frequency, Hz
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A Stages of search pipeline: ETG ’

Initialization: data conditioning
preparation h(t) input ) LPE filters
Lecture 2 aux data & DQ regression
2o
transformation noise estimation
estimation FFT, wavelets, <j> PSD estimators
Lecture 2 Q, WDM, etc whitening
e
, trigger generator Template
Productlon matched filters | {mm | banks
ectures TF analysis, clustering (if any)

Event Trigger Generator (ETG): search preprocessor which uses basic signal
processing algorithms with the goal to prepare data, produce intermediate

data products (triggers), reduce complexity and processing time )
S.Klimenko, University ot Florida August 3-9, 2015, IFT-UNESP / ICTP-SAIFR, Brazil +—



>

Instrumental/Environmental Noise i

Snapshots of H1 GW channel data (15 min)
black S5(820707090), red S6(942451300)

N
%103 ® both broad/narrow band
E ® highly variable
£ 104 L ® mostly up-conversion
= ® most artifacts are not well
05 understood
= ® many (thousands) monitors
. are used to measurg ENV
10° - disturbances
- "
107 == iy
~ not calibrated data ST Yk i i
10" HILSC-DARM_ERR N . nuhmw unu ,
10 10°

3
frequency, l—?z
data conditioning — remove “predictable” noise to improve search sensitivity )
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A Wiener(1949)-Kolmogorov(1941) Filter ’

target

> .\'[HI

noise source

l N r(n]

wln] ——= A@2) =Y iz 5 e[n] residual
cy - +
witnhess =0
prediction

® regression: target s[n] can be predicted if there is a linear association
with witness channel w[n] .
® find A = {a[0],...,a[K]} by minimization of residual

En =N z[n] E

® N —filter training length, K — filter length 7?),

S.Klimenko, University of Florida August 3-9, 2015, IFT-UNESP / ICTP-SAIFR, Brazil +
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A Wiener-Hopf Equation )

rww[O] rww[l] rww[K] | Cl[O] | CSW[O]

ww

K] K1) 7, 00] || k) | | e 1)

R-A=C

e Ris(Hermitian) Toeplitz matrix constructed from autocorrelation of
w and Cis a x-correlation function between s and w

[k = S winlwln—&] e, 1= sinlwin— k]

e Complexity: to capture noise spectral features with the resolution df
in a sampled (rate fs) LIGO signal need a filter with ~2 (fs/df)
coefficients A. K~8000 for fs=4kHz

> solved by using efficient Levinson-Durbin algorithm [1] oy
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A Linear Predictors i

e What if w=s? — predict s by using past (or future) samples

> forward prediction x[n] = ia[k]s[n — k]
(lattice prediction) =
> backward prediction x[n—K]=Y alK —klsln— k]
r. [0] r. 1] . o [K=-1] || a[l] r 1]
al0]=0— .=l
r. [K-1] r [K-1] .. r, [0] al K| r K]

e Efficient tool to remove spectral lines (power, violin, ...)
> filter should be significantly longer than the GW transient
duration T = K>>T*f, f —datasamplingrate

(@)
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A Practical Applications '

e Simple case: remove first 15 harmonics of power lines
> re-sample data down to 1000Hz
> select filter length: Ko ~ 1000Hz/0.1Hz = 10000

> estimate auto&cross — correlation functions on selected data
segment

> solve Weiner-Hopf equations, find & apply filter

e Problems:

> invert 10000 x 10000 matrix and find 10000 filter coefficients,
while only ~30 parameters are relevant

> 30 line parameters are spread among 10000 filter coefficients and
masked by other interfering spectral features in 0-1000Hz band
e Solution: band-pass data into multiple (M) time series and
construct individual WK filter for each one

> filter length: Ko =2 Ko/M, solve 15 WH equations of size 10000/M
—> significantly reduce complexity and interference

(@)
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A Analysis Domain 8

input analysis domain where conditioned
data filters & algorithms live data
o

—> FRW m | x,(t): [0, f,] INV
x(t) |~ » | x,(t): [ff] y(t)
[0, f] trans trans ~ [0, f]
band | = form ™ =~ - form | |Pand

— * Xk(t) [fk /f]

e For practical filter applications need an efficient &
invertible transformation, which band-pass data into
multiple time series in the analysis (TF) domain o
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A Power Lines :
H1: 15min of S6 data
LPE filter i WK regression with
leaves artifacts * ' HO:PEM-BSC10_MAGX
10'22; ‘ i
: [ v S -
e removed by LPEF and WK regression % - black — original
(in WDM domain — 1Hz resolution) s - green&red -
with power monitors or - conditioned
magnetometers (HO:PEM- 07— N
BSC10_MAGX) A (I
e WK can remove other cases of linear - \ﬂ J )\ /\ | j\'
coupling, particularly broad-band I f\ ]w M \ﬂ\ ’)l H‘\»I ! ”Mf‘ \
. AT W ’"l'l‘\'M ! iy !
e How to identify and remove non- ot l'm,u.w«w"wwﬁw1«-»W-uwT.fml'\,rw*"wJ o lm o | f |
linear coupling? wo s e tes 60
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A Multiple Witness Channels v

Y pnl=Y alklwin-kl- alklun-kl-Y alklvin-k] 2

e In general, s[n], w[n],u[n],[v[n] and filters A are complex

wa Rwu va Aw Cow Rq. = ha,

Q = {qla“aqK}
Ruw Ruu Ruv Au = Csu A=diag{A,... .}
va Rvu va Av Coy A= QTA_IQC

e Combine different monitors measuring noise sources at
different locations, increase SNR and hence estimation of noise

e Significantly more complex problem

e Levinson-Durbin algorithm does not work - not a big loss!
> need to do a complete eigenvalue analysis anyway (LD not stable)
> formally WH always has a solution, but it fact it can be rand-deficient ey
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A Regulators !

- <k<
L<k<L a_yp, 1/A_1 0 o0 Cyo(—1L)
A_7,41 0 1//\ L1 e 0 C ',l/.l‘( — L+ 1 )
. O . . ()l .
ay, 0 l//\l, (';,.:-([4)
a_yj, 1//\ I, 0 cee 0 (’”‘,.(—IJ)
(L lz? | (] 1//\ /1Q| e () \ . ('H_,-(_IJ l 1)
h d : o\ _ - _ __ _____ o of -
ar . . 0 .
ar 0 0 Cye(L)
a_y, l//\ I, 0 e . 0 ('!/.,-(—IJ)
a1 0 Cee . - Cya(—L + 1)
ay, 0 . . 1//\/ ('!l.,.(ll)

® address rank deficiency of WH matrix
® for each filter (in a set) typically only few A are significant
example: regression of 60Hz with 10 MAGs — only 2 first A are relevant

® reduce filter noise, suppress irrelevant channels ey
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>

Bi-Linear coupling 1

(second term in Volterra series — see |.Pinto’s talk)

% HO:PEM_COIL_MAGX £ T H1:SUS-ITMX_COIL_UL
2.0l 210 H1:SUS-ETMX_ COIL UL
E E g

10 - 1

1§_ 107

- e - W ,, -

" g_ | WKJJLM ] [“Th 'T"|I' I“url: IL‘I [ 10'2 = | | | J‘LV | | WM

0 100 200 300 400 500 600 700 o 5 10 15 20 25

frequency, Hz frequency, Hz

e Interaction of mirror’s magnets with ambient magnetic field
from power mains and low frequency coil current (seismic).

e Construct artificial witness channels as
BICO_XX_YY(t) = HO:PEM_COIL_MAGX(t) x H1:SUS-XX_COIL_YY(t)
e Use coils from ITMX, ETMX, RM, BS, MMT,...
@)
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A Regression of PL bi-coherence :
H1:DARM

% E V. Tewari |

T | LIGO-G1200288 ot cleaned -

s L different coupling

small residual can be mechanism
107—  cleaned further by

- adding more coil channels f\
N |
_ |
- .'ll l'.l.

186
frequency, Hz

e 8 BICO(t) witnesses constructed from ITMX and ETMX coil channels
and HO:PEM-BSC10 MAGX magnetometer

e first example of up-conversion noise removed from LIGO data

e useful not only in transient GW analysis, but also GW from pulsars
(@)}
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A Approaches to Signal Processing 14

textbook approach: R- A = C - “solution exists” (but often useless)

e real-world approach — always in context of a specific problem
> identify analysis goals and select regression method
> create analysis domain (WK filters can also be constructed in the Fourier domain)
> obtain stable solutions (regularization)
>  create regression tool for conditioning and monitoring of GW data

H1 band-limited (177-183Hz) strain

x1072!

magnitude

I||I[|]

o N
e =
|
e
—_—
e ————
—
——
-
—
—
.
—
P
———
-
——
———

_6Jolack h(t) red predlctlon que ﬁltered

249 5 249 6 249 7 249 8 249 9 250

time, s (@)
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A time-frequency analysis i

simultaneous analysis of time and frequency properties of data to
identify and characterize transient events (speech, music, GWs,..)

Ecological calls of
the Miniopterus australis the Macroderma gigas

el | MM e

_10[] 1 1 1 1 1 1 1 _30
1 1 2 02 04 06 DB 1 |2 |4 15 IB 2 2

3
« 10 Fourier Spectrogram x10 w10t Fourier Spectragram x10°

o

mplitud

Amplitude

=)

[

frequency
[H
¥

£
08 5
w06 g_ w
0s 1 15 2 25 3 35 02 04 06 08 1 12 14 16 18 2 22
Time [s] X 10-3 Time [s] X 10-3
(a) Echolocati o cideros ater (b)
time >

® Objective
> identify (& visualize) transients as TF patterns (detection)
> from TF pattern characterize GW “ecological calls” (reconstruction)

()}
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A  Wigner(1932)-Villie(1948) Transform -

Wx (u,§) = /_*”C f (H + g) I (‘u - g) e ' dr

-

symmetric w.r.t time and frequency

* Dbeing a great theoretical tool for -
analysis of TF structure of data, it A | nn ]
has very limited practical use o—/\/ /\—M it | ||\
> localize TF energy = x-terms -2 Vo o ',vi' | |
created by quadratic properties © 02 04 06 08 1
of WV transform ¢/ 2n

e What good TF transform should do ;4|
except to localize & display TF

patterns? X-term -
. , : 50/ _
> provide convenient analysis ==
domain for construction & -
application of data-processing % 02 04 06 08 U

filters & algorithms
(((#))]
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A

Time-frequency atoms v

describe data as a superposition of waveforms (atoms)

I"

with “minima

TF spread to capture TF details

® Gabor atoms, 1946 (windowed Fourier)

® uncertainty principle

2 __
Oy =

1 +00 2 2
IIfHQ/_OO (t—u)” [f(B)]"di

1 oo A
03) - 27T||f”2/_ (w—§)2|f(w)\2dw

2
0} 0 >

W | =

0,0,=0.5 for Gaussian

S.Klimenko, University of Florida

Gug(w) = glw — &) e

()

g (@] -
= _,_é ___________ -+ N
g, ® g, O
TN N
u \"

Gue(t) = gt — u) e’

()}
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A What TF atoms to select? "

e TF atoms are natural waveforms to describe transients but
> how to select them?

> need sets of atoms = organize TF atoms in frames or bases
> Linear (and preferably invertible) operator (transform) should be constructed
> waveform shape itself could be important, but rarely a deciding factor

Sine-Gaussian, f, = 554, t = 3.6 ms (Q ~ 9)

Sine

magnitude

—

“zgv\/\ V] —— !

™ Gaussian

time, s
§ = . %of— .
¢ "Mexican S Daubechies
£ o6 hat 005
0.4- -
02— C
oF C
0.2 -
0.4 -
o ‘012‘ ‘ ‘014’ | ‘OIGI I ‘013‘ ti;llnes _1.|9 ‘ 1..‘95 ‘ z; ‘ 2.:)5 ‘ 2I.1 ‘tim%.;g

(2
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A Frames & Bases L

e Transform: Linear time-frequency transform correlates signal
with a family of time-frequency atoms

> assorted collection of TF atoms is simply a template bank which is
hard to construct and use. Such banks are useless in the analysis,
unless matched filters are constructed based on a source model.

> all practical TF transforms rely on banks of TF atoms organized as
frames or bases
v' possible to construct & apply FIR filters in TF domain
v"inverse exists = reconstruction of filtered signal in time domain

e Frames: Duffin&Schaeffer - a family of atoms ¢, that describes
any discrete signal f from inner products <f,¢,> if for constant

A>0 & B>0 ‘ ‘
ANFIP <> 1)l < BIFIP
nel’
e Bases: A=B=1
e Why do we need frames & bases? GW events are represented
with several atoms that need to be processed and combined in
a single event @)
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A Windowed Fourier transform »

e Windowed Fourier waveforms g, ¢(t) = g(t — u) e
> u-—translation in time, € — translation in trequency
» uniform tiling of the TF plane: o,, 0, const.

e Notany set {gu,¢ }mrezz2 isaframe (Daubechies)

o Balian-Low theorem: If {gu. & }mrez2 is a Fourier
frame with differentiable window than

oo oo
/ t? |g(t)|* dt = +o0 or / w? |g(w)|? dw = 400

> )

- not possible to construct an orthonormal basis

e Good tool to display TF transients, does PSD
estimation, but does not provide a convenient
domain for construction of filters & application of
signal processing algorithms o
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A Q-transform :

e TF tiling may not be uniform

> project data x[n] onto time-shifted windowed sinusoids,
with widths inversely proportional to their center freq.
N-1 Nwlm - n, k] Hanning
X[m,k]= Ex[n]e'iz””k/Nw[m —n,k] Gaussian
n=0

< QN /k
e great visualization tool, use FFT (fast) 7/\% /

e cumbersome analysis domain —not a :
frame (not clear how to build filters) m

3\

1024

Q=8, 80% overlap Q=8, 99% overlap

512 512
~ ~
L L
) 3
5 Foa
@ @
[ (W
128 128
64 64
~0.03 -0.02 -0.01 0 0.01 0.02 0.03 ~0.03 -0.02 -0.01 0 0.01 0.02 0.03 )
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Time [seconds]
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A

Wavelet transforms 2

e Wavelet frames [4-7] are constructed by sampling the time

translation (u?
mother wavelet

1 (t—u

e Handful of wavelet bases have
been constructed: Haar, Marr,
Meyer, Daubechies, Symlet,
biorthogonal, ...

e Transformation is performed in

iterative steps with low/high
pass filters

"lf:"u,s ( t) —

S.Klimenko, University of Florida

and scale dilation (s) parameters o% a

(D n
\ A
.\I% )
\ 1

\

\ 2 2
N1, lloy o, 05 > —
S l + s t Yw =— 4

' 5
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A

Discrete Wavelet Transforms =

o Filter banks (S.Mallat, I.Daubechie)

slow compared to FFT

e Lifting (W.Swelden) - biorthogonal

wavelets,..

X(t)

000000 0000O6EOGEOGIOGIOGOEONOGE N

0o—¢e

Haar detail (fine) wavelet coefficients
@ @ ®@ O @ @ ® O

°n/2

o+e approximation (smooth) wavelet coefficients
7 ® ® ® ® ® ® ® ®

°n/2

X 0.009
= o.oos8
0.007
0.006
0.005
0.004
0.003
0.002

0.001

S.Klimenko, University of Florida

Haar frequency resolution |

X(t) - white noise

|IIII|IIII|IIII|

© III|IIII[IIII|II[I

approximation (LP)

i

o

A/\)f”

detail ( HP:
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A Popular Wavelet Families

e Meyer [4-6] — Shennon-like wavelet :

1
i : A-flat t
constructed in F domain g Tiat top

. B-edge
~ b(x;n,n) ol
¢(w) x const, a)| <A, v, (x) = ;
b(1;n,n) o2t
01 08060402 0 0204 06 08 1
B |w| _A\ g frequency, a.u  “°
¢(w) x cos|v, =5 A<|w|<A+B S Mever's
0.3 . J L
- scaling
0.2
> v (x) —Meyers edge function constructed from - wavelet

incomplete Beta function b(x;n,m)
> Meyer’s filter should be truncated (no compact

Support) (:«V ;“340"-’:ib”-‘éb“-:ﬂ‘)"'O'“'1'(;”‘26“36“2116““

Hof filter coefficients

e Daubechies [5,7] — first wavelets with
compact support: ¢(t)=0,t>|T|
> asymmetric wavelet function — frequency
dependent LP/HP phase delay

> Symlets — more symmetric Daubechies
wavelets

L . ! . ! . ! . ! . !
1.9 1.95 2 2.05 21 . 215
time, s y}
1.,
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A Wavelet tiling of TF plane s

critically sampled — same # of samples before and after

. Great data
uniform resampling

tool based on
interpolating
properties of
wavelets

] each node is
" sub-band
layer

a. wavelet decompositi

on tree b. wavelet binary tree
I T T T & 1N | 31 R
n

BT |

o TF data is
displayed with
pixels of
minimum size

AfxAt=0.5

frequency. Hz

LR e

10°F -1

distinguish
from

"
oxo, !!!
0 01 02 03 04 05 05 0.7 08 089 0 01 02 03 04 05 065 07 058 09

a) time, sec b) time, sec IMI
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A Spectral Leakage x

o x-talk between different frequency bands
> limits wavelet performance as a band-pass filter (Haar — worst leakage)

1-step decomposition (2 layers) 3-step decomposition (8 layers)
leakage from O layer to first leakage from O layer to 1-7 layers

1| black-Haar, red-Symlet60, green-Meyer1024 |

power/Hz
- N
T T
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T TTIE
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o«
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o

[
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-
o
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frequency frequency

e LIGO/Virgo data has a huge dynamic range

> need long wavelet filters to achieve good intrinsic frequency
resolution (Af = f,/Nw) and get acceptable spectral leakage
—>significantly slow down the DWT and complicates the analysism2y
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A Windowed Fourier meets Wavelets 27

e Wilson [8] circumvented the Balian-Low theorem by
introducing a general alternative to Gabor frames where each
frequency band has its own window function.

e Daubechies [9] showed that one can build an orthonormal
Wilson basis by using just one (mother) window function ¢(t)
and construct the basis functions in F domain as:

gno(w) _ e—z’anqg(w) gnm(w) — %e—ianﬂ,&nm(w)
Vnm (W) = C;';Hrnq;(w +mAQ) + Crynd(w —mAQ) , m >0
AQ=27/T , Cou=1 , Crpy1=1.

e Meyer [6] constructed wavelet function with compact support
in F domain used in Meyer’s wavelet

> satisfies Daubechies admissibility condition

Z d(w + 271 p(w + 27l + 4wm) = (2m) Lm0
lEZ )
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A Fast WDM transform 28

e Necula, Klimenko, Mitselmakher [10] developed fast WDM
transform applied in 2 steps: WDM (apply filter) & FFT

x[0M]—> WDM — X, (2M) — FFT —[w, (M), i, (M)] WDM TF tiling

x[1M]— WDM — X, (2M ) — FFT —|w, (M)W, (M)]

x[kM]—> WDM — X, (2M ) — FFT —[w, (M)W, (M)]

frequency
(M+1 layers)

e FWDM transforms x into two orthonormal
bases which form a dual frame
> W - zero phase
> v - 90 degrees phase (quadrature)
> used for construction of Hermitian WK filters,

reconstruction of GW polarizations and

sparse TF analysis Cwpum = 2N |logs 2M +

dual stream

L(K, M, P)
M

o %lompllexn N/# datg dOIRtSdb # freq. IIayers L-
ter length, L/M~10 (defined by typical WDM _
precision of — —log,4(P)=5 (float) and Ey K=fs/2B) Crrr = 2N [log2M +1]
(((#))]
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A  Meyer'sand WDM band-pass filters -

e Wavelets and WDM split input time series into a set of down-
sampled and band-passed time series = perfect for construction and
application of FIR (WK&TD) filters

0.7

0.6
> “uniform” resolution inthe 5

e WDM frequency layers

whole frequency band o.é—

> great alternative to WFT °-3§

> Semi-analytical time-delay Zi% i
(TD) filters NSASEAS AV ATEAARYE

Frequency [Hz]

I

e Meyer’s freq. layers

> resolution depends on 04E

decomposition level 0.3
> hard to build TD filters 020
» hard to achieve segmentation ,t

of the frequency band as for

WEFT O " H0 20 T30 40 80 80

Frequency [Hz] J
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A

PSD Estimators

30

e along with WFT, wavelets and WDM are excellent PSD estimators:
double-sided S(w) for each frequency layer k is estimated from the
variance of the wavelet (WDM) coefficients in each frequency layers.

Estimated variance is used to whiten data.
S(a)k)=02 (a)k)/fs

% i
- black “-WFT (Hann)
8 10%:
R red — WDM
4 [
8
T 107 1Hz resolution
;-
& f "\:,\ . ‘.
107 ——l
60 80 100 120 140 160 180
Frequency [Hz]
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A TF localization :

e Determined by
» spread (0,,0,) of atomic waveforms
> spectral leakage (important for data with large dynamic range)
> symmetry of atomic waveforms (const phase delay)

TF power of GW signal from 10 + 10 Mo binarv black holes
104

E 104 £
§ ' §102_
$ 102} | 5
g' - " g
e me Q0w =L 1042
i . -
| a2 | :
LTI : 10 :
10 a3 :...l...l...l...l...l. 104
90 92 94 96 98 f00  1° 90 92 94 96 98 100
Time [s] Time [s]
0,0,=1.85 - 0,0,=0.62
leakage can be low superior leakage control
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A Cluster Analysis v

cluster 2 TF area with high occupancy of hot pixels (defines an event)

clusterihalo
X& J.Levin & V.Necula \
A WDM power TF map \

0 for 10+10 eBBH

100

15.5 16 16.5 17 17.5
Time [s]

\

J. \_ .
positive core negative

identification — apply pattern recognition & clustering algorithms
de-noising — construct and apply TF filters: WK, ...
characterization — measure cluster parameters: size, t, f, At, Af, ...

reconstruction — apply Likelihood & other methods, extract signal parameters
(@)

S.Klimenko, University of Florida August 3-9, 2015, IFT-UNESP / ICTP-SAIFR, Brazil +




A Optimal Resolution ”

representation of SG
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e How to select optimal resolution when transient duration and bandwidth

are not known? > produce several TF maps and select the “optimal” one.{(@”
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A WDM frames .

e Problem: real GW signals may not have “optimal” TF domain.
For example, GWs from binary sources: inspiral requires good
frequency resolution and merger requires good time resolution

1Hz resolution 2Hz resolution
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e Several WDM TF maps (bases) can be combined together

to form a frame
(@)
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A NS-NS reconstructed aLIGO/aVirgo network =

e NS-NS cluster with pixel amplitude > 1.40, at 4 different WDM resolutions

Monster Event Display - Rate : [8:8] - Likelihood 1838 Monster Event Display - Rate : [16:16] - Likelihood 1739
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A Sparse TF representation &

Monster Event Display - Rate : [2:64] - Likelihood 3384 - Null 169

e Several WDM TF maps I
(bases) can be combined = | N
together to form a frame 2« »‘ i

é | MC 8HZ/16HZ os; P 7
2 4Hz 32Hz  6AHZ 454, b
e More sparse representation (wrt
individual TF resolutions) can be
obtained by extraction of principle
NS-NS in aLIGO noise, components of the signal as a
fraction of collected SNR superposition of pixels from
0 Ibl - I1(|10I - l2(|)0I - I3(1)0I - I4(|10I - l5(|)0I - I6(1)0l - I7(Z|)0I diﬁerent reSOIUﬁonS
# of pixels {/@}/
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A NS-NS in aLIGO noise 37
Graph
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e Mc can be estimated from TF data without detail knowledge of the

waveforms.
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A Periodic table of TF transforms .

e T T e Do oo

visualization good good fair fair
TF localization good good bad fair bad good
frame/base some no yes yes yes yes
compact support no no yes no yes no
invertible some no yes yes yes yes
energy conservation no no yes yes yes yes
critical sampling no no yes yes yes yes
PSD estimation good no bad fair bad good
data resampling no no yes yes yes no
performance fast fair fast slow slow fast

e What transform to use depends on practical application
> Q- visualization & detector characterization
> Meyer, bi-orthogonal wavelets - resampling
> WDM - data conditioning, TF filters & network analysis )
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A Reading Material

e [0] L.Wainstein and V.Zubakov, Extraction of signals from noise, ISBN 0-486-62625-3
Statistical theory of optimal linear filtering

e [1] P. Delsarte and Y. Genin. On the splitting of classical algorithms in linear prediction
theory. IEEE, ASSP-35(5), 1987.

e [2] Klimenko S, Yakushin |, Mercer A and Mitselmakher G 2008 Class. Quantum Grav. 25
114029 - application of LPR in burst analysis by cWB & €2

e [3]RSI, 83,024501 (2012) — active noise cncellation in suspended interferometers

e [4] S.Mallat, A wavelet tour of signal processing, ISBN 978-0123743701
Probably the best overwiew of TF analysis

e [5] B.Vidacovic, Statistical modeling by wavelets, 1999, ISBN 0-471-29365-2
Wavelets and their applications

e [6] Meyer Y 1992 Wavelets and Operators (Cambridge: Cambridge University Press)

e [7] Daubechies | 1992 Ten Lectures on Wavelets (Philadelphia, PA: SIAM)

e [8] Wilson K G, preprint, Cornell University

e [9] Daubechies |, Jaffard S and Journ'e J L 1991 J. Math. Anal. 22 pp 554-673

e [10] V Necula et al 2012 J. Phys.: Conf. Ser. 363 012032
Construction and properties of fast Wilson-Daubechies-Meyer transform
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