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The heterotic string

world-sheet degrees of freedom (fermionic formulation SO(32))

right R

XM
R , ψM

2d fermions

M = 0, · · · , 9 , M = 2, · · · , 9 light-cone

left L

XM
L , λA 2d fermions

A = 1, · · · , 32

ψM (τ, σ + 2π) = ∓ψM (τ, σ) ; λA(τ, σ + 2π) = ∓λA(τ, σ) ; − Neveu-Schwarz(NS), + Ramond

massless states |R〉 ⊗ |L〉 NS ⊗ NS

M2
R = ÑX + Ñψ − 1

2e.g. bM
− 1

2

|0〉 ⊗ λA− 1
2

λB− 1
2

|0〉
M2

L = NX + Nλ − 1

496 gauge vectors of SO(32) in 10d (gauginos in Ramond ⊗ NS )

hA
M

sM

2
o,

M ,m
2 M = 0<

R
M(o<m)L

M(o+m)M(o,m) = +

o

m

X X X

XXX
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Full massless spectrum

R ⊗ L in light cone

[(8v ⊕ 8s , 1)]R ⊗ [(8v , 1)⊕ (1, 496)]L

= (1⊕ 35⊕ 28 + 8c + 56s , 1) ⊕ (8v ⊕ 8s , 496)

massless fields

{ϕ,GMN ,BMN ,Ψ,ΨM} ⊕
{
AM
a , χa

}
a = 1, . . . , dimGhet

10d , N =1 supergravity ⊕ super Yang-Mills Ghet

Ghet = E8 × E8, SO(32)

Gauge and gravitational anomalies are cancelled

by the Green-Schwarz mechanism

, 4/13



Orbifolds

O =M/Γ ; Γ = discrete group of isometries of M

T2 R2= / R

e1

e2

2/
N

R2 ZN/

singularidadpunto fijo

cono
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T2/Z2 orbifold

T2 = R2/Λ, Λ = SO(4) root lattice

Z2 = {1, θ}, θ = rotation by π

• : fixed points −→ singularities

, 6/13



Closed strings on orbifolds M/Γ Dixon, Harvey, Vafa, Witten

∗
untwisted sector twisted sector

e2

e1

e2

e1

−→
X (τ, σ + 2π) =

−→
X (τ, σ) + ni

−→ei
−→
X (τ, σ + 2π) = g

−→
X (τ, σ) + ni

−→ei
g ∈ Γ admits fixed points

∗ Orbifold projection: physical states are invariant under Γ

Both conditions are required by modular invariance
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Toroidal orbifolds T6/ZN

T6 = R6/Λ, ZN = {1, θ, . . . , θN−1}, θ ∈ SO(6)

crystallographic action: W ∈ Λ, θW ∈ Λ

θN = 1⇒ θ has eigenvalues e±2πivi , vi =
ki
N
, ki ∈ Z, i = 1, 2, 3

complex internal coordinates Z i = 1√
2

(
X 2i+2 + iX 2i+3

)
, θZ i = e2πiviZ i

θ = exp 2πi(v1J12 + v2J34 + v3J56), J2i−1,2i : SO(6) Cartan generator

action on spinor representation

θ| ± 1
2 ,±

1
2 ,±

1
2〉 = e iπ(±v1±v2±v3)| ± 1

2 ,±
1
2 ,±

1
2〉

supersymmetry ⇒ ±v1 ± v2 ± v3 = even

θN = 1 acting on fermions ⇒ N(v1 + v2 + v3) = even
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Example: T6/Z3 orbifold

T6 = R6/Λ, Λ = product of three SU(3) root lattices

Z3 = {1, θ, θ2}, θ = rotation by 2π
3 in each sub-lattice

(v1, v2, v3) = ( 1
3 ,

1
3 , -

2
3 )

•, ◦,× : fixed points altogether 3× 3× 3 = 27 fixed points
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Action on 2d fermions

right movers
θ-twisted sector

Ψi = 1√
2

(
ψ2i+2 + iψ2i+3

)
, Ψi (τ, σ + 2π) = ∓e2πivi Ψi (τ, σ + 2π)

left movers give gauge degrees of freedom

λA± = 1√
2

(
λ2A−1 ± iλ2A

)
, A = 1, . . . , 16

for E8 × E8 divide in two groups: λA±, λ
′A
± , A = 1, . . . , 8

Modular invariance requires that λA transforms under θ. The action can be

realized by rotation γ with eigenvalues e±2πiVA , VA = KA

N , KA ∈ Z.

γN = 1⇒ N(V1 + . . .+ V16) = even

Gauge shift vector: V = (V1, . . . ,V8)× (V ′1, . . . ,V
′
8), E8 × E8

Modular invariance (level-matching) further requires N(V 2 − v2) = even

Standard Embedding: V = (v1, v2, v3, 0, . . . , 0)× (0, . . . , 0)
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Compactification on Calabi-Yau (CY) manifolds

Recall fields in 10d

{ϕ,GMN ,BMN ,Ψ,ΨM} ⊕
{
AM
a , χa

}
, a = 1, . . . , dim Ghet Ghet = E8 × E8, SO(32)

Compactification M10 =M4 × K6

Supersymmetry in 4d ⇒ Dmη = 0 ⇒ Rmn = 0

K6 Ricci-flat ⇒ holonomy SU(3) K6 is CY

Furthermore, K6 is Kähler (complex with special property of the metric)

xm −→ z i , z̄ ī k-forms: ωm1...mk
(p, q)-forms: ωi1...ip j̄1...j̄q

Betti numbers bk = # closed (mod exact) k-forms = # harmonic k-forms

Hodge numbers

hp,q = # closed (mod exact) (p, q)-forms = # harmonic (p, q)-forms

bk =
k∑

p=0

hp,k−p
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Hodge diamond of a CY X

χ = 2(h1,1 − h1,2) Euler characteristic of X
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Hodge plot

Taken from arXiv:1207.4792, based on the Kreuzer-Skarke list
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