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Metha ne Molecule 

Stopping light 
Bla ck Hole 
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G oogle ima ges first pa ge! 
Bound dimers in bila yers of cold pola r molecules 

A G  Volosniev, N T Zinner, D V Fedorov, A S Jensen a nd B W unsch 
J. Phys. B: At. Mol. Opt. Phys. 44 125301 2011 
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C onsider 1D finite squa re well potentia l 

W hen do bound sta tes form?  

G round sta te solution for ANY strength 

Excited state solution REQUIRES finite strength 

Attractive potential of ANY strength produces 
bound state in 1D. Finite strength required in 3D 

1D and 3D are very similar 
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C onsider wea k  potentia l limit G a ussia n exa mple 

La nda u 

Asymptotic wa ve function 

Ta il-domina ted for very sma ll energies 
Non-cla ssica l beha vior preva ils!  
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Two-dimensiona l ca se G a ussia n exa mple 

La nda u 

Huge difference to 1D 

W ea kly bound sta tes a re truly wea kly bound! 
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Bound sta te criterion in 2D 

 Even if we a ssume 

we find 

A.G . Volosniev et al., PRL 106, 250401 (2011)  

A.G. Volosniev et al., J. Phys. B 44, 125301 (2011)  

B. Simon, Ann. Phys. 97, 279 (1976) 

2D binds but only weakly. Interesting to study 
dimensional interpolation to 3D via d=2+ɛ 
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So fa r we considered short-ra nge intera ctions 

Sta nda rd criterion 

For low-energy sca ttering it is more complica ted 
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Sca ttering wa ve 
function 

Sca ttering cross 
section 

Low-energy limit 

However, only va lid when 

In 3D,the  dipola r intera ction viola tes this, 
but luckily the va n der Wa a ls r-6 does not. 
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C onsider the finite squa re well 

Resona nt when bound sta te a ppea rs! 

Depends on ra nge a nd strength in a  
combined fa shion 

G enerica lly one finds 
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Simplify the potentia l by ma king the ra nge sma ll, a  zero-ra nge a pproa ch 

For a >0, we need a  bound sta te with the right limit 

Two-body bound sta te energy 

Universa l two-body sta te since it only depends on low-energy 
sca ttering properties of the potentia l 

Na tura lly obta ined from limits of other finite-ra nge potentia ls 

One pa ra meter model of intera ction between pa rticles  
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87Rb Rempe group, MPQ  

C old a tomic ga ses! 

1) Extremely cold, T~10-100nK 
2) Extremely dilute, n~1012-15 cm-3 

Low-energy (ela stic) sca ttering domina tes 
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Intera ctions a re tuna ble! 

Feshba ch resona nce 

C . C hin et al., RMP 82, 1225 (2010)  

S. Inouye et al., Nature 392, 151 (1998)  
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Tune onto the resona nce itself where sca ttering length diverges but 
collision energy is still low 

Anything I ca lcula te in this limit cannot depend on scattering length! 

An example is a Fermi gas  

The regime of diverging a is termed the universal regime 
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15 M. Thøgersen, a rXiv:0908.0852v1 

Zero-ra nge model 

Exa ct ra dia l solution when a  diverges 

Log-periodic beha vior! This is the Efimov effect! 
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16 M. Thøgersen, a rXiv:0908.0852v1 
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Solution is singula r a t the origin with ma ny nodes! 

Must introduce a  cut-off a t sma ll dista nce, r0, a  so-ca lled three-body 
pa ra meter 

This effective sets the sca le of the spectrum a nd determines the 
lowest energy sta te 

Fixes this sca le 

Importa ntly, it a lso fixes 
this sca le, ca lled a - 
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M. Berninger et al., PRL 107, 120401 (2011)  

Observations of a- in 133Cs at different resonances 
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M. Berninger et al., PRL 107, 120401 (2011)  
C. Chin, arXiv:1111.1484v1  

A conspiracy of numbers? 
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C ould imply no three-body pa ra meter a t a ll 

All physics given by the two-body va n der Wa a ls length 

This implies increa sed universa lity of the three-body problem! 

Perha ps not rea lly surprising since zero-ra nge models a re 
intrinsica lly incomplete. C a libra tion to ab initio is extremely difficult 

How does the van der Waals length enter more specifically? 
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Zero-ra nge potentia ls a re extremely convenient so good 
motiva tion for keeping them a round 

C onsider the cut-off in the zero-ra nge model a s a  physica l two-
body length simila r to C heng C hin’s idea s. 

C ould a lso consider a  zero-ra nge model with extra  pa ra meters, 

Effective ra nge is typica lly rela ted to width of the Feshba ch resona nce 

A good test of the theory is to look a t different widths! 
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Atomic two-body potential 
has a strong hard-core part! 

IDEA: Two-body hard-core becomes a 
three-body hard-core! 

Test different values of three-body cut-off 
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A SIMPLE ZERO-RANGE MODEL 

van der Waals plus hard-core model 

Bound states number is analytical 

Zero-range model relates three-body 
parameter linearly to a- 

Two-body cut-off rc can be related to 
three-body cut-off to avoid hard-core 

P.K. Sørensen et al., PRA 86, 052516 (2012)  
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Atomic two-body potential 
has a strong hard-core part! 

Simple idea: Connect #bound states for Van der 
Waals plus hard-core to three-body cut-off! 

More involved calculations suggest fast convergence to 
constant value (Naidon et al. PRL 112, 105301 (2014)). 
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Momentum-spa ce implementa tion of multi-pa ra meter zero-
ra nge models 

C oordina te-spa ce ca lcula tions using very a ccura te molecula r 
potentia ls from qua ntum chemistry ca lcula tion 

More da ta  needed in the na rrow resona nce region. Mixtures of 
different a toms will be very useful in settling these issues! 
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MASS IMBALANC ED EFIMOV STATES 
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EFIMOV IN TW O DIMENSIONS?  

NO Efimov effect in 2D 

Ma thema tica l condition for Efimov effect is 2.3<d<3.8 

In 2D a ttra ctive potentia l a lwa ys ha s bound sta te E2<0! 

For equa l ma ss bosons, two universa l sta tes a ppea r: 16.52E2 a nd 1.21E2 

However, for ma ss imba la nced systems there ca n be more 
tha n two three-body bound sta tes! 

For C s-C s-Li in strict 2D geometry, we expect a bout 4 three-
body bound sta tes 

F.F. Bellotti et al., JPB 44, 205302 (2011),  
PRA 85, 025601 (2012), JPB 46, 055301 (2013)  
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MOMENTUM SIG NATURES 

C a stin a nd Werner, PRA 83, 063614 (2011)  

Equal mass bosons: 

Mass imbalanced systems: 

M.T. Yamashita et al., PRA 87, 062702 (2013). 

If sub-leading momentum tail can be measured, then mass imbalanced 
three-body signatures are distinct from equal mass case! 

Braaten, Kang, and Plater, PRL 106, 153005 (2011)  
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Few-body physics in systems with 
long-ra nge intera ctions 
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DIPOLAR PHYSIC S 

31 

Few-body physics in 1D tubes 

Ma ny-body physics in bila yers 

NTZ et al., PRA 85, 013603 (2012)  

B. Wunsch et al., PRL 107, 073201 (2011)  

Few-body physics in 2D layers 

A. G. Volosniev et al., PRL 
106, 250401 (2011)  

A. G. Volosniev et al., 
PRA 85, 023609 (2012)  

J. R.. Armstrong et al., 
EPJD 66, 85 (2012)  

N.T. Zinner et al., PRA 84, 063606 (2011)   
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(ULTRA)C OLD POLAR MOLEC ULES 
Pola r Molecules a re interesting due 
to a nisotropic long-ra nge 
potentia ls. Novel degenera te 
qua ntum sta tes a re expected 
a lrea dy for wea k coupling strength. 
Even more so for strong intera ctions. 

C ontrolla bility is expected to be a s 
good a s for non-pola r a toms a nd 
molecules tha t a re the workhorses 
of ultra cold a tomic ga s physics. 

Dra wba ck is the insta bility in the hea d-to-ta il configura tion tha t lea ds to 
very short lifetimes of the sa mples.  

Solutions proposed a re to use fermions a nd low-dimensiona lity to minimize 
overla p a nd ma ximize lifetime. 
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LAYERS W ITH DIPOLAR FERMIONS 
Jin a nd Ye groups a t JILA 

Mira nda  et al., Nature Phys. 7, 502  (2011) 

Science 327, 853 (2010) 

Nature 464, 1324 (2010) 

Potassium-Rubidium molecules 

New results on controlled chemistry through measurements of the 
sample lifetimes. Single-species fermions in layers have lifetimes of 
seconds. 
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LAYERED SYSTEMS 

V0 

V1 

Single-species fermions confined to 
(qua si)-2D la yers with long-ra nge 
intera ctions. 

Intra la yer intera ction within the sa me 
la yer is repulsive a t long dista nce 
a bove ϑ=35o 

ϑ 

Interla yer intera ction between la yers 
ha s both a ttra ctive a nd repulsive 
pa rts. 

Interesting competition a s function of dipole strength a nd density. 
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BILAYER W ITH PERPENDIC ULAR DIPOLES 
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BILAYER W ITH PERPENDIC ULAR DIPOLES 

Shih a nd Wa ng, PRA 
79, 065603 (2009). 

Armstrong et al., EPL  
91, 16001 (2010). 

Klawunn et al., PRA  82, 
044701 (2010). 
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A. G . Volosniev et al., PRL 
106, 250401 (2011)  

A. G. Volosniev et al., 
PRA 85, 023609 (2012)  

J. R.. Armstrong et al., 
EPJD 66, 85 (2012)  

BILAYER WITH PERPENDICULAR DIPOLES 

Complexes with three or four particles in a bilayered are unlikely to 
be bound. Larger chains can be formed and stabilize more 
complicated complexes. 

See also D.S. Petrov PRL 
112, 103201 (2014)  
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BILAYER AND MANY-BODY PHYSIC S 

Solve ma ny-body problem for the bila yer with 
perpendicula r pola riza tion using BC S theory for 
s-wa ve pa rt of interla yer intera ction. 

Interested in stronger coupling a nd crossover 
so solve the self-consistent equa tions 
including the chemica l potentia l. 

Include the INTRA-la yer 
term in the self-energy in a  
self-consistent Ha rtree-
Fock ma nner. 

In wea k-coupling limit it ma kes little difference, a t stronger coupling it cha nges 
the position of the crossover from BC S to BEC  beha vior significa ntly. 



AARHUS 
UNIVERSITET 

TALES OF Q UANTUM MEC HANIC S 
NIKOLAJ THOMAS ZINNER 

8. OC TOBER2014 
39 

BILAYER AND MANY-BODY PHYSIC S 
C rossover from BC S to BEC  
beha vior including both a ttra ctive 
a nd repulsive intera ctions. 

1) Binding energy equa l to Fermi energy 

2) C hemica l potentia l of dimer ga s va nishes 

3) Onset of roton insta blity 

Presence of bila yer dimer bound sta tes defines three 
lines in the pha se dia gra m: 

NTZ et al., PRA 85, 013603 (2012)  
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NON-PERPENDIC ULAR DIPOLES 

Ma ny-body problem: Symmetry of the pa iring order pa ra meter should be 
connected to the structure of the potentia l a nd the bound sta tes it a llows. 

Lines of va nishing chemica l 
potentia l in the strong-coupling 
limit. 

At ϑc the intra la yer term is zero in 
the long-wa velength limit. Thus, 
there is only one line! 

The region of (qua si)-BEC  is 
enla rged compa red to ϑ=π/ 2. 

Below ϑc there is colla pse in a  
single la yer a lrea dy. 

A.G . Volosniev et al., JPB 44, 125301 (2011)  
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Study the system by a  ma xima l disturba nce 

2D qua ntum ga ses typica lly a lwa ys hold a  two-body bound sta te 
which is importa nt for ma ny-body physics  

G et rid of the two-body bound sta te! 

Ha rd to a chieve with norma l non-pola r a toms but possible 
with pola r molecules! 
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Intera ction is long-ra nge a nd 
a nisotropic for genera l ϑ 

Externa l electric field a ligns 
the molecules 

Peculia r property of the 
potentia l: 

Two-body bound sta te exists for a ny dipole moment! 

A.G . Volosniev et al., PRL 106, 250401 (2011)  

A.G. Volosniev et al., J. Phys. B 44, 125301 (2011)  

J.R. Armstrong et al., EPL 91, 16001 (2010)  
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Use externa l DC  
a nd AC  fields to 
tune dipole-
dipole potentia l 

A. Micheli et al., Phys. Rev. A 76, 043604 (2007)  
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Assume no two-body bound sta te 

For three bosonic pola r molecules there will 
be a  bound three-body state 

A Borromean system! 

Two-component fermionic molecules are 
more complicated due to the Pauli principle 

The many-body physics should be controlled by the three-body 
bound state. A trion quantum gas! 

S.-J. Huang et al., Phys. Rev. A 85, 055601 (2012)  
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