeee +—3€3R e“e“e"+

1

+_RabRcdee) .

/

does not leave E-H term alone in any limit of the ¢ parameter!

m) |t was proposed to construct a CS action for an expansion of AdS
symmetry in D=5 and to study if there is a connection with GR.

[6] J. D. Edelstein, M. Hassaine, R. Troncoso, J. Zanelli, Phys. Lett. B
640 (2006) 278. arXiv: 0605174




Applications in Chern-Simons Theories

3) Standard General Relativity from CS theoriesind =5

[ AdS algebra] - [ Expanded AdS algebra J

using the dAIPV-expansion
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Applications in Chern-Simons Theories

3) Standard General Relativity from CS theoriesind =5
Result:

- Equations of motion impose too restrictive conditions on the
geometry and,

- there Is no limit where those conditions desapear.
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Applications in Chern-Simons Theories

3) Standard General Relativity from CS theoriesind =5
Result:

- Equations of motion impose too restrictive conditions on the
geometry and,

- there Is no limit where those conditions desapear.

4 N
Therefore using the dAIPV-expansion method does not permit

to connect a CS theory with 5D GR.
. J
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Applications in Chern-Simons Theories

3) Standard General Relativity from CS theoriesind =5

The same idea was followed in ref. [7], but using S-expansion

[ AdS algebraJ ‘ [ Expanded AdS algebra ]

using the S-expansion

[7] F. Izaurieta, P. Minning, A. Pérez, E. Rodriguez and P. Salgado,
Phys. Lett. B 678 (2009) 213 arXiv: 0905.2187
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Applications in Chern-Simons Theories

3) Standard General Relativity from CS theoriesind =5

Result;

A CS action constructed in terms of the connection

~

A—A=¢"PFP,+ %w“b']ab +h,“Za+%ht“”Zab :
valuated in the algebra B introduced before is given by

i )
LéS) = al€2‘€abcde-RabRCdee + Q3€abede (gRabecedee‘l‘

+2€2kabRCdT€ i £2RabRthe)
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Applications in Chern-Simons Theories

3) Standard General Relativity from CS theoriesind =5
Result:

A CS action constructed in terms of the connection

~

A—A=¢e¢"P,+ %w“b.fab + h*Z, + %h‘,“bZab .
valuated in the algebra B introduced befor-e IS given by
LY = 0y 2¢ 4046 R R + 3Eapede (%Rabecedee+
+2€2kabRCdTe 4 £2RabRcdhe)

m) This action leads to GR in the critic limit ¢ = 0.




!-expan3|0n metHO! !ESU“S an! COHC‘USIOI’IS

Applications in Chern-Simons Theories

4) Cosmological and Black hole solutions

In refs. [8,9] there were found a black hole and a cosmological
solution for the Chern-Simons theory constructed in terms of
the B algebra.

[8] C. A. C. Quinzacara and P. Salgado, Phys. Rev. D 85, 124026
(2012)

[9] F. Gomez, P. Minning, and P. Salgado, Phys. Rev. D 84, 063506
(2011)
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General properties of the expansion methods
of Lie algebras

- Many physical applications have been appeared by using
contractions and expansion methods,

- all of them can be considered as a particular case of an S-
expansion with a semigroup of the family:

S5 = {0, ALy oo AN, ANt}
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General properties of the expansion methods
of Lie algebras

- Many physical applications have been appeared by using
contractions and expansion methods,

- all of them can be considered as a particular case of an S-
expansion with a semigroup of the family:

S5 = {0, ALy oo AN, ANt}

\ 4

4 )
Expansions with other semigroups can generate algebras that
cannot be reached nor by any contraction neither by a dAIPV

expansion.
y
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General properties of the expansion methods

of Lie algebras
An example is given in [10].

[10] R. Caroca, I. Kondrashuk, N. Merino and F. Nadal, J. Phys. A:
Math. Theor. 46 (2013) 225201 (24pp), arXiv: 1104.3541

IOP PUBLISHING JOURNAL OF PHYSICS A: MATHEMATICAL AND THEORETICAL
J. Phys. A: Math. Theor. 46 (2013) 225201 (24pp) doi:10.1088/1751-8113/46/22/225201
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as S-expansions of two-dimensional isometries

Ricardo Caroca', Igor Kondrashuk?, Nelson Merino® and Felip Nadal*”

L Departamento de Matemitica y Fisica Aplicadas, Universidad Catélica de la Santisima,
Concepcién, Alonso de Rivera 2850, Concepci6n, Chile

3 Departamento de Ciencias Bésicas, Univerdidad del Bfo-Bio, Campus Fernando May.

Casilla 447, Chilldn, Chile

3 Instituto de Fisica, Pontificia Universidad Catdlica de Valparaiso, Av. Brasil 2950, Valparaiso,
Chile

# Instituto de Fisica Corpuscular (IFIC), Edificio Institutos de Investigacién., ¢/ Catedritico José
Beltrdn, 2. E-46980 Paterna, Spain

s Dipartimento di Scienza Applicata e Tecnologia (DISAT), Politecnico di Torino, Corso Duca
degli Abruzzi, 24, 1-10129 Torino, Italy

E-mail: nelson.merino@ucv.cl

Received 7 September 2012, in final form 12 April 2013
Published 16 May 2013
Online at stacks.iop.org/JPhysA/46/225201




!-eXpanSIon mel”o! !GSUHS an! COHC‘USIOHS

General properties of the expansion methods

of Lie algebras
An example is given in [10].

[10] R. Caroca, I. Kondrashuk, N. Merino and F. Nadal, J. Phys. A:
Math. Theor. 46 (2013) 225201 (24pp), arXiv: 1104.3541

Principal |dea: can be related 2 and 3-dimensional isometries?

B

Considering the two set of algebras: [y, x,] = 0 and
[-‘Y] y JY2] = /Yl
Group Algebra
typeI JY]_,XQ = Xl,X3 = XQ,Xg =0
type I1 X1, Xo| = | X1, X3 =0, Xo, X3l = X
type III [,Xl, Xz] = [,Xz, X3] =0, [Xl, X3] = X1
type v 5(;,5(2 = 0, ‘Yl' X3| = Xl‘- Xg, X3| = f* + Xg
type V (X1, X2] =0, [X3,X3]=X3, [Xo,X3]=X>
type VI [X]_, }fg] = 0, [.Xl, ng] = zYl, [/YQ,JYS] = h../YQ,

where h # 0,1

type VII

(X1, X2] =0,

X1, X5] = Xo,

[X2, X5] = —X;

type VIlg

[Xl',«X?] - 0:

[le "Y3] — X21

where h #£ 0 (0 < h < 2).

[ X2, X5] = — X + hXo,

type VIIL

(X1, Xo] = X1,

[X1, Xa] = 2Xo,

[Xa, X3] = X3

type IX

(X1, Xo] = X,

[JYQ, ./Yg] = JY],

[5G, Xi]= X»
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General properties of the expansion methods
of Lie algebras

Therefore, to answer the general question (given in Introduction):

Given two algebras

Aand B

Can these algebras be related by some
contraction or expansion method?

we need to consider the complete family of abelian semigrops.




General properties of the expansion methods
of Lie algebras

We need to consider the history about finite semigroup

order | () = # semigroups

1 1

2 4

a 18

4 126

5 1,160

6 15,973

7 836,021

8 1,843,120,128

9 52,989,400,714,478

[Forsythe "54]
Motzkin, Selfridge '55]
Plemmons "66]
Jurgensen, Wick "76]

[Satoh, Yama, Tokizawa "94]

Distler, Kelsey, Mitchell "09]
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General properties of the expansion methods
of Lie algebras

We have developed a procedure to answer that question in [11].

[11] L. Andrianopoli, N. Merino, F. Nadal, M. Trigiante, General properties of
the S-expansion method, J. Phys. A: Math. Theor. 46 (2013) 365204 (33pp)
arXiv:1308.4832

1OP PUBLISHING JOURNAL OF PHYSICS A: MATHEMATICAL AND THEORETICAL

J. Phys. A: Math. Theor. 46 (2013) 365204 (33pp) doi: 10.1088/1751-8113/46/36/365204

General properties of the expansion methods of
Lie algebras
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Valparaiso, Chile
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General properties of the expansion methods
of Lie algebras

1) First by establishing general properties of the expansion method

(preservation of some properties of the Lie algebra)

Properties preserved by the action of the S-expansion process

Original G Expanded Gs Resonant Gg g Reduced gg?g

Abelian Abelian Abelian Abelian

Solvable Solvable Solvable Solvable

Nilpotent Nilpotent Nilpotent Nilpotent

Compact Arbitrary Arbitrary Arbitrary
Semisimple Arbitrary Arbitrary Arbitrary

g = .3 gS — chp W Scxp gS.R — chp.R W Scxp.R g_g‘cg e N;:(g_R & S;i?)_R

Arbitrary Arbitrary Arbitrary Arbitrary
G=NWS Gs = Nexp W Sexp Osr = Nexp.R W Scxp_.R 561% - N;:(g_R & S;i(;i),R
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General properties of the expansion methods
of Lie algebras

1) First by establishing general properties of the expansion method
(preservation of some properties of the Lie algebra)

i} complex i}

complex simple
semisimple ) algebras

algebra S A,,B,,C,D :
GaFyEoEy non compact
general fod {7 algebras
Lie 4 -D .9 | : J ]
algebra L

"d‘J solvabl
i nfa:iamael > nilpotent abelian
radical N algebras D algebras
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General properties of the expansion methods
of Lie algebras

2) Then, by implementing computer programs to perform expansion

with any semigroup (up to order 6 ).

~

order | ) = # semigroups

1 1

2 4

3 18

4 126 [Forsythe *54]

5 1,160 [Motzkin, Selfridge '55]

6 15,973 [Plemmons '66] j

7 836,021 [Jurgensen, Wick "76]

8 1,843,120,128 [Satoh, Yama, Tokizawa "94]
9 52,989,400,714,478 | [Distler, Kelsey, Mitchell 00]
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General properties of the expansion methods
of Lie algebras

2) Then, by implementing computer programs to perform expansion
with any semigroup (up to order 6 ).

~

order | Q) = # semigroups

1 1

2 4

3 18

4 126 [Forsythe *54]

5 1,160 [Motzkin, Selfridge '55]

6 15,973 [Plemmons '66] j

7 836,021 [Jurgensen, Wick "76]

8 1,843,120,128 [Satoh, Yama, Tokizawa "94]
9 52,989,400,714,478 | [Distler, Kelsey, Mitchell 00]

Those programs allow us:
1) to study all resonant
decomposition of a semigroup,
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General properties of the expansion methods
of Lie algebras

2) Then, by implementing computer programs to perform expansion
with any semigroup (up to order 6 ).

order | () = # semigroups Those programs allow us:

T T ™~ ) to study aII. resonant

” i decomposition of a semigroup,

; " i) identify those with a zero
element,

4 126 [Forsythe *54]

5 1,160 [Motzkin, Selfridge '55]

6 15,973 [Plemmons '66] j

7 836,021 [Jurgensen, Wick "76]

8 1,843,120,128 [Satoh, Yama, Tokizawa "94]

9 52,989,400,714,478 | [Distler, Kelsey, Mitchell '09]
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General properties of the expansion methods
of Lie algebras

2) Then, by implementing computer programs to perform expansion
with any semigroup (up to order 6 ).

order | () = # semigroups Those programs allow us:

T T ~N ) to study aII. resonant |

5 P decomposition of a semigroup,
i) identify those with a zero

’ 1 element,

4 126 [Forsythe "54] iii) to establish the isomorphism of

5 1,160 [Motzkin, Selfridge '55] an arbitrary semigroup with one

6 15,973 [Plemmons '66] _/ of those classified in the

7 836,021 [Jurgensen, Wick "76] literature and

8 1,843.120,128 [Satoh, Yama, Tokizawa "94]

9 52,989,400,714,478 | [Distler, Kelsey, Mitchell "09]
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General properties of the expansion methods
of Lie algebras

2) Then, by implementing computer programs to perform expansion
with any semigroup (up to order 6 ).

order | () = # semigroups Those programs allow us:
T T ~N ) to study aII. resonant |
5 P decomposition of a semigroup,
; - i) identify those with a zero

element,
4 126 [Forsythe "54] iii) to establish the isomorphism of
5 1,160 [Motzkin, Selfridge '55] an arbitrary semigroup with one
6 15,973 [Plemmons '66] _/ of those classified in the
7 836,021 [Jurgensen, Wick "76] _ literature and o

, \ Iv) To study further conditions for

8 1,843,120.128 [Satoh, Yama, Tokizawa "94] e

some specific problem
9 52,989,400,714,478 | [Distler, Kelsey, Mitchell *09]

ol e
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Final remarks

As mentioned In

Nesterenko M. 2012 S-expansions of three dimensional Lie algebras
arXiv:1212.1820

it would be interesting to know whether S-expansions fit the
classification of solvable Lie algebras of a fixed dimension by
means of S-expansions of simple (semisimple) Lie algebras of the
same dimension.

The theoretical results proposed in this work could be useful in
solving that problem.




-expansion method Results and conclusions

Final remarks

The S-expansion method have already been extended to the case
of other mathematical structures (higher order Lie algebras, Loop
algebras)

Caroca R, Merino N and Salgado P 2009 S-Expansion of higher-order Lie
algebras J. Math. Phys. 50 013503

Caroca R, Merino N, Pérez A and Salgado P 2009 Generating higher order Lie
algebras by expanding Maurer-Cartan forms J. Math. Phys. 50 123527

Caroca R, Merino N, Salgado P and Valdivia O 2011 Generating infinite-
dimensional algebras from loop algebras by expanding Maurer—Cartan forms J.
Math. Phys. 52 043519
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Final remarks

We think that this mathematical tool could be useful other gauge
theories such as Yang-Mills theory, Wess-Zumino models, higher
spin theories, gauge/gravity duality, etc.




Thanks you for your attention




Implementing computer programs

History about finite semigroup programs:

HANDBOOK OF FINITE SEMIGROUP PROGRANMS
John A Hildebrant
TABLE OF CONTENTS
TABLE OF CONTENTS
FORWARD

SEMIGROUP GENERATING PROGRAM

CONMUTATIVE SEMIGROUP
SORTING PROGRAM




Implementing computer programs

History about finite semigroup programs:

For example, for n=2 the program com.f gives the

following list:
Sty | M Ao
A1 AN
A9 A1 A1

Sty | A Al
Y IDYRRDY
Ao | AL Ao

Sty | A Al
IV DY
Ao [ A A




Principal Idea: can be related 2 and 3-dimensional isometries?

Considering the two set of algebras: [, x,] = 0 and
X1, Xo| = X,

t\ pe III

X1, Xo| = 0 X1, Xs] = X}, [Xz X3] = hXa,
where h # 0,1

type VII; | [X1,Xo] =0, [X1,X3]=Xs, [Xo, X3]=-X)
type VIII | [ X1, Xo] = X1, [X1,X3] =2X,, [Xo, X3] = X3
tyvpe IX [JY]_ . )(2] — X3, LXQ, )(3] = X1, [X3, ./Yl] = Xo

type VI




Checking with computer programs

Isomorphisms and consistency of the procedure

Algebra | Semigroup used

Type I many semigroups

Type II | S79, Si5
- 13 Q28 Q42 <43 cdd 45 64

Type V. | S

1Isomorphic to 1Isomorphism

Sn1 <~ S?f) ( A4 A1 A2 A3 )
S'no <~ S(lf) ( A4 A3 Ao Aq )
SN3 — 5?42) (A4 A1 A3 A2)
S2) — SE | (A Az Az Ar)
S — SE | (A Az Ax As)




