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(2D) Ising Field Theory = scaling limit of the (2D) lattice Ising

model in a magnetic field H ̸= 0, near its ferromagnetic critical

point, T → Tc, H → 0, as Rc/a→ ∞.
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• Defines 2D Euclidean quantum field theory

• At the critical point – Scale invariant → Conformal Field Theory.

Ising CFT := ”Minimal Model” M3/4 (c = 1/2) = Free massless

Majoranas (Onsager, 1944)
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• Away from the critical point – massive QFT. Of interest in:

⋆ Stat-Mech: Universality class of 2D Curie transition, and liquid-

vapor critical point (Determines universal scaling functions, cor-

relation functions, ...)

⋆ Hep -Th: Massive QFT ⇒ Particle theory (Mass spectrum of

stable particles, resonance states, S-matrix)

IFT depends on one dimensionless parameter η (explained shortly)

⇒ one-parameter family of particle theories. Toy model for a

number of interesting phenomena, such as ”quark confinement”,

first-order transition, false vacuum decay, resonance states, etc.
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Masses Mn(η), the functions of certain parameter of the theory:

(from numerical analysis)
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Why interesting?

1. Laboratory experiment
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R. Coldea D. A. Tennant E. M. Wheeler, E. Wawrzynska, D.
Prabhakaran, M. Telling, K. Habicht, P. Smeibidl, K. Kiefer,
2010

Ĥ = −
∑
n

[
σznσ

z
n+1 +∆σxn

]
−H

∑
n
σzn

Quantum critical point at ∆ = 1, H = 0. IFT emerges in the
scaling limit ∆ → 1, H → 0 with the ratio

η ∼ (∆− 1)/H
8
15

kept fixed.

.
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2. ”Understanding” a QFT:

At generic η IFT is non-integrable - no analytic solution exists,

nor is expected (except for few special Integrable points in the

parameter space)

How much one can hope to ”understand” a full-fledged, non-

perturbative, non-integrable, (not even supersymmetric!) QFT?
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I will discuss some features with data obtained by

• Numerical analysis (TCSA)

• Integrable QFT (integrable points)

• Interpolation between integrable points

• Special cases of resonance states accessible through

”integrability”
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IFT: RG flow out of the fixed point M3/4

AIFT = Ac=1/2 CFT +
m

2π

∫
ε(x) d2x + h

∫
σ(x) d2x ,

ε(x) with (∆, ∆̄) = (1/2,1/2) (”energy density”);

m ∼ Tc − T ∼ ∆− 1

σ(x) with (∆, ∆̄) = (1/16,1/16) (”spin density”);

h ∼ H

Apart from overall scale, the theory depends on a single dimen-

sionless parameter

η =
m

|h|
8
15

∼
Tc − T

H
8
15

.

Generally [i.e. except for (m,h) = (0,0)] IFT is massive.
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Qualitative picture (”McCoy-Wu scenario”)

• h = 0. Onsager’s theory: IFT = Free Majorana fermions

A =
∫ [

ψ∂z̄ψ+ ψ̄∂zψ̄+ imψψ̄
]
d2z ⇒ Free particles of massM1 = |m|

The spin field σ is ”semilocal” w.r.t. the fermions. The h = 0

theory has two regimes:

m < 0 (”High-T” regime): Single vacuum ⟨σ ⟩ = 0, free particle

of mass |m| = excitation over the vacuum; m ∼ (Tc − T )/a.

m > 0 (”Low-T” regime): Spontaneous breaking ⟨σ ⟩ = ± σ̄, free

particle = kink interpolating between the two vacua.

• Low-T: Adding a weak magnetic field h ⇒ confining attraction

between the kinks (analogous to quarks) ⇒ Tower of ”mesons”

(stable and resonances).
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+
−

h=0,  m>0 h=/=0

Adding h generates area-law interaction e−hσ̄Area

Spin-spin correlation function ⟨σ(x1)σ(x2) ⟩
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h=0,  m>0 h=/=0
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”McCoy-Wu scenario” (1978): The mass spectrum interpo-

lates between the infinite tower of ”mesons” at η → +∞ (Low-T

regime) and one stable particle at η → −∞ (High-T regime).

E.g. for G(k2) = f.t.⟨σ(x)σ(0)⟩ (k2 = ω2 − p2)

ooη =

η >>1

η ≅ 1

η = 0

η = −oo
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Particle masses Mn (measured in the units of |h|8/15), as the func-

tions of η. Numerical results (via TCSA), and exact mass spec-

trum at integrable point η = 0.
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I will refer to the stable particle as An, and their masses (measured

in the units of |h|8/15) as Mn =Mn(η).

Questions one may ask:

What happens to the particle masses when they leave the spec-

trum of stable particles? (→ resonances?)

The resonance states may also disappear. How this happens?

Analytic continuations of Mn(η) as the functions of η?
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It is useful to discuss in terms of the elastic A1 + A1 → A1 + A1

scattering amplitude S(θ), defined as usual

| A1(θ1)A1(θ2)⟩in = S(θ1 − θ2) | A1(θ1)A1(θ2)⟩out+
+ inelastic terms

θ1, θ2 - rapidities: (ωi, pi) = (M1 cosh θi,M1 sinh θi);

s = E2
CM = 4M1 cosh2(θ/2).

• S(θ) is analytic in the θ-plane with the branching singularities at

θ = ± θX + iπZ, associated with the inelastic thresholds

A1 +A2 → X
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In complex α-plane (α = −iθ)

Imα

1/S*

S*

S*

1/S*

Reα0 π

S

1/S S

1/S

−π

S(θ) satisfies

S(θ)S(−θ) = 1 , S(θ) = S(iπ − θ)

and hence periodicity,

S(θ) = S(2πi+ θ) .

One can limit attention to the strip −π < ℑm θ < π (”Principal strip”).
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Poles

S(θ) may have poles in the Principal Strip. As (θ)S(−θ) = 1, any

pole at α = αp has an associated ”mirror” zero at −αp, and vice

versa. I will call

”Physical Strip” (PS): 0 < ℑmθ < π. Poles in PS correspond

to stable particles (s-channel, or u-channel). There can be no

complex poles in PS.

”Mirror Strip” (MS): −π < ℑmθ < 0. Poles in PS are manifested

as ”mirror” zeros in the MS. Real poles in MS are ”anomalous

thresholds”, complex poles are resonance states.
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Possible patters of poles • and zeros ◦ on the principal sheet
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Residues

S(s) ≃
rp

s−M2
p
, S(θ) ≃

irp

θ − iαp
,

Mp = 2M1 cos
αp

2
.

Stable particle – real αp ∈ PS, and positive rp. The cross-channel

poles

S(s) ≃
rp

4M2
1 − s−M2

p
, S(θ) ≃ −

irp

θ − iα̃p
, α̃p = π − αp

have negative residues.

Many particle theories (including the one associated with IFT)

have ”φ3 property”: A1 appears as a ”bound state pole” in A1A1

scattering ⇒ Fixed-position poles at

α1 = 2π/3 , α̃1 := π − α1 = π/3 .

Resonances appear as complex poles in the MS.
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Integrable points of IFT

(a) η = −∞ (h = 0, m < 0) Free particle A1, of mass M1 = −m

S(θ) = −1 .

Trivial pattern - no poles, no zeros.

(b) η = 0 (h ̸= 0, m = 0). There are eight particles A1, A2, ...,

A8, with purely elastic S-matrix (”E8 structure”).

(M1,M2, ...,M8) ≃ Perron-Frobenius vector of C(E8)

For A1A1 → A1A1

S(θ) =
sinh θ+ i sin(2π/3)

sinh θ − i sin(2π/3)

sinh θ+ i sin(2π/5)

sinh θ − i sin(2π/5)

sinh θ+ i sin(π/15)

sinh θ − i sin(π/15)
.

Three pairs of poles αp, α̃p = π − αp in PS

α1 =
2π

3
, α2 =

2π

5
, α3 =

π

15
.

correspond to A1, A2, A3 (A4, ...,A8 appear as poles in higher

amplitudes)
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Re α

Im α

α1α2α3

η = 0.00
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Suppose we start with η = 0, and then change this parameter to

negative values, all the way down to −∞. How the complicated

pattern at η = 0 evolves into the trivial one corresponding to the

free theory η = −∞?
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Small nonzero η: Perturbation theory in m

AIFT = Ac=1/2 CFT + h
∫
σ(x) d2x +

m

2π

∫
ε(x) d2x .

• Mn(η) =M
(0)
n +M

(1)
n η+ ...

From Mp/M1 = 2 cos(αp/2)

α2 =
2π

5
+ α

(1)
2 η+ ... , α3 =

π

15
+ α

(1)
3 η+ ... ,

α
(1)
2 = 0.378325... , α

(1)
3 = 1.35226... ,
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When η becomes small negative both α2 and α3 move to the left

...

Reα

α1

Imα

α2α3

α4

α5

α4
∗

α5
∗

η = −0.08
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Particle masses Mn (measured in the units of |h|8/15), as the func-

tions of η.
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At certain η3 ≈ −0.138 α3 leaves PS, and enters MS. A3 disap-

pears as a stable particle

Reα

α1α2α3

Imα

(c)

η = −0.27
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At η12 ≈ −0.477 α2 crosses π − α1 = π/3. Simultaneously, α3
must cross −π/3, which happens when M2/M1 =

√
3. I.e.

η12 : M3/M1 =M2/M1 =
√
3

Reα

α1α2α3

Imα

(d)

η = −0.49
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B3 < −1 (α3 is complex) at η < η33 ≈ −0.55
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At η33 ≈ −0.51 the poles α3 and −π − α3 collide at −π/2, and

become complex poles

Reα

α1α2

α3

α3*

Imα

(a)

η = −0.94
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At η → η2 +0, η2 ≈ −2.08 the pole α2 approaches zero

Reα

α2 α1

Imα

(b)

η = −1.87
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And at η < η2 it crosses into MS. A2 disappears from the spectrum,

so that below η2 only A1 is left.

Reα

α2

Imα

α1

(c)

η = −2.29
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At η → −∞

Reα

α2 α1

Imα

(d)

η = −4.35
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Pure imaginary h at m < 0.

IFT remains ”real” at pure imaginary h, below the Yang-Lee sin-

gularity

ξ2 ≡ h2/(−m)15/4 > −ξ20 ≈ −0.035846

ξ 0i

ξ 0−i
YL

YL*

h/(−m)
15/8ξ=

.

ξ2

2ξ 0

(a)
−

−

ξ2 = 1/(−η)15/4
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• YL = critical point. CFT = M2/5, with c = −22/5 (J.Cardy,

1985),

M1 ∼ (ξ2 + ξ20)
5/12
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• Integrable at ξ2 → −ξ20, with one particle, and

S(θ) =
sinh θ+ i sinα1
sinh θ − i sinα1

, α1 =
2π

3
.

(J. Cardy, G. Mussardo, 1989)
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Reα

α1α2

Imα

(b)
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Reα

α1

α2

α2
*

Imα

(c)
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Reα

α1

α2
*

α2

Imα

(d)

SYL(θ) =
sinh θ+ i sin 2π/3

sinh θ − i sin 2π/3
.
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Resonances

As η decreases from 0 to −∞, first A3, and then A2, become

resonances. But there are many more resonances ...

• η = 0: Eight stable particles, with M4,M5, ...,M8 > 2M2. At

η ̸= 0 integrability is violated ⇒ decay channels open

Perturbation theory in η: An → AmAk decay amplitude ∼ the

form-factor

⟨An(0) | ε(0) | Am(θ1)Ak(θ2) ⟩ ̸= 0

ε

ε

A4

A1

A1

A5

A1

A1

εA5

A1

A2

40



A4 A4

A1

A1

Γ4 ε ε

ε εΓ5
A5 A5

A1

A1

ε ε
A5

A1

A2

A5

=

=

Γ4 = (0.047587 η2)M1 , Γ5 = (0.011000 η2)M1 ,

( G. Delfino, P. Grinza, G. Mussardo, 2005).

Away from η = 0 all five ”heavy” particles A4, A5, ..., A8 become

resonances.
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What happens to A4, A5, ..., A8 when η decreases from zero?

• ”Experimental” observation: Some of the resonances, e.g. A5

(but not A4), remain very narrow when η is not too far from zero

(As seen from numerics). Why?

• At η = 0Mn are given by components of Perron-Frobenius vector

of the cartan matrix of E8, e.g.

A2 : M2 = 2M1 cos
π

5
= 1.61803 M1

A3 : M3 = 2M1 cos
π

30
= 1.98904 M1

A3 can be understood as weakly coupled A1A1 bound state

ε2 ≡ 2M1 −M3 = 4M1 sin2
π

60
≈ 0.0109562 M1
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Then one expects to have three- and four- and multi-particle

bound states:

In 1+1, particles in weakly bound states are well approximated by

non-relativistic QM with δ-function attraction:

Ĥ = −
k∑
i=1

d2

dx2i
− u

∑
i<j

δ(xi − xj) , u > 0

∃ k-particle bound states with the binding energies

εk ≃
k3 − k

3!
ε2 .

At small η, one then expects to have particles with the masses

close to 3M1, 4M1, etc - weakly bound states of 3, 4, etc particles

A1.
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Indeed, we have

M5 = 4M1 cos
π

5
cos

2π

15
= 2.95629 M1 = 3M1 − small

M7 = 8M1 cos2
π

5
cos

7π

30
= 3.89115 M1 = 4M1 − small

M8 = 8M1 cos2
π

5
cos

2π

15
= 4.78338 M1 = 5M1 − small
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3M1 −M5 = 0.043704 M1 , ε3 = 0.043824 M1 ,

4M1 −M7 = 0.108843 M1 , ε4 = 0.109562 M1 ,

5M1 −M8 = 0.216613 M1 , ε5 = 0.219124 M1 .

Here M5, M7, M8 are exact, but εk are given by the approximation

εk =
k3 − k

3!
ε2 .

Remarkably, the PF vector of C(E8) ”knows’ about weakly inter-

acting particles!

• At η = 0 there are weakly coupled multi-particle bound states

A3 = (A1A1) , A5 = (A1A1A1) ,

A7 = (A1A1A1A1) , A8 = (A1A1A1A1A1)
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Predictions:

• When η is small negative, the ”binding energy” of A3

ε2 ≡ 3M1 −M3 = 4M1 sin2
α3
2

becomes even smaller ⇒ A5, A7, A8 (now resonances) are even
better approximated as the weakly coupled 3, 4, 5 particle bound
states.

The approximation

M5 = 3M1 − ε3 , M7 = 4M1 − ε4 , M8 = 5M1 − ε5

is expected to work even better. Also, the imaginary parts (Γn =
−ℑmMn) are expected to be small

Γ5 , Γ7 , Γ8 ∼ ε22

(Analog of tetra-quark and higher exotic states in QCD?)

• At η < η3 the resonances A5, A7, A8 disappear (poles leave the
principal sheet)

These predictions are well consistent with numerical data.
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Q:

• What about six-, seven-, and higher multi-particle bound states

at small η? ε5 ≈ 0.219 M1 ∼M1

Interference with another particle channels? At η = 0

6M1 − ε6 ≈ 5.617 M1 , M4 +M6 ≈ 5.623 M1

• What about ”missing” resonances A4 and A6?

At η = 0

M4 = 4M1 cos
π

5
cos

7π

30
= 2.404867 M1 ,

M6 = 4M1 cos
π

5
cos

π

30
= 3.218340 M1
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As η approaches η2

2M1 −M2 = 4M1 sin2
α2
2

becomes small. Now A2 becomes weakly coupled (A1A1), and

again, one expects to see weakly-coupled multi-particle bound

states. It is plausible that as η → η2 +0

A4 ≈ (A1A1A1) , A6 ≈ (A1A1A1A1)
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There may be many more resonances

(a) Do not stem from any stable particles at integrable points

(b) Wide (Γ > M1)

(c) High energy (M̄ >> M1)

Because of (b) and (c) - difficult/impossible to extract from ex-

isting numerics.

Requires data about high energy scattering (hep-th)...
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Open questions and directions:

• Evolution of poles at η > 0. How E8 spectrum evolves into

infinite tower of ”mesons” at η → +∞?

• Fate of resonances

• Analytic continuation towards Yang-Lee critical point (at pure

imaginary h).
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• Who is gonna to win today?
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