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Topics: 

!
Some remarks on how use DSE-QCD modeling methods yourself



Scale for soft to hard transition in           ?



Leads to Pion Distribution Amplitude



Asymptotic/conformal QCD is not UV-QCD.  Implications for JLAb 12 GeV for 
form factors typified by           



Pion transition FF



Pion Parton Distribution Fns and pion loop contributions



!
Hadron DAs are amplitudes involved in hard exclusive processes, eg 



Hadron PDFs are probabilities involved in hard inclusive processes, eg 



!

F�(Q2)

q�(x)

F�(Q2)
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F�(Q2)
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+ .....

Not likely to need an exact QCD result 
for the dressed objects required here.  
Make an educated guess for a good 

approximation, seek forgiveness if you 
are really wrong---don’t seek 

permission first.
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• Most common:  Rainbow-ladder truncation of QCD’s eqns of 
motion.   	



• Naturally implements DCSB, conserved vector current, PCAC... 	



• RL truncation only good for vector & pseudoscalar mesons, q-qq 
descriptions of baryons with AV and S diquarks.   More general BSE 
kernel now available.	



• At the very least: DSE continuum QCD modeling suited for 
surveying the landscape quickly from large to small scales; finding 
out which underlying mechanisms are dominant. 	



• Unifying DSE treatment of light front quantities (PDFs, GPDs, DA) 
with other aspects of hadron structure:  masses, decays, charge 
form factors, transition form factors.....        
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DSE-based Modeling of QCD for Hadron Physics 
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Modern Context for Rainbow-Ladder Kernel

KRL
BSE =

4��̂e�(q2)

m2
G(q2) + q2 � �̂e�(0.1)

�
� 3� 4

Identified enough stength for physical DCSB

⇒ mG (k
2 )

Landau gauge, lattice�QCD gluon propagator,
I.L.Bogolubisky etal .,PosLAT2007,290 (2007)

DSE studies with lattice props
Aguilar & Papavassiliou, arXiv:1010.5815
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A more modern RL kernel: S. Qin, L. 
Chang, C.D. Roberts, D.J. Wilson, 

PRC84, 042202 (2011). 

mG(0) � 0.5� 0.7 GeV



Hadron Physics from DSEs of QCD

title
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Propagator Inflection Point = Confinement
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gluon mass runs.  inflection pt

massless, perturbative gluon 

constant mass, unconfined gluon 



Propagator Inflection Point = Confinement
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Confining Representations of Propagators


& Bethe-Salpeter Equations 
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Hadron Physics from DSEs of QCD

Bethe-Salpeter Eqns of Field Theory
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�µ �µK

K �b

�b

�b

�bLadder Approx

�0| Tq(x) q̄(y) |b(P)�amputated

amputated
P

P

In first eqn �µ(q;P) � �b(q,P) Pµ x const

P2 + m2
b

� second eqn for �b

�0| TAµ(0)q(x) q̄(y) |0�

KKernel:



Euclidean BSE: requires analytic continuation in 
external hadron      after integrationP 2

F (Q2, P 2 = �M2) = lim
P 2!�M2

R
d4k I(k, P,Q)

6=
R
d4k lim

P 2!�M2 I(k, P,Q) , above”threshold”
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Complex conjugate quark mass poles 
in propagator give REAL meson 
masses—-sink = source



Improvement over Rainbow-Ladder Truncation:


Dressed q-g Vertex -> Ansatz -> 4pt fn 



-> General BSE Kernel
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Its as good as the chiral quark propagator is    

Key to seeing: q condensate is “in-hadron”  

Constrained  by pion el charge FF (hard & soft) 

.......by pion transition FF (CLEO,CELLO,BaBar,Belle....) [hard & soft] 

.......by PDFs & DAs of pion in exclusive processes (hard & soft scales) 

.......by ew decay constant (IR+UV), chiral quark condensate (UV)... 

etc

Pion BSE Wavefn/PDA is Very Tightly Constrained
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Previous DSE Limited Result 2000  

P. Maris and P.C. Tandy, PRC62, 055204, (2000)
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P. Maris and P.C. Tandy, PRC62, 055204, (2000)

Jab data: G. Huber et al., PRC78, 045203 (2008)
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Transition from constituent to parton quark

JLAb 12 GeV
4 GeV2 = Q2 � Q

2

Q
2
� Q2 = 8 GeV2
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� Q

2



!
Uncovering The UV Behavior  

of The Pion Charge Form Factor 
!

19

Pion distribution ampl

L. Chang, I.C. Cloet, C.D.Roberts, S.M. Schmidt, P.C. Tandy, PRL, October (2013)
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Better/Faster DSE Approach to Form 
Factors for Any     ,  and PDFs/GPDs, 

DAs as defined in light-cone 
momenta......eliminate an approximation

Q2

Must inform and learn from expt using all available tools:  symmetries, 
analytic methods, numerical approaches, intuition, approximation, light-

cone field theory, art of educated guessing; fists, knees, elbows......
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Feynman Integral Method/Representation

Need all momentum integral variables to appear in denominators that 
are powers of quadratic forms, with possible finite powers of momenta in 
numerator.



4-dim momentum integrals done symbolically/analytically



Often called the Perturbation Integral Repn, via the Nakanishi Repn [PR 
130, 1230 (1963)] of general BSE amplitudes and kernels.



Represent DSE solutions for propagators as a sum of a few free 
propagators with complex conjugate masses [LQCD strongly favors this]



Accommodates quark and gluon confinement via violation of spectral 
positivity



Calc hadron observables while trusting in “Weinberg’s Thm”: QFT has no 
essential content other than analyticity, unitarity, physical mass 
thresholds, causality, cluster decomposition,.....etc.    



Some of this has been applied to solve the BSE and discuss Minkowski 
<--> Euclidean issues and LC issues, eg Karmanov et al, Mathiot et al,... 
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Fit Existing BSE Ampls, DSE solns for S(k) 
for Feyn Integral Method

Use Nakanishi Representation  (1965) :-

��(q2,q · P) = �5

�
E�(q2,q · P) + �P F�(..) + �q q · P G�(..) + � : qP H�(..)

�

Works for u-, d-, s-, c-, b-quarks.  


Also for lattice-QCD propagators.



 
N. Souchlas, PhD thesis KSU, (2009), J. Phys. G37, 115001 (2010) 

npQCD info is in the variables  
and constants that are not 
momenta---Wick rotation is 

trivial as in pert thy.

F = E, F, G, or H

F(q2;q ·P) =

Z 1

�1

d↵

Z 1

0

d⇤
� ⇢IR(↵;⇤)

(q2 + ↵q ·P+⇤2)m+n
+

⇢UV(↵;⇤)

(q2 + ↵q ·P+⇤2)n
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�IR(�;�)� �1(�) �(���IR1) + · · · 3

Ubatuba May 2014

Bruno, Eduardo, de Melo et al: lattice gluon prop = 1ccp repn, solve BSE for �(�i,�j)



Precise Details of Complex p^2 
Behavior of S(p^2) Don’t Matter
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Kaon Distribution Amplitude

24

DSE results; Shi Chao, L. Chang, C.D. Roberts, P.C. Tandy to be publ (2014)

Skewness from flavor symmetry breaking

Ubatuba May 2014

µ = 2 GeV



        Kaon Distribution Amplitude
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DSE results; Shi Chao, L. Chang, C.D. Roberts, P.C. Tandy to be publ (2014)
Sao Paulo May 2014

µ = 2 GeV



        Kaon Distribution Amplitude
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DSE results; Shi Chao, L. Chang, C.D. Roberts, P.C. Tandy to be publ (2014)
Sao Paulo May 2014

µ = 2 GeV



        Kaon Distribution Amplitude
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DSE results; Shi Chao, L. Chang, C.D. Roberts, P.C. Tandy to be publ (2014)

Skewness from flavor symmetry breaking

Sao Paulo May 2014

µ = 2 GeV



  
The Pion Charge Form Factor:  

Transition from npQCD to pQCD 

28

---LFQCD, Brodsky, LePage  PRD (1980)

F⇡(Q
2 = uv) =

Z 1

0
dx

Z 1

0
dy �?

⇡(x;Q) [TH(x,y;Q
2)] �⇡(y;Q)

Q2 >> �2
QCD : Q2F�(Q2)� 16� f2� �s(Q2) �2

�(Q2) + O(1/Q2)

��(Q2) =
1
3

� 1

0
dx

��(x;Q)
x

� 0.1 at Q2 � 3� 4 GeV2 . (JLab, theory� � 0.45)

But, recent DSE theory� ��(x;µ = 2 GeV)� �2
� = 3.3

� 1 , Q2 ��

Ubatuba May 2014

16 � f2
� �s(Q

2)



Pion Distribution Amplitude

f� ��(x) =
�

d�
2� e�ixP.n� �0| q̄(0) �5 �n q(�n) |�(P)�

f� �xm�� =
Z2Nc

P · n tr

�

k

(
k · n
P · n)m �5 �n [S(k) ��(k� P

2
;P) S(k�P) ] BS wavefn ��(k� P

2
)

k

k�P

P
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µ = 2 GeV

DSE beyond RL

DSE RL

�asym(x) = �⇡(x;µ ! 1)

Evolution to higher scales is


EXTREMELY SLOW



Not much change up to LHC energy

Broadening of PDA is an 


expression of DCSB



---long sought after in LF QFT
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Pion Distribution Amplitude
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Evolution to higher scales is


EXTREMELY SLOW



Not much change up to LHC energy

�⇡(x;µ) = 6x(1� x)
�
1+⌃n=2,4··· an(µ)C

3/2
n (2x� 1)

 
ERBL (~1980):

�⇡(x;µ) = N↵ x

↵(1� x)↵
�
1+⌃

1
n=2 ãn(µ)C

↵+1/2
n (2x� 1)

 

Efficient representation


at low scales, eg DSE result: 
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LC2013 Skiathos

{{0, 1.}, {2, 0.233104}, {4,0.112135}, !
{6, 0.0683202}, {8, 0.0469145}, !
{10, 0.0346469}, {12, 0.0268732}, !
{14, 0.0215933}, {16, 0.0178199}, !
{18, 0.0150159}, {20, 0.0128672},!
 {22, 0.0111788}, {24, 0.00982438}, !
{26, 0.00871886}, {28, 0.00780296},!
 {30, 0.00703438}, {32, 0.0063823},!
 {34, 0.00582279}, {36, 0.00534272}, !
{38, 0.00493277}, {40, 0.00447911}}
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3/2(2x-1) projection

Project DSE, stop at a2
Project DSE, stop at a4

µ = 2 GeV

�⇡(x;µ) = 6x(1� x)
�
1+⌃n=2,4··· an(µ)C

3/2
n (2x� 1)

 

Low Truncation of ERBL Projection of DSE PDA

�QCDSR
⇡ (x = 1/2;µ = 2) = 1.2± 0.3

A double-humped PDA is ruled out by V. 
Braun, I. Filyanov, Z. Phys. C44, 157 (1989)

DSE soln

+.....
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The Pion Charge Form Factor:  

Transition from npQCD to pQCD 
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---LFQCD, Brodsky, LePage  PRD (1980)

F⇡(Q
2 = uv) =

Z 1

0
dx

Z 1

0
dy �?

⇡(x;Q) [TH(x,y;Q
2)] �⇡(y;Q)

Q2 >> �2
QCD : Q2F�(Q2)� 16� f2� �s(Q2) �2

�(Q2) + O(1/Q2)

��(Q2) =
1
3

� 1

0
dx

��(x;Q)
x

� 0.1 at Q2 � 3� 4 GeV2 . (JLab, theory� � 0.45)

But, recent DSE theory� ��(x;µ = 2 GeV)� �2
� = 3.3

� 1 , Q2 ��
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16 � f2
� �s(Q

2)



UV-QCD is not Asymptotic QCD
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Q2 >> �2
QCD : Q2F�(Q2)� 16� f2� �s(Q2) �2

�(Q2) + O(1/Q2)

Ubatuba May 2014

1 TeV
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Pion Form Factor:  Broad Picture 
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Pion Form Factor: Running q Mass Fn Effect 
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• DCSB:  A large u/d quark constituent mass is generated from almost nothing for the same 
reason & and by the same mechanism that makes the pion almost massless!   	



• DCSB causes the shape of the pion DA to be significantly broader than the asymptotic-QCD  
DA at accessible scales for hadron physics, and a new analysis technique shows that lattice-
QCD moments say the same thing.   [DCSB identified in a LF-defined quantity.]	



• The scale running of distribution amplitudes is exceedingly SLOW---even at LHC scales 
asymptotic-QCD for DAs and form factors they influence there are persistent sizeable 
npQCD effects and DCSB in the hadron states.	



• The  elastic form factor of the pion makes a transition from non-perturbative/constituent  
quark behavior to partonic perturbative behavior for Q^2 at 6-8 GeV^2  and the relevant 
extension of the Brodsky-LePage uv-QCD leading formula is just 15% below the recent DSE 
calculation there.	



• The new DSE approach is applicable to form factors for all spacelike Q^2. 	



• DSE-QCD can now be applied to light-front-defined bound state properties as a fn of 
momentum fraction x.  Meson DAs and PDFs work out well, nucleon PDFs and GPDs await...

Summary 
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• Craig Roberts,  Argonne National Lab, USA 	



• Adnan Bashir, University of Michoacan, Morelia, Mexico	



• Ian Cloet,  Argonne National Lab, USA	



• Yuxin Liu, Peking Univ, China	



• Lei Chang, Peking U, Argonne/Julich/Univ Adelaide, Australia	



• Chao Shi, Nanjing Univ, [visiting Kent State U]	



• Konstantin Khitrin, PhD student, Kent State Univ, USA	



• Javier Cobos-Martinez, Univ of Sonora, Mexico 
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Collaborators: 

Continuum QCD, Dyson-Schwinger Eqns 	


and Hadron Physics 
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Thank you !

The End

39 APS April 2014


