Fermions as sources of accelerated regimes

Gilberto Medeiros Kremer

Departamento de Fisica
Universidade Federal do Parana

kremer@fisica.ufpr.br

Cosmology Miniworkshop — ICTP — SAIFR
Sé&o Paulo

February 20 — 21, 2014



Outlook

=

Objective

Classical Spinors

Noether Symmetry

Fermionic fields non-minimally coupled

Cosmological model with scalar and fermion fields

Radiation, matter and fermionic fields non-minimally coupled,

Fermion fields in Einstein-Cartan theory



Objective

Objective

m Analysis of cosmological models with fermionic fields

m Description of accelerated regimes for
(a) Early Universe

(b) Old Universe



Classical Spinors

m Dirac spinor is a four-component object v that obeys Dirac’s equation
m Under a local Lorentz transformation with parameters . ()

v — T =ew { P}y

xo = Hﬂ,”.:“, generators of the spinor representation of the Lorentz
group, with {y*,~*} = 2 satisfying Clifford algebra.

m Canonical approach to QFT, spinors are operators ¢, that satisfies DE

17“5'“1[) - m"ﬁ =0

m Classical spinor: expectation value in an appropriate state |s)

Ya = (s|d]s) = ()
m Classical spinor satisfies Dirac’s equation
‘ Z'}’Hauwcl - mwcl =0 ‘

Expectation value of a spinor in a physical state is a complex number,
not a Grassmannian number! (Armendariz-Picén — Greene 2003)




Noether symmetry

m Point transformation
t—t' =t+eBla(t),t),  q(t) — ¢'(t') = q(t) +eala(?),?)
m Transf. of gen. coord. @ = Q(q¢) induces a transf. of gen. vel. Q= %q
m Point transf. @ = Q(q, €) induces a transf. represented by vector field
0 0
X= — +a(q)=
o(q) ag " &(q) 93
in the tangent space and called infinitesimal generator of symmetry
m Lagrangian £(g, ) is invariant under the transformation X if
oL oL
LxL =XL = — +adalq)—=— =0
m If LxL = 0, X represents the symmetry for the dynamics described by £

and a%‘; is a constant of motion



Fermionic fields non-minimally coupled

m Action

Fermions S = /\/jgd4x {F(\II)R + % WPI—LDP«w - (EP‘E)FN'[/}] - V(\IJ)}

Dirac spinor field «, adjoint ¢ = T~°

Ricci scalar R

Pauli-Dirac matrices T'* = ek~

Tetrad (vierbein) el

Coupling function F' ()

Self-interaction potential of the fermionic field V()

Functions analyzed:

H Bilinear ¥ = ¢yp
B Pseudo-scalar ¥ = ¢~5

Covariant derivatives D1 = 9,4 — Q,1, Duth = 0u1b + pQ,.,
Spin connection 2, = —2 g, [T\ — € (DueX) ] T7TH



Fermionic fields non-minimally coupled:

Fermions

m Point-like Lagrangian

ar

_ .2 2.7
L = 6aa”F + 6a a\I]d\IJ

+ %a"’(%(’w —y°P) +a’V

m Euler-Lagrange equations for ) and 1) = Dirac equations

3 3 0 ﬂ 2 2y 0 @_
1/)+2Hw+z'yz/)dql 26(H+2H)71/)d\11—0

0dF _

d\I/_O

2 B = — adV : =
¥+ SHY =y o +16(H + 2H )y




Fermions

Fermionic fields non-minimally coupled:

m Euler-Lagrange equations for a« = acceleration equation

a_ _pj+3py

a 12F

m Energy density and pressure of the fermionic field

dF
pr =V —6HSW
av - 2 dF dF dF
- —v— 2H) w2 (S oS
pr=qg¥ ~V OH+2H )T+ <d\IJ A

d*F
dWU2

2

m Imposing that the energy function E; = 0 = Friedmann equation

_ oL, oL, _ 9 _ Qz_ﬁ
Be=griatgo¢—L=0|= H _<a> — &L




Fermionic fields non-minimally coupled:

m Infinitesimal generator of symmetry o = (31,12, 3, 4)?
8 49 8 8 . 0 d
X=Co-+Cos; + Ci— +Dim—+C— +Di—
Fermions Oaa 06a lzzl ( 8¢; 81/1[ 8,¢)ZT a’lﬁl)

(Co,Ci, D) = Fa,¥f, 1)

m Noether symmetry is satisfied if X£L =0 —
m Coupled system of 55 differential equations =

aC, ac;
CoF + 20— F +a”F' ;( €5¥%i + JwT)

+aF’ Z Cjes; +DJ51¢’)

4
Fejap; (200 ER a%ﬁ) + aF"ejip; Z(Cﬂ/}i + Diyp})e; + aF' Dje;
=1

80




Fermionic fields non-minimally coupled:

4
F/ij; (200 + a%> 4 aF"EﬂZJ; Z( Cityi + Dip})ei + aF'Ce;

Oa
Fermions +2F600 + CLF’ i ( i 1/1 wT)
%, 2\ 9, " an “
8Co 8Co /(8Co_ i, 0Co_ 4\ _
E' ( W € + aw:rfjwj> =0, F < - e, + b ﬂ/} =
[ 0Co 0Co t ! oC; oD; T
F i - — =
<a¢f¢ ayr m) ; Vi~ ga V1) =0
4
aC; oD;
3Coy; +aD; +a L — =24l | =0,
oY +a ; (9’¢'j¢ 8w;\ 1/"7,)

aC; aD;
3CoY! +aCj —a ( Loy — = j):o.

Rest equality used for the determination of the potential density

3CoV + aV’ Z ( e + D]erT) — i



Fermionic fields non-minimally coupled:

k 3, ¢ 3, %
Result: | Cy = W Cj = _ika3/2 +5€j¢; Dj = _2 3;2 6%#’]
— (a)F = constant
Fermions V = A\IJ - { (b)F = a\Ij
Kl Bilinear ¥ =

B Pseudo- scalar \If = y5
m From Dirac equations

W+ 3HV =0 = U= ‘i’;

m Case (a) F' = constant=1/2 —-
fermionic field behaves as pressureless matter field

o) = (K@~ )] | o= "3

a3

m Case (b) F =a¥ =
fermionic field behaves as inflaton

TTL\IIO
2a3

o) = expK(t —to)]| | ps =~




Cosmological model with scalar and fermion fields

m Action

S:/d4x¢fg{§+£¢+£¢+w}

Scalar and Dirac Lagrangian
Fermion
Fields

Ly = 5 [P Dutp — (D4 - V(¥)

Scalar field Lagrangian

Lo = 50,60"9 ~U(9)

Matter field Lagrangian £,
m Point-like Lagrangian

2

12 5
£ =3ai® — d® (qi - U> + %a‘”’(%% — 97°%) + a’V + piy




m Dirac equations

1/""5(5)"/)"‘@’)”(&@—0 ¢+§(E>¢—“ﬁ’7 dTI/_O

Scalar and

Fermi i i
e m Klein-Gordon equation

T
o439+ 5 =0

m Acceleration and Friedmann equations

i _ _pym+py +po+3(pw + o) <f1)2:pM+p¢+p¢
a 6 a 3

m Energy densities and pressures

- _ 1 _ g _
po=50"+U| |py=Uow —V| |py="-U




Cosmological model with scalar and fermion fields

m Existence of Noether symmetry —-

U=t a By

m Fermionic field behaves as pressureless matter field

Scalar and
Fermion

‘Pw=m‘1/‘ ‘szo‘

Fields

m Solutions of Friedmann and Klein-Gordon equation together with the
constant of motion equation —- oscillatory caracter

2
a(t) = {;}70 [zftQ + 22120t + 22 — ul sin® (wt + bo)] }

wl—

b(t) = ilng z1t + 22 + ug sin (wt + bo)
200 A | z1t + 22 — uo sin (wt + bo)
w?e—lmt
2 0 _—wmt
P(t) = TUO %Zfelmt 1/\/zft2 + 22120t + 22 — uZ sin? (wt + by)
3
1/}2€th




1
Scalar and
Fermion [0)

Fields 4 \/ v ¢
t
Left: Barotropic index wy = pe/pg Vs. time

Right: Acceleration vs. time




Fermion, radiation and matter fields:

m Point-like Lagrangian: V = V(¥ = ¥y°y), F = F(U = ¢~°4)

)

[ — 6a’F 2.+ dF 30 /= o — o 3 0 Pi
=6aa"F + 6a"a¥—— +a Yy =y p) +a”V + pr + —,
v 2 a

m Friedmann equation

Fermions F 0 0

lation 2 P \Va H - d Pm Pr

;:l:ilar::trt‘er H” = 6F p= —6 \de\I’ e at
m Noether symmetry: = F and V arbitrary functions of ¥ = 1)~°)

m Dirac’s equations

m Analyzed functions

_ _ A4 Yo R RPN GRS (]
V=A+Vol = A+ 22 F=10 5\11)_2< )




Fermion, radiation and matter fields:

m For large values of a the non-minimmally coupling dilutes

1
F==
2

pr =WV + A = pim + pde

Fermions,
radiation

e oo m Fermion field as dark matter and energy
m Numerical solution of the Friedmann equation in terms of the redshift
m Initial conditions

0% =0.0463
09, =0.233

09, =0.721

\ N0 =85x%x10"°




Fermion, radiation and matter fields:

1.0—
0.8
Fermions, QDE
radiation 0:6
and matter
0.4
0.2 QDM
//’L_’—/—
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Z

Density parameters for0 < z <1



Fermion, radiation and matter fields:

Fermions,
radiation
and matter

0.0

1000 1500 2000 2500 3000 3500 4000
Z

Density parameters for 1000 < z < 4000
Req N 3250 (;_f”/ — 3265;#%(())1%)



Fermion, radiation and matter fields:

04
02
Fermions, 0.0
radiation q
and matter
-02
-04
-06
0.0 02 04 0.6 08 L0 L2 14

Deceleration parameter as a function of the red-shift 3
q(0) = —0.55 (q(0) = —0,561053) 2r = 0.67 (2r = 0,771337)



Fermion fields in Einstein-Cartan theory

m Action with f(R)

5= [od's{ 1o (R - § [P Du ~ DLT"s] + by + VW) |

where e = det(e}) and the covariant derivatives

1 ab e - 1 ab—
Duy = Outp + gwu [Ya,Y5] s Dup = 0uyp — gwu Y [Ya, 0]
Elnateln- spin connection w,,** and Riemmann curvature tensor
Cartan
th
eory ijab _ ncbegeERaﬁwj _ Mwuab _ 8uUJp,ab + wuaCWqu _ WuacWHCb

m Variation of the action with respect to the tetrad e,

£ (R R — L8, = 826,

prime differentiation with respect to R, energy-momentum tensor
1 - S o
Tuw = 5 [uDvt — Dupyuth — ($7° Dot — Datpy” ) guu ]
+ [mE"/’ + V(@d’)] Guv



Fermion fields in Einstein-Cartan theory

m Dirac’s equations: variation with respect to 1,

WDy + %Tu%“ +my + %gw) =0
WD+ 5T —mp = L =

. Torsion tensor ’ My = Ty = ™ ‘Contraction:
Cartan

oty m Variation with respect to the spin connection w,,*

_% (8% = 878%) 0uf'(R) + f'(R) Tro™ = 47 G grr goo € Y1 7°

‘ Tro" =47 G gra goo G a’YV'YSw ‘ T, =0

m Massive fermionic field in spatially flat FLRW metric



Fermion fields in Einstein-Cartan theory

m Friedmann and acceleration equations

a 871G a TG
hd _ 2 _ 3
<a> 3 P o 3 (P +3p)
m Energy density and pressure
— 3rG 3G —
p=mp — TUQ p= _TUQ o = (Pysva)”

Einstein-
Cartan
theory

Dirac’s equations

. 3 a - i
¥+ igd) + zm»yow = 377G2'yo (1#75’7 1/’) (v5viv)

b+ gga — umy® = =37G1 (Prs7'p) (Br6%:) 7°

Numerical solution of the acceleration equation and Dirac equation
Transition accelerated-decelerated for 302 < Z4pp < 60°
By increasing the fermionic mass only decelerated regime
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