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1. a) Construct gamma matrices in d = 4 Minkowski space satisfying
{γm, γn} = 2ηmn for m = 0, ..., 3.

What is the minimum size of these matrices?

b) Construct gamma matrices in d = 5 Minkowski space satisfying
{γm, γn} = 2ηmn for m = 0, ..., 4.

What is the minimum size of these matrices?

2. a) On a Riemmanian manifold show that the Laplacian with metric tg
is related to that with metric g by

∆tg = t−1∆g.

b) Show that on a Riemmanian manifold manifold of real dimension n
that the volume form satisfies

dVtg = tn/2dVg.

c) Let X = M ×S3, A a 1-form, B a 2-form and C a 3-form on X and
suppose that

∆XΦ = 0,

with Φ = A, B and C. Put a product metric on X.

Put the product metric g = gM⊕ tgS3 on X. How many massless forms
do we see on M in the limit that t→ 0? Hint:

H0(S3, R) = R,H1(S3, R) = 0, H2(S3, R) = 0 and, H3(S3, R) = R.

3. Construct the massless spectrum of the Type IIA and Type IIB super-
string.



4. • Closed Strings

Remember the mass formula we derived for closed strings com-
pactified on a circle of radius R (in the x9 direction), for the left–
and right–moving sectors:
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where N, Ñ are the oscillator number operators in the NS sector,
n and w are integers counting momentum and winding in the x9

direction, and
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The massless (M2 = 0) state where n = w = 0 and N = 1/2,
coming from acting with the oscillator mode ψµ−1/2 corresponds

(with oscillator ψ̃9
−1/2 acting on the right) to the U(1) Kaluza–

Klein vector Aµ(x).

– With ψµ−1/2 turned on again, show that at the special radius

R =
√
α′, there are two extra massless vectors appearing.

These three vectors at the special radius turn out to make an
SU(2) gauge symmetry.

• Open Strings

Let’s consider a sector of open string theory with U(2) Chan–
Paton factors, with a Wilson line chosen such that the gauge group
is broken to U(1) × U(1) when the theory is compactified on a
circle of radius R in the x9 direction. We denote a string state
as |ij>, where i labels one end and j labels the other, and the
indices take the value either 1 or 2, corresponding to either the
first U(1) or the second. As discussed, the state |ij> has shifted

momentum p9 = n
R
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, and so the mass formula for the open
string spectrum (in the NS sector) is:
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where N is the oscillator number operator and n labels the discrete
Kaluza–Klein momentum in the x9 direction.



– Rewrite the mass formula in terms of the dual radius R′ =
α′/R and explain, by reference to the fact that the string has
tension T = 1/2πα′, why n now has an interpretation as a
winding number, and why θiR labels a position of the end of
the string in state i.

– Which states give massless vectors of the U(1)× U(1)?

– Show that when θ1 = θ2, there are two more massless vectors.
This is in fact just enough to restore the U(2) gauge symmetry.

5. The 11-dimensional Supergravity has the following metric

ds2 = e−
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where µ, ν = 0, 1, ..., 9 are the indices in the non-compact 10-dim.
space-time and x10 is compactified on a circle with periodicity x10 =
x10 + 2π. The fields gµν , φ and C(0)

µ are the type IIA metric, dilaton
and the RR 1-form potentials respectively. The 11-dimensional theory
possesses M2 and M5 branes. Determine the dependence of the ten-
sions of these branes on IIA dilaton in the following cases:
i) M2 and M5 branes are wrapped on the x10 circle.
ii) the world volumes of M2 and M5 branes are entirely living in the
non-compact 10-dim. space time (i.e. they do not wrap the x10 circle).
Can you identify the resulting objects in the IIA theory?

6. Consider the following metric on AdS5 × S5:

ds2 =
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where dΩ2
5 denotes the standard metric on the round S5.

(a) Assuming that the world sheet coordinates are identified with
(r, φ), show that the action of the Nambu-Goto string describing
an embedding determined by z = z(r) can be written as:
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(b) A solution satisfying the boundary conditions corresponding to a
circular Wilson loop or radius a at the boundary (z = 0) is given
by

z2 =
√
a2 − r2. (4)

Evaluate the action for this solution using a cutoff z ≥ ε and show
that the answer is

S = −
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√
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ε
, (5)

where
√
λ = L2/α′.

7. See adjoint problems.






