
Emergent symmetries in 
disordered quantum spin chains 

Eduardo Miranda 
State University of Campinas, Brazil 

Workshop on Next Generation Quantum Materials 
São Paulo, April 5, 2016 

José Abel Hoyos 
Univ. São Paulo 

Victor Quito Pedro L. S. Lopes 



Symmetry in nature 
Usual scenario: physical systems are less 
symmetric at low temperatures/energies 
(via phase transitions): 
•  crystals vs gas/liquid 
•  (anti-)ferromagnets vs paramagnets 
•  liquid crystals vs normal liquids 
•  superconductors vs normal metals 
•  superfluids vs normal fluids 
•  SU(2) x U(1) vs Uem(1)…. Liquid crystal 

1.  Condensed matter physicists spend 
money to cool things down and find 
broken symmetries. 

2.  High energy physicists spend (a lot 
more) money to “heat things up” and 
access more symmetric states. 

Water and ice 



Less common: emergent symmetries 
Emergent symmetries: the low-energy sector is more symmetric than the 
high-energy one (via crossovers) 
 
•  Critical Ising model in a small magnetic field: E8 Lie group! (A. B. 

Zamolodchikov, Int. J. Mod. Phys. ‘89). Experimental realization: (R. Coldea et al., 
Science 327, 177 (2010)) 

•  Tricritical Ising model: SUSY (D. Friedan, Z. Qiu, S. Shenker, PRL ‘85). 
•  Quantum spin-2 chains: SU(3) (P. Chen et al., PRL ‘15) 
•  Certain quantum critical points: gauge symmetry 
 (Senthil, Vishwanath, Balents, Sachdev, Fisher,  
    Science 303, 1490 (2004))…. 
•  Symmetry-protected topological states: fermions  
and gauge fields (Xiao-Gang Wen)……….. 

the paramagnetic phase as a result of the increase
in Zeeman energy cost for spin-flip quasiparticles.
In a quasi-1D system such as CoNb2O6 with finite
interchain couplings, a complete gap softening is
only expected (23) at the location of the 3Dmag-
netic long-range order Bragg peaks, which occur at
a finite interchain wave vector q┴ that minimizes
the Fourier transform of the antiferromagnetic inter-
chain couplings; the measurements shown in Fig.
4C were in a scattering plane where no magnetic
Bragg peaks occur, so an incomplete gap softening
would be expected here, as indeed was observed.

For the critical Ising chain, a gapless spectrum
of critical kinks is predicted (Fig. 4F). Adding a
finite longitudinal field hz generates a gap and sta-
bilizes bound states (Fig. 4G). In the scaling limit
sufficiently close to the quantum critical point (i.e.,
hz << J, h = hC), the spectrum is predicted to have
eight particles with energies in specific ratios (given
by a representation of the E8 Lie group) with the
first mass atm1/J =C(hz/J )

8/15,C ≈ 1.59 (2). The
predicted spectrum for such an off-critical Ising

chain to be observed by neutron scattering is illus-
trated in Fig. 4E for the dominant dynamical
correlations Szz(k = 0,w) for which quantitative
calculations are available (7): Two prominent
sharp peaks due to the first two particles m1 and
m2 are expected at low energies below the onset
of the continuum of twom1 particles (24).

The neutron data taken just below the critical
field (Fig. 4, A and B) are indeed consistent with
this highly nontrivial prediction of two prominent
peaks at low energies, which we identify with the
first two particlesm1 andm2 of the off-critical Ising
model. Figure 4D shows how the ratio of the ener-
gies of those peaks varies with increasing field and
approaches closely (near 5 T just below the 3D
critical field of 5.5 T) the golden ratiom2/m1 = (1 +
ffiffiffi

5
p

)/2 = 1.618 predicted for the E8 masses. We
identify the field where the closest agreement with
the E8 mass ratio is observed as the field B1D

C
where the 1D chains would have been critical in
the absence of interchain couplings (25). Indeed,
it is in this regime (21) that the special quantum

critical symmetry theory would be expected to
apply.

Our results show that the exploration of con-
tinuous quantum phase transitions can open up
avenues to experimentally realize otherwise in-
accessible (1, 26) correlated quantum states of
matter with complex symmetries and dynamics.

References and Notes
1. F. H. L. Essler, R. M. Konik, http://arxiv.org/abs/cond-mat/

0412421 (2004).
2. A. B. Zamolodchikov, Int. J. Mod. Phys. A 4, 4235 (1989).
3. B. Lake, D. A. Tennant, S. E. Nagler, Phys. Rev. Lett. 85,

832 (2000).
4. M. Kenzelmann, Y. Chen, C. Broholm, D. H. Reich, Y. Qiu,

Phys. Rev. Lett. 93, 017204 (2004).
5. Ch. Rüegg et al., Phys. Rev. Lett. 100, 205701 (2008).
6. B. M. McCoy, T. T. Wu, Phys. Rev. D 18, 1259 (1978).
7. G. Delfino, G. Mussardo, Nucl. Phys. B 455, 724 (1995).
8. G. Delfino, G. Mussardo, P. Simonetti, Nucl. Phys. B 473,

469 (1996).
9. P. Fonseca, A. Zamolodchikov, http://arxiv.org/abs/hep-th/

0612304 (2006).
10. S. Sachdev, Quantum Phase Transitions (Cambridge Univ.

Press, Cambridge, 1999).
11. A. O. Gogolin, A. A. Nersesyan, A. M. Tsvelik, Bosonization

and Strongly Correlated Systems (Cambridge Univ. Press,
Cambridge, 1998).

12. D. Vogan, Not. AMS 54, 1022 (2007).
13. P. Pfeuty, Ann. Phys. 57, 79 (1970).
14. C. Heid et al., J. Magn. Magn. Mater. 151, 123 (1995).
15. S. Kobayashi et al., Phys. Rev. B 60, 3331 (1999).
16. I. Maartense, I. Yaeger, B. M. Wanklyn, Solid State

Commun. 21, 93 (1977).
17. D. Prabhakaran, F. R. Wondre, A. T. Boothroyd, J. Cryst.

Growth 250, 72 (2003).
18. See supporting material on Science Online.
19. H. M. Rønnow et al., Science 308, 389 (2005).
20. D. Bitko, T. F. Rosenbaum, G. Aeppli, Phys. Rev. Lett. 77,

940 (1996).
21. S. T. Carr, A. M. Tsvelik, Phys. Rev. Lett. 90, 177206 (2003).
22. S. B. Rutkevich, J. Stat. Phys. 131, 917 (2008).
23. S. Lee, R. K. Kaul, L. Balents, http://arxiv.org/abs/0911.0038.
24. The higher-energy particles m3 to m8 are expected to

produce much smaller features in the total scattering line
shape, as they carry a much reduced weight and are
overlapping or are very close to the lower-boundary onset
of the continuum scattering (see Fig. 4E).

25. The small offset between the estimated 1D and 3D critical
fields is attributed to the interchain couplings, which strengthen
the magnetic order. We note that a more precise quantitative
comparison with the E8 model would require extension of the
theory to include how the mass ratio m2/m1 depends on the
interchain wave vector q┴, as the data in Fig. 4D were
collected slightly away from the 3D Bragg peak positions; the
already good agreement with the long-wavelength prediction
expected to be valid near the 3D Bragg wave vector may
suggest that the mass ratio dispersion is probably a small
effect at the measured wave vectors.

26. T. Senthil et al., Science 303, 1490 (2004).
27. The 3D magnetic ordering wave vector has a finite

component in the interchain direction due to
antiferromagnetic couplings between chains.

28. We thank G. Mussardo, S. T. Carr, A. M. Tsvelik, M. Greiter,
and in particular F. H. L. Essler and L. Balents for very useful
discussions. Work at Oxford, Bristol, and ISIS was supported
by the Engineering and Physical Sciences Research Council
(UK) and at HZB by the European Commission under the
6th Framework Programme through the Key Action:
Strengthening the European Research Area, Research
Infrastructures, contract RII3-CT-2003-505925 (NMI3).

Supporting Online Material
www.sciencemag.org/cgi/content/full/327/5962/177/DC1
Materials and Methods
References

3 August 2009; accepted 5 November 2009
10.1126/science.1180085

In
te

ns
ity

 (
ar

b 
un

its
)

0.0

0.5

1.0

1.5

2.0 4.5 T

m2

m1

Energy (meV)
0.5 1.0 1.5 2.0

0.0

1.0

2.0

3.0
5 T

m2

m1

golden ratio 

B (T)
4.0 4.5 5.0 5.5

m
2/

m
1

1.4

1.6 2/)51( +

C

D

E

A

B

k

E
ne

rg
y

k0

4

m1

0

2m1

2
3

Energy/m1

1 2 3 4 5

In
te

ns
ity

/ I
1

0

1 m
1

m
2

3 4 5 6 7 8

2m1

B (T)
4 5 6 7

G
ap

 (
m

eV
)

0.0

0.2

0.4

0.6

0.8

k=(3.6(1),0,0)

m1

m2

F G

Fig. 4. (A and B) Energy scans at the zone center at 4.5 and 5 T observing two peaks,m1 and m2, at low
energies. (C) Softening of the two energy gaps near the critical field (above ~5 T them2 peak could no longer be
resolved). Points come from data as in Fig. 2, B to D; lines are guides to the eye. The incomplete gap softening is
attributed to the interchain couplings as described in the text. (D) The ratio m2/m1 approaches the E8 golden
ratio (dashed line) just below the critical field. (E) Expected line shape in the dominant dynamical correlations at
the zone center Szz(k = 0,w) for the case shown in (G) [vertical bars are quasiparticle weights (7) relative tom1]:
two prominent modes followed by the 2m1 continuum (schematic dashed line), in strong resemblance to
observed data in (A) and (B). (F) Gapless continuum of critical kinks (shaded area) predicted for the critical Ising
chain. (G) E8 spectrum expected for finite hz. Lines indicate bound states; shaded area is the 2m1 continuum.
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Less common: emergent symmetries 

1.  Known examples are few and far between. 
2.  Generic mechanism not known. General ideas: 

1.  Stable low-T fixed point with group G 
2.  Irrelevant operators break G into g (g ⊂G) 

3.  No recipe for its construction: case by case…  
 (C. Itoi, S. Qin, and I. Affleck, PRB 61, 6747 (2000)) 



Disordered Heisenberg chain 

Ji > 0: distributed according to P(J;Ω) 
Ω is the high energy cutoff 

H =
X

i

JiSi · Si+1
S1 S2 S3 S4 

J2 J1 J3 

S5 S6 S7 S8 

J6 J5 J7 J4 . . . 

J 
Ω

P(J) 



Strong disorder RG method 

1.  Find the strongest 
coupling Ω=max{Ji}. Diagonalize 

Decimation procedure: 

S1 S4 

S. K. Ma, C. Dasgupta, and C.-K. Hu, Phys. Rev. Lett. 43, 1434 (1979), C. Dasgupta, and S. K. Ma, Phys. Rev. 
B 22, 1305 (1980). 

Ji > 0 – distributed according to P0(J;Ω); 
Ω is the high energy cutoff 

S2 S3 

Ω
Ω 

S=1 

S=0 

2.  Treat                                             in 2nd order perturbation theory 

S1 S2 S3 S4 

Ω J3 J1 

Net result: S2 and S3 disappear and new coupling between S1 and S4 appears 
                  Topology of the (infinite) chain is preserved. 

H =
X

i

JiSi · Si+1

ST = 0 ) E0 = �3

4
�

ST = 1 ) E1 =
1

4
�

H 0 = J1S1 · S2 + J3S3 · S4

J̃ =
J1J3
2� Note J̃ < J1, J2



Universality 

Flow 

J 
Ω

P*(J) 
Universal Fixed  
Point distribution 

All initial distributions have the same fate 

P ⇤ (J,�) =
�

�

✓
�

J

◆1�↵

� =
1

ln (�0/�)
! 0 �J

hJi ⇠ 1p
�

! 1

The effective disorder increases without limit! 
The method is asymptotically exact: the wider the distribution, the more 
accurate the decimations. 

P (J)
J̃

J3

J1

⌦

J
J̃ =

J1J3
2�



Spatial distribution of strong bonds 

Decimation procedure: 



Spatial distribution of strong bonds 

Decimation procedure: 

Ω

Find the strongest coupling 



Spatial distribution of strong bonds 

Decimation procedure: 

Decimate 



Spatial distribution of strong bonds 

Decimation procedure: 
Renormalize 



Spatial distribution of strong bonds 

Decimation procedure: 

Ω



Spatial distribution of strong bonds 

Decimation procedure: 

Ω



Spatial distribution of strong bonds 

Decimation procedure: 

Ω



Spatial distribution of strong bonds 

Decimation procedure: 

Ω



Spatial distribution of strong bonds 

Decimation procedure: 

Ω



Random-Singlet ground state 

Well-separated, strongly bound spin pairs 

Ground state 
Random Singlet phase 



Excitations 

D. S. Fisher, PRB 50, 3799 (1994). 

Excitations are localized: breakup of long bonds.  
Energy of an excitation of length L: 

‘Activated dynamical scaling’ � ⇠ e�L , � =
1

2

With this scaling, we can get exact results for low-energy properties 
(susceptibility, specific heat), which I will not discuss. 



The correlation function at T=0 

Typical pairs are weakly correlated 

hSi · Si+rityp ⇠ exp(�r )

D. S. Fisher, PRB 50, 3799 (1994). 

 =
1

2

hSi · Si+ri ⇡ 0



The correlation function at T=0 

But average value is dominated by rare singlets 

hSi · Si+ri

P (hSi · Si+ri)

D. S. Fisher, PRB 50, 3799 (1994). 

� = 2

hSi · Si+riav ⇠ (�1)r

r�

hSi · Si+ri ⇡ O(1)



Disordered spin-1 chains 

HJD =
X

i

h
JiSi · Si+1 +Di (Si · Si+1)

2
i

The most general disordered spin-1 chain with global SU(2) invariance. 

Note: the two terms are linearly dependent for spin-1/2, but not for spin-1.  

García-Ripoll, Martin-Delgado, & Cirac, PRL 93, 250405 (2004) 
Imambekov, Lukin, & Demler, PRA 68, 063602 (2003) 

May be experimentally realized in optical lattices loaded with cold 23Na 

What is the behavior at strong disorder? 

HJD =

X

i

Ei

h
cos ✓iSi · Si+1 + sin ✓i (Si · Si+1)

2
i

Ei =
q
J2
i +D2

i ; tan ✓i =
Di

Ji



RG step for generic spin-1 chains 

OR OR S=1 

S=0 

S=2 

S=1 

S=0 

S=2 

S=2 

S=0 

S=1 

arctan(1/3)

Boechat,  Saguia  &  Con8nen8no
Solid  State  Commun.  '96
Yang  &  BhaA,  PRL  '98

Singlet (S=0) ground state 

Triplet (S=1) ground state 

Quintuplet (S=2) ground state 

S̃ = 1



Disordered spin-1 chains: phase 
diagram 

HJD =

X

i

Ei

h
cos ✓Si · Si+1 + sin ✓ (Si · Si+1)

2
i

V. L. Quito, J. A. Hoyos, E.M., PRL 115, 167201 (2015) 

We first consider the case of random Ei but fixed θ



Random singlet pairs 

�3�/4

FM 

1 

2 

arctan(1/3)

Singlet (S=0) ground state 



Random singlet pairs 
In phase 2, there is a conventional 
random singlet phase: asymptotically, 
only singlet-forming decimations occur 

�3�/4

FM 

1 

2 

Heisenberg point  M =
1

2
�M = 2

� ⇥ e�L 

� (T ) ⇥ 1

T |lnT |1/⇥

⇤Si · Sj⌅av ⇥ eiq(i�j)

|i� j|�

� ⇠ e�L , � =
1

2



Random singlet trios 

�3�/4

FM 

1 

2 

In phase 1, the ground state is 
made of random spin trios (and 
less frequent sextets, etc.). At 
each step both singlets and 
spins-1 are formed. 

arctan(1/3)
S̃ = 1



Random singlet trios 

�3�/4

FM 

1 

2 

In phase 1, the ground state is 
made of random spin trios (and 
less frequent sextets, etc.). At 
each step both singlets and 
spins-1 are formed. 



Random singlet trios 

�3�/4

FM 

1 

2 

In phase 1, the ground state is 
made of random spin trios (and 
less frequent sextets, etc.). At 
each step both singlets and 
spins-1 are formed. 

 B =
1

3
�B =

4

3

� ⇥ e�L 

� (T ) ⇥ 1

T |lnT |1/⇥

⇤Si · Sj⌅av ⇥ eiq(i�j)

|i� j|�

� ⇠ e�L , � =
1

2



Emergent SU(3) symmetry 



Special SU(3) points 

�3�/4

FM 

1 

2 

HJD =

X

i

Ei

h
cos ✓Si · Si+1 + sin ✓ (Si · Si+1)

2
i



Where did SU(3) come from? 
SU(N): group of N x N unitary matrices with determinant equal to 1 

For N=2, the Pauli matrices are a complete basis for traceless Hermitian 
matrices: 

U = ei✓·�

For N=3, the following 8 spin-1 operators form an analogous complete set:  

U = ei
P8

a=1 �a⇤a

These 8 operators are the 
generators of the fundamental 
(‘quark’) representation of SU(3). 

U = eiH if H is Hermitian and traceless 

⇤1 =S
x

,

⇤2 =S
y

,

⇤3 =S
z

,

⇤4 =S
x

S
y

+ S
y

S
x

,

⇤5 =S
x

S
z

+ S
z

S
x

,

⇤6 =S
y

S
z

+ S
z

S
y

,

⇤7 =S2
x

� S2
y

,

⇤8 =
1p
3

�
2S2

z

� S2
x

� S2
y

�
.



Where did SU(3) come from? 
SU(N): group of N x N unitary matrices with determinant equal to 1 

For N=2, the Pauli matrices are a complete basis for traceless Hermitian 
matrices: 

U = ei✓·�

For N=3, the following 8 spin-1 operators form an analogous complete set:  

U = ei
P8

a=1 �a⇤a

U = eiH if H is Hermitian and traceless 

⇤1 =S
x

,

⇤2 =S
y

,

⇤3 =S
z

,

⇤4 =� S
x

S
y

+ S
y

S
x

,

⇤5 =� S
x

S
z

+ S
z

S
x

,

⇤6 =� S
y

S
z

+ S
z

S
y

,

⇤7 =� S2
x

� S2
y

,

⇤8 =� 1p
3

�
2S2

z

� S2
x

� S2
y

�
.

If we change the sign of Λa 
(a=4,5,6,7,8) we have the 
‘antiquark’ one. 



Special SU(3) points 

�3�/4

FM 

1 

2 

SU(3) - (quark-quark) 

q q q q qq q

Quarks disguised as spins! 

H
⇣
✓ =

⇡

4

⌘
=

X

i,a

Ei⇤i,a⇤(i+1),a =
X

i

Ei⇤i ·⇤i+1



Special SU(3) points 

�3�/4

FM 

1 

2 

H
⇣
✓ = �⇡

2

⌘
=

X

i,a

Ei⇤i,a⇤(i+1),a =
X

i

Ei⇤i ·⇤i+1

SU(3) - (quark-antiquark) 

q qq q qq q

Quarks/antiquarks disguised as 
spins! 



Special SU(3) points 

�3�/4

FM 

 B =
1

3
�B =

4

3

SU(3) - (quark-quark) 
q q q q qq q

1 

2 

J. A. Hoyos and E. M., PRB 70, 180401(R) (2004) 



Special SU(3) points 

�3�/4

FM 

1 

2 

J. A. Hoyos and E. M., PRB 70, 180401(R) (2004) 

 M =
1

2
�M = 2

SU(3) - (quark-antiquark) 
q qq q qq q



Emergent SU(3) symmetry 

�3�/4

FM 

1 

2 

At long length scales, the state is the same 
throughout region 2, including –π/2: 
emergent SU(3) 

The pair singlet is angle-
independent: it is both an SU(2) and 
an SU(3) singlet. 



Emergent SU(3) symmetry 

�3�/4

FM 

1 

2 

At long length scales, the state is the same 
throughout region 1, including π/4: 
emergent SU(3) 

The trio singlet is also angle-
independent: it is both an SU(2) and 
an SU(3) singlet. 



Baryonic random singlet phase 

Random three-quark SU(3) singlets (baryons): 
baryonic random singlet phase 
The response of the state is SU(3) symmetric 

1 

2 

�3�/4

FM 

1 

2 



Mesonic random singlet phase 

Random quark-antiquark SU(3) singlets 
(mesons):  
mesonic random singlet phase 
Again, the response of the state is SU(3) 
symmetric 

FM 

1 

2 



Emergent SU(3) symmetry 
� ⇥ e�L 

� (T ) ⇥ 1

T |lnT |1/⇥

⇤Si · Sj⌅av ⇥ eiq(i�j)

|i� j|�
⇤ ⌅�ai�aj⇧av ⇥ eiq(i�j)

|i� j|�
(a = 1, . . . , 8)

�1 = S
x

,

�2 = S
y

,

�3 = S
z

,

�4 = S
x

S
y

+ S
y

S
x

,

�5 = S
x

S
z

+ S
z

S
x

,

�6 = S
y

S
z

+ S
z

S
y

,

�7 = S2
x

� S2
y

,

�8 =
1p
3

�
2S2

z

� S2
x

� S2
y

�
.

But note: 
•  The exponents are all the same. 
•  The numerical pre-factors are the same only at the 

SU(3) points or at very strong initial disorder. The 
emergent SU(3) only appears asymptotically, the 
procedure is inaccurate at the beginning of the flow. 



Full phase diagram 
Allowing for spatial fluctuations of θ in the initial distribution 

π
4

ψ   =1/2
M

Bψ  =1/3

Mφ    =2 φ   =4/3B

π3
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−
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−

σ θ
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Baryonic
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LS
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0
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Can this be a more general 
phenomenon? 

H =
X

i

↵1
i (Si · Si+1) + ↵2

i (Si · Si+1)
2 + . . .+ ↵2S

i (Si · Si+1)
2S

Chains with spins S > 1: (V. L. Quito, J. A. Hoyos, E.M., arXiv:1512.04542) 

•  Conventional random singlet phases with SU(2S+1) symmetry: only 
spin pairs (mesons), ψ = ½ ,…  

•  Phases with ψ = 1/3, but no emergent higher symmetry.  

Can we find baryonic phases (more than two spins per 
singlet) with emergent symmetries? 



Can this be a more general 
phenomenon? 

But S = 1 is also the fundamental representation of SO(3). 
•  So instead of 

 SU(2) with S=1 → SU(2) with S > 1 
 
•  we tried 

 SO(3) → SO(N) (with the fundamental repres.) 
 
(V. L. Quito, P. L. S. Lopes, J. A. Hoyos, E.M., in progress) 



Can this be a more general 
phenomenon? 

•  Most general SO(N) invariant Hamiltonian. 
•  Lab generates rotations is the ab plane 

Lab |b i = i |a i
Lab |a i = �i |b i
Lab |c i = 0 c 6= a, b

HSO(N) =
X

i

"
Ji

X

a<b

Lab
i Lab

i+1 +Di(
X

a<b

Lab
i Lab

i+1)
2

#

Note that SO(5) symmetry can be realized in S=3/2 fermionic cold atoms 
(C. Wu PRL 95,155115 (2005)) 



Emergent SU(2N+1) in SO(2N+1) chains 

The case of SO(2N) is more involved and is still in progress… 

Baryonic phase with ψ = 1/(2N+1) and emergent SU(2N+1) symmetry  

SO(5) case 



Conclusions 

•   Infinite effective disorder in spin-1/2 and spin-1 chains. 
•   Emergence of SU(3) symmetry in an SU(2)-invariant system: 

Hadrons in condensed matter physics. 
•  Emergence of SU(2N+1) symmetry in SO(2N+1) chains: 

     Composite singlets with 2N+1 constituents. 


