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The inflationary paradigm

Single field inflationary models,  
the power spectrum and the Lyth bound

CMB & the Planck data release 2013-15

Polarization of the CMB and primordial 

Lecture 3: Outline 



The  
inflationary 

paradigm



Where do the ripples come from?  
why is the universe flat,  

homogeneous & isotropic ?

I N F L A T I O N

EARLY PHASE OF EXPONENTIAL EXPANSION



Inflation: driven by a 
scalar field
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Scalar Field in Cosmology



Einstein’s Equations for a 
homogeneous scalar field
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BUT it is a quantum field !

δϕ =
H

2π

φ = ϕc + δϕ

Apart for the classical motion, there are fluctuations:

In an inflationary (de Sitter) phase these are given by 

They remain imprinted in the metric and 
are stretched to cosmological scales !!!



φ = ϕc + δϕ

in an inflationary (de Sitter) phase the field equation is 

Scalar field in de Sitter
For the quantum fluctuation of the field

In conformal time & Fourier space, rescaling the field, one has
t ! � = �1/aH

Usually the potential term is negligible and 
a00
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Harmonic oscillator with negative time-dependent mass !
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Scalar field in de Sitter

a
a aInitial conditions for  

as in Minkowski

Bunch-Davies vacuum

� ⌧ 1/H (k � aH)

Later on for
� � 1/H (k ⌧ aH)

the dominant solution
is the growing mode 

uk / a
! �'k = constant

Physical scale

Initial condition
for late

Quantum to classical transition



Primordial power spectrum

In the simplest models the power spectrum is gaussian.

Scale of 
inflation



Single field 
inflationary 

models



Inflation: driven by a 
scalar field
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Simple monomial models
Consider the simplest possible scalar field potential:

Then the slow-roll parameters are simply:           

Need large field values to realize slow roll:                       .   � >> MP
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So naturally large N !



Simple monomial models
The scalar power spectrum is then given by

Therefore to have fluctuations at the order 0.00001 we need

The spectrum of gravitational waves is instead given by
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⇥N

6⇤2�
M��4

P (2�N)�/2

⇥ ⇠ 10�10M4��
P

6⇤2�

N(2�N)�/2

red-tilted

Pgrav =
⇥

6⇤2
M��4

P (2�N)�/2 ngrav = � �

2N

n� 1 = ��+ 2

2N

satisfying the consistency relation r =
Pgrav

PR
= 16⇥ =

4�

N



The Lyth bound
The power spectrum of the gravitational waves gives
fundamental informations on the inflationary model:

V 1/4 ⇠
⇣ r

0.01

⌘1/4
1016 GeV Scale of inflation

Lyth bound on 
the field change
during N e-folds
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If the tensor-to-scalar ratio is in the measurable range,
the inflaton range was of the order of the Planck scale.



The Lyth boundZaldarriaga, Ferrara 2014



Inflation: driven by a 
scalar field φ

Can the Higgs do the job ? It seems a pretty obvious choice, 
it is the only scalar in the SM with a simple           potential !��4

Unfortunately it does not work...: the normalization of the
spectrum requires a coupling of the order                   . � ⇠ 10�13

But this holds only for a field minimally coupled to gravity !

From the LEP Higgs searches we know that the Higgs mass is 
larger than 114 GeV, so the coupling has to be larger than               
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Higgs Inflation
Couple the Higgs field non-minimally to gravity:

[Bezukov & Shaposhnikov 09]
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2
⇥2R

The term combines with the usual Einstein-Hilbert term  
and changes the strength of gravity at large field:

At large field values all the mass scales are proportional to  
the field and this can be “rescaled” away >> flat direction !
Indeed in the Jordan frame (via conformal transformation)                                                             

g̃µ� =

✓
1 +

�⇥2

M2
P

◆
gµ�

(Meff
P )2 = M2

P + � ⇥2

d⇤

d⇥
=

1

�

s

1 +
6�2⇥2

�2M2
P



Higgs Inflation
In the redefined canonically normalized field the potential is:

[Bezukov & Shaposhnikov 09]



Higgs Inflation
Inflation is possible, BUT 

[Bezukov & Shaposhnikov 09]

the normalization of the CMB power spectrum 
requires 
 
Very large non-minimal coupling to gravity !

 connection to the Higgs coupling and therefore the 
Higgs mass as well by requiring consistency to the 
inflationary scale:  
... now a bit on the boundary due to Higgs mass !

Possible trouble: unitarity bound saturated at a scale 
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Higgs Potential at M_Pl?
[Buttazzo & al. 14]



Higgs Potential at M_Pl?

Froggatt-Nielsen ’70
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