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BOUND STATES -GOOGLE STYLE!

Bound dimers in bilayers of cold polar molecules

AG VG@@ 1enifyra esvfipgtn i eWunsch
. B:At. Mol. Opt. Phys 44 125

Md
2h2

TALES OF QUANTUM MECHANICS 8.0CTOBER2014
NIKOLAJ THOMAS ZINNER 3



EfVa

1.0

0.8E

0.6

0.4

02

W hen do bound states form?

Consider 1D finite square well potential

Ground state solution for ANY strength

Excited state solution REQUIRES finite strength

Attractive potential of ANY strength produces
bound state in 1D. Fnite strength required in 3D

1D and 3D are very similar

o
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BOUND STATE CRITERIA

Consider weak potential limit Gaussian example

Landau Vi(r) = e/

2 272 mU1?
ID: B~ | [ Vie)de| ~ mEE L

i(r) { L), ro
P(r) ~ expl(— r), r— o0
_ P mIE|
Tail-dominated for very small energies
Non-classical behavior prevails!

Asymptotic wave function
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BOUND STATE CRITERIA

Two-dimensional case Gaussian example

Landau Vi(r) = e/
2D : E ~ —exp [—% (J dgfrV(’r))_l] ”‘;F <1

Huge difference to 1D

Weakly bound states are truly weakly bound!
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Bound state criterion in 2D /er-r'T--’(-f') <0

Even if we assume f.:-fm’m —0, V(r)#0

we find E ~ —exp {] . Vir) = /\Iﬂ-}(?‘)

2D bindsbut only weakly. Interesting to study
dimensional interpolation to 3D via d=2+¢

B. Smon, Ann. Phys. 97,279 (1976)
A.G. Volosniev et al, PRL106, 250401 (2011)

A.G. Volosniev et al,, J. Phys.B44,125301 (2011)
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A CAVEAT ABOUT RANGE

So far we considered short-range interactions

2 472
V(ir)=—Ue "/
Standard criterion () ‘

2V(r) = 0. r— o

For low-energy scattering itis more complicated
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LOW-ENERGY SCATTERING (IN 3D)

Ezkr

Scattering wave D(r) ~ e 4 Fh k) —, 1 — oo
function !

Scattering cross
J Telastic X ‘f(}lzak)‘g |k‘ =k,

section
Low-energy limit limpg_of(k.. k) oxa
However, only valid when V(ir)ocr™, and v > d

In 3D,the dipolarinteraction violates this,
but luckily the van der Waals r® does not.
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SCATTERING AND BOUND STATES

. . . _I/T o< R
Consider the finite square well (1) = 0
q V(r) 0 e R
a tan(s) 2mVyR? 1/2 T e
- — 1 — .S = —="
R s h2

Dependson range and strengthin a
combined fashion

Resonantwhen bound state appears! | (ﬁ

Generically one finds

sin(k(r — a)) [ _a

Vg (1) ~
. .
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Simplify the potential by making the range small, a zero-range approach

f.f—-r‘fa

Fora>0, we need a bound state with the rightlimit () o
B

hQ

ra

Two-body bound state energy E ~ — 5

Universal two-body state since itonly depends on low-energy
scattering properties of the potential

Naturally obtained from limits of other finite-range potentials

One parameter model of interaction between particles



Cold atomic gases!

1)  Extremely cold, T~10-100nK
2) Extremely dilute, n~10"%"1>cm™3

8’Rb Rempe group, MPQ

lo=n"13 ~107* =10 %cm ~ 10% — 10%ap > rvqw
\ f > 1. k ! < ! < !
© T mkgT v AdB lo  Tvaw

Low-energy (elastic) scattering dominates
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A NEAT FEATURE 3 ¢
Interactions are tunable! % §3 3 ! 3
Feshbach resonance : I Teldramp g R

l
==
q
rms

be
N
: —
{
| |
___..-""."".'
—h
[
RN
Lol

L
I

Scattering Length a. a~ v

2
L
1

1 5 Magnetic field (&)

0
(B-B, )/
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Tune onto the resonance itself where scattering length diverges but
collision energy is still low

a— +oo. kK

I'vdW

Anything | calculate in this limit cannotdepend on scattering length!

-21.2
h2k2

2m

An example isa Fermi gas Etot =&

The regime of diverging a istermed the universal regime
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UNIVERSAL THREE-BODY PHYSICS

2 Zero-range model
r ;
1 - On(r;,P) 1
dr.}k Tjk:{] a
723

713 : : :
Exactradial solution when a diverges

3 157 (p) = V/PKig(k™p) = JBID(i&)| sin (¢ In(x™p) + 0)
1
pz = .'rf + -yf‘ = g{"’fg + T%S + T%&}

Log-periodic behavior! This is the Efimov effect!

(n) ()
' ™ —2mn/e L 515.0mn

M /e o —n -
0 =€ ~ 227", or 70 =

. TALES OF QUANTUM MECHANICS 8.0CTOBER2014
M. Thegersen, arXiv:0908.0852v1 NIKOLAJ THOMAS ZINNER 15
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THE UNIVERSAL SPECTRUM

. TALES OF QUANTUM MECHANICS 8.0CTOBER2014
M. Thegersen, arXiv:0908.0852v1 NIKOLAJ THOMAS ZINNER 16
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A HUG E PRO BLEM Importantly, it also fixes

this scale, called a_

() :
n
15" (p) = ) +6)
-1
Must introc -body
5 -2
This effe s the
] ) -3 -2 -1 0 1 2 3 4
Fixes this scale /a2
TALES OF QUANTUM MECHANICS 8.0CTOBER2014
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OBSERVATIONS

. ! 3
recombination length p, (10°a,)

M. Berninger et a/,PRL107,120401 (2011)

Observationsof a_in 133Cs at different resonances

3D I: | 1I E T 'I T E A I 1 T E T
Vil = °
—_ . ] — 1L i
25+ il w : ol
9 o -2 ] e -2 ]
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AN INTERESTING FINDING

EQK}
20 +
=
> 15}
-
= Cs Li °Li *Rb
® 10} by o, . . .
= s @
5|
0
A conspiracy of numbers?
M.Berninger et al, PRL107,120401 (2011) TALES OF QUANTUM MEC HANICSS 8.0CTOBER2014

C.Chin,arXiv:1111.1484v1 NIKOLAJ THOMAS ZINNER 19



Could imply no three-body parameteratall

All physics given by the two-body van der Waals length

This implies increased universality of the three-body problem!

Perhaps notreally surprising since zero-range models are
intrinsically incomplete. Calibration to ab /nitio is extremely difficult

How doesthe van der Waalslength enter more specifically?
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THEORETICAL IDEAS

| 2 3 4 5 6 7 8 9 10

TALES OF QUANTUM MECHANICS 8.0CTOBER2014
€ W dnivy aadkavs; BrKiv 1401 1 76V NIKOLAJ THOMAS ZINNER 21



Zero-range potentials are extremely convenient so good
motivation for keeping them around

Consider the cut-off in the zero-range model as a physical two-
body length similarto Cheng Chin’s ideas.

Could also considera zero-range model with extra parameters,

L 1 1
f“‘:l b= _E LR Ersrff'l':g LR

|

Effective range is typically related to width of the Feshbach resonance

1
Feff ©C N

A good test of the theory is to look at different widths! A
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IDEA: Two-body hard-core becomesa

three-body hard-core!
Atomic two-body potential

hasa strong hard-core part! Test different values of three-body cut-off
02 0 T SUK 'sspp | 1330
T 0.1

=)

V [ |,-"¢.1

' d W .-"rif

e L L e N —= 3

o4l i AL _ -0.2 T

06 - =~ -0.3 -

08T I'-_ Van der Waals «cco. | < -04 -
1| W Morse .

Lennard-Jones

-12 1 1 | | | 1 | 1 | _E:].-
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]'."I:r'rl:rlin ] 1 1 | |
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A SIMPLE ZERO-RANGE MODEL

0.2 — ; T T T . T T T
ol - van der Waals plushard-core model
el !i : |
E 04 !I . Vir) = —;;1 F=1r.
= 06| | | d
WV Vanda Waals o] Bound statesnumberisanalytical
-1 F o Nlorse -
i | | | II.(.ll:ull.'irci-.IJ(JJLvﬁl | | 2 (r‘__d“r)z 7
o8 1 12 14 16 1.8 2 22 24 n=— — —
. T\ I 8
Zero-range model relatesthree-body =~ _ _ e = —31.756 p.

parameterlinearly to a.

Two-body cut-off r, can be related to NG
three-body cut-off to avoid hard-core pe = V21

TALES OF QUANTUM MECHANICSS 8.0CTOBER2014
P.K. Sarensen et al, PRA 86,052516 (2012) NIKOLAJ THOMAS ZINNER 24



Smple idea: Connect #bound statesfor Van der a_ 20
Waals plushard-core to three-body cut-off!

Atomic two-body potential
hasa strong hard-core part!

0.2

]
0.2 .
£ 04 .
= -6 .
0.8 ; Van der Waals ]
-1k Morse -
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_12 1 1 1 1 1 1 1 1 1
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(o) 4
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[T
V/ (n+g)m

Pv[eanl value
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Two-channel, log(ses) = 0
Two-channel, log(sres) = —0.7

™ SDIK

sy 23Cs
BRb ———

= H""“-‘---...‘_‘______r_"‘f—-f
A "Li —
| ] ] - I_ - ]
5 10 15 20
T

More involved calculations suggest fast convergence to
constant value (Naidon efa/. PRL112,105301 (2014)).

PK.Sgrensen et al,PRA 86,052516 (2012)



More data needed in the narrow resonance region. Mixtures of
differentatoms will be very useful in settling these issues!

Momentum-space implementation of multi-parameter zero-
range models

Coordinate-space calculations using very accurate molecular
potentials from quantum chemistry calculation



AARHUS
N  UNIVERSITET

MASS IMBALANCED EFIMOV STATES
E, = Eqexp(—27/s)

25

2{3 |

15
ﬁ
=z
E
e
=3
. 10
© Cs-Cs-Li

‘ —E =0
F/ AA

5 _// — — — No interaction i

ﬂ | Ll |

0.01 0.1 1 10 100

A
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NO Efimov effectin 2D

Mathematical condition for Efimov effectis 2.3<d<3.8

In 2D attractive potential always has bound state E,<0!

Forequal mass bosons, two universal states appear: 16.52E, and 1.21E,

However, for mass imbalanced systems there can be more
than two three-body bound states!

For Cs-Cs-Liin strict 2D geometry, we expectabout4 three-
body bound states

F.F.Bellotti et al, JPB 44, 205302 (2011),
PRA 85, 025601 (2012), JPB 46, 055301 (2013)



= |

C D —
Equal massbosons: n(k) e E e cos[2]so| In(+/ 3k ko) + ¢] + - - -

Castinand Werner, PRA 83,063614 (2011) Braaten, Kang, and Plater, PRL106, 153005 (2011)

Massimbalanced systems.

S C(A) | D(A) | E(A)cos(slog(k/k"))
n(k) — X 15 =

If sub-leading momentum tail can be measured, then massimbalanced
three-body signaturesare distinct from equal masscase!

M.T. Yamashita et al, PRA87,062702 (2013).
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LONG-RANGE INTERACTIONS

Few-body physics in systems with
long-range interactions

TALES OF QUANTUM MECHANICS 8.0CTOBER2014
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DIPOLAR PHYSICS

Few-body physicsin 1D tubes

B.Wunsch ef a/,PRL107,073201 (2011)
N.T. Zinner et a/, PRA 84, 063606 (2011)
@ . (b) NTZ et al, PRA85,013603 (2012)

Many-body physics in bilayers

1-1 1-3
. o 3
1-2 2-2
e e
Scatterad light - S

i

Dratection

Crossover—I (with VD}

Few-body physicsin 2D layers

A.G. Volosniev et al, PRL
106, 250401 (2011)

A.G. Volosniev et al,
PRA 85, 023609 (2012)

[ e e e Y
0 00 J.R.Armstrong et a/.,

EPJD 66, 85 (2012)

llih-—--’

'.;. L
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Polar Molecules are interesting due
to anisotropic long-range
potentials. Novel degenerate
quantum states are expected
already for weak coupling strength.
Even more so for strong interactions.

Controllability is expected to be as
good as for non-polaratoms and
molecules that are the workhorses
of ultracold atomic gas physics.

(a) (b)

Drawback is the instability in the head-to-tail configuration thatleads to

very short lifetimes of the samples.

Solutions proposed are to use fermions and low-dimensionality to minimize

overlap and maximize lifetime.
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LAYERS WITH DIPOLAR FERMIONS

Jinand Ye groups atJILA
Science 327,853 (2010)
Nature 464, 1324 (2010)

Potassium-Rubidium molecules

, (B)

Miranda et al, Nature Phys. 7,502 (2011)

New results on controlled chemistry through measurements of the
sample lifetimes. Sngle-speciesfermionsin layers have lifetimes of

seconds.

TALES OF QUANTUM MECHANICS 8.0CTOBER2014
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LAYERED SYSTEMS

Single-species fermions confined to
(quasi)-2D layers with long-range
interactions.

\v1

Intralayer interaction within the same
layeris repulsive atlong distance
above 9=35°

Interlayer interaction between layers
has both attractive and repulsive
parts.

) Interesting competition as function of dipole strength and density.

TALES OF QUANTUM MECHANICS 8.0CTOBER2014
NIKOLAJ THOMAS ZINNER 34



-0.6

-0.8

Vl (T)/D2

-1.2

-1.4

-1.6

-1.8

Repulsive 1/73 tail

| Attractive inner part

Interlayer Potential

Vl(’l") — D2 r2—2d>?

(r2+d2)5/2 ]

D: Dipole moment
d: layer distance

Note: [drrV(r) =10

Perpendicular dipoles

10
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BILAYER WITH PERPENDICULAR DIPOLES

Shih and Wang, PRA
79,065603 (2009).

Armstrong et al., EPL
91,16001 (2010).

Klawunn et al., PRA 82,
044701 (2010).

-10 |

12 I I I I I I I I I
0 2 4 6 8 10 12 14 16 18 20
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BILAYER WITH PERPENDICULAR DIPOLES

A.G. Volosniev et al, PRL
106, 250401 (2011)

A.G. Volosniev et al,
PRA 85, 023609 (2012)

J.R.Armstrong et al.,
EPJD 66, 85 (2012)

NII-_—-—-I‘
(D ()

o - See also D.S. Petrov PRL
"_ -- 112,103201 (2014)

Complexeswith three or four panticlesin a bilayered are unlikely to
be bound. Larger chainscan be formed and stabilize more
complicated complexes.

TALES OF QUANTUM MECHANICS 8.0CTOBER2014
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Solve many-body problem for the bilayer with A E )
- = tanh —=

perpendicular polarization using BCS theory for ¢ =~ 77 = 1(k—q) tai

s-wave part of interlayer interaction.

, : n=
so solve the self-consistent equations 2V F E,

Interested in stronger coupling and crossover 1 s 1- Sk nl{ E;
including the chemical potential.

Include the INTRA-layer r

term in the self-energy in a Yy 1 V- A(0Y—V-( 1 ‘;&' q

| = — — V(K — — ta
self-consistent Hartree- k 0l E( 0(0) =Tl 9) Eg ZJCBT
Fock manner.

In weak-coupling limitit makes little difference, at stronger coupling itchanges
the position of the crossover from BCS to BEC behavior significantly.
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Crossover from BCS to BEC
behaviorincluding both attractive
and repulsive interactions.

Presence of bilayer dimer bound states defines three
lines in the phase diagram:

20

1) Binding energy equal to Fermi energy

z‘“gﬂ;‘ =Eg _E_f:{)

BEC

- Crossover—T (with Vﬂ}

2) Chemical potential of dimer gas vanishes

Crossover—II (no 1-"0}

1 E
J7 :E;?pgﬁ(o)wf—f:o

3) Onset of roton insta blity

1 1 1 1 1 1 1 1
1] 0.2 0.4 0.6 0.3 12 14 1.6 1.8 2

kpd
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Including p Lines of vanishing chemical

Intralayer o

. potential in the strong-coupling
limit.

At 3. the intralayer term is zero in
the long-wavelength limit. Thus,
there is only one line!

The region of (quasi)-BEC is
enlarged compared to 9=n/2.

BCS Below 9, there is collapse in a
single layeralready.

Many-body problem: Symmetry of the pairing order parameter should be
connected to the structure of the potential and the bound states it allows.

A.G. Volosniev et al,JPB44,125301 (2011)
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MESSING WITH 2D QUANTUM GASES

2D quantum gases typically always hold a two-body bound state
which is important for many-body physics

Study the system by a maximal disturbance

Getrid of the two-body bound state!

Hard to achieve with normal non-polaratoms but possible
with polar molecules!

TALES OF QUANTUM MECHANICS 8.0CTOBER2014
NIKOLAJ THOMAS ZINNER 41



/ AARHUS
¥  UNIVERSITET

POLAR MOLECULES IN 2D LAYERS

Interaction is long-range and
anisotropic for general 9

External electric field aligns
the molecules

Peculiar property of the

potential:
/ d°rV(r) =0

Two-body bound state exists for any dipole moment!

JR Armstrong et al, EPL91, 16001 (2010)

A.G. Volosniev et al, PRL106,250401 (2011) TALES OF QUANTUM MEC HANICS 8.0CTOBER2014

A.G. Volosniev et al, J. Phys. B 44, 125301 (2011) NIROLASTHOMAS ZINNER .
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EXTERNAL FIELD MANIPULATION

Use external DC
and AC fields to

h,

",
| ",
%,

dipole potential

Outer barrier

Tunable two—body bound state

Inner pocket

A. Micheli et al, Phys. Rev. A 76, 043604 (2007)

TALES OF QUANTUM MECHANICS
NIKOLAJ THOMAS ZINNER
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NEW GROUND STATE

Assume no two-body bound state

For three bosonic polar molecules there will
be a bound three-body state
A Borromean system!

Two-component fermionic moleculesare
more complicated due to the Pauli principle

The many-body physicsshould be controlled by the three-body
bound state. A trion quantum gasl!

S-J.Huang et al, Phys. Rev. A 85,055601 (2012) e soctosro
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