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We uncover a novel mechanism for inducing a gapful phase in interacting many-body quantum chains. The
mechanism is nonperturbative, being triggered only in the presence of both strong interactions and strong
aperiodic (disordered) modulation. In the context of the critical antiferromagnetic spin-1/2 XXZ chain, we
identify an emerging dimerization, which removes the system from criticality and stabilizes the novel phase.
This mechanism is shown to be quite general in strongly interacting quantum chains in the presence of strongly
modulated quasiperiodic disorder, which is, surprisingly, perturbatively irrelevant. Finally, we also characterize
the associated quantum phase transition via the corresponding critical exponents and thermodynamic properties.
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I. INTRODUCTION

The presence of quenched disorder in noninteracting quan-
tum systems may lead to localization phenomena both in the
case of random elements, as in the Anderson model [1], and
of deterministic quasiperiodic modulation, as in the Aubry-
André model [2]. Recently, in the context of many-body
localization [3– 5], the interplay between interactions and
deterministic disorder has gained renewed interest both from
the theoretical point of view [6– 9] and from its experimental
realization in ultracold atom systems [10– 13].

These studies usually deal with translational-symmetry
breaking introduced by an incommensurate potential. In con-
trast, here we consider the effects of aperiodic modulation
introduced in the exchange couplings. We show that, for a
certain class of coupling arrangements, the ground state is de-
localized for weak interactions even in the strong-modulation
limit, but sufficiently strong interactions induce a novel zero-
temperature transition to an emergent aperiodic dimer phase
with localized low-energy excitations.

For concreteness, we focus on the spin-1/2 XXZ chain
defined by the Hamiltonian

H =
L−1∑

i=1

Ji

(
Sx

i Sx
i+1 + S

y
i S

y
i+1 + !Sz

i S
z
i+1

)
, (1)

in which S
x,y,z
i are spin-1/2 operators and we assume antifer-

romagnetic couplings Ji > 0 with an easy-plane anisotropy
−1/

√
2 < ! ! 1. Via a Jordan-Wigner transformation, it is

well-known that (1) also describes one-dimensional spinless
fermions with hopping amplitude ∝Ji and interaction strength
∝ Ji!. Thus we will also refer to the anisotropy parameter !
as the interaction strength.

In the thermodynamic limit, the ground state of the uni-
form (clean) system (Ji ≡ J ) is critical and low-energy ex-
citations are described as a spin (Luttinger) liquid with a
dynamical critical exponent zclean = 1. It is perturbatively
unstable against dimerization (i.e., alternating couplings Ji ≡
[1 + 1

2 (−1)iδ]J , with a dimerization strength δ), which pro-

duces an energy gap !E ∼ |δ| above the ground state and
a finite correlation length diverging as ξ ∼ |δ|−ν for δ → 0
with a critical exponent [14,15] ν = 2(π − arccos !)/(3π −
4 arccos !).

The clean critical system is also perturbatively unstable
against random disorder (i.e., couplings Ji independently
chosen from a probability distribution with a nonzero width
δJ ), as dictated by the Harris criterion [16,17]. However,
there is no energy gap and the Luttinger liquid is replaced
by a random-singlet spin liquid whose low-energy physics is
governed by a critical infinite-randomness fixed point with
an infinite dynamical critical exponent [18,19]. Introducing
correlations between the random couplings can either slightly
change the critical behavior of the infinite-randomness fixed
point [20] or stabilize a line of finite-disorder critical points
along which the dynamical exponent remains finite but larger
than one [21,22].

The effects of deterministic disorder are expected to be
similar. Indeed, for perturbatively relevant geometric fluctu-
ations, the ground state of the clean system is replaced by a
critical self-similar version of a random-singlet state with an
infinite dynamical exponent, just as for uncorrelated random
disorder [23,24]. For marginally relevant geometric fluctu-
ations, on the other hand, the dynamical exponent remains
finite but larger than one, just as for the line of finite-disorder
fixed points appearing in correlated random aperiodicity.

However, the case of perturbatively irrelevant deterministic
disorder has not been previously studied in detail. Evidently,
for weak modulation r of the aperiodic couplings the sys-
tem still corresponds to a critical Luttinger liquid. In this
paper we show that, surprisingly, increasing r beyond the
perturbative limit (r > rc) induces the opening of an energy
gap in the spectrum, as depicted in Fig. 1. To the best of
our knowledge, this is the first verification that an aperiodic
perturbation (random or deterministic) induces such an effect
in a critical system. Furthermore, this effect is only possible
in the presence of sufficiently strong interactions (anisotropy
parameter ! > !∗). Finally, we show that this gap is related
to an emergent dimerization of effective couplings in the low-
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Anderson localization
Anderson, Phys. Rev. 109, 1492 (1958)

In 1d isolated systems, single-particle states under a random
potential {λj} are (exponentially) localized for any amount of
disorder. There is no diffusion in the absence of a thermal bath.

H = t
L

∑
j=1

(
c†

j cj+1 + c†
j+1cj

)
−

L

∑
j=1

hjnj , nj ≡ c†
j cj

Figure taken from Billy et al., Nature 453, 891 (2008).
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Interacting fermions in 1D

H = t
L

∑
j=1

(
c†

j cj+1 + c†
j+1cj

)
−

L

∑
j=1

hjnj −V
L

∑
j=1

(
nj − 1

2
)(

nj+1− 1
2
)

Mapping fermions to spins via the Jordan–Wigner transformation:

H = J
L

∑
j=1

(
Sx

j Sx
j+1 + Sy

j Sy
j+1 + ∆Sz

j Sz
j+1

)
−

L

∑
j=1

hjSz
j (J ∝ t, J´ ∝ V )
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The quantum XXZ chain with bond disorder

We focus on systems described by the following Hamiltonian:

H =
L

∑
j=1

Jj
(

Sx
j Sx

j+1 + Sy
j Sy

j+1 + ∆Sz
j Sz

j+1

)

The anisotropy parameter ∆ gauges the fermion-fermion
interactions; we study the cases ∆ = 0 (XX chain,
noninteracting) and ∆ = 1 (Heisenberg chain).
We assume Jj > 0 (antiferromagnetic couplings).
Low-energy behavior strongly depends on how {Jj} is chosen.
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Uniform chain

H = J
L

∑
j=1

(
Sx

j Sx
j+1 + Sy

j Sy
j+1 + ∆Sz

j Sz
j+1

)
, (J > 0, 0≤∆≤ 1)

Néel state (· · · ↑↓↑↓↑↓ · · ·) is not an eigenstate;
~S2j →−~S2j ⇒

[
Sx

2j ,S
y
2j

]
=−iSz

2j 6= iSz
2j

Ground state is a critical singlet (L even)
Total spin: ~S =~S1 +~S2 + · · ·+~SN ; ~S2 |Ψ0〉= 0

〈
Sα

j Sα
j+r
〉

0 ∼
(−1)r

rηα
; E1−E0 = 0, ηα = ηα (∆)
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Alternating bonds: enforced dimerization

Jj = J
[
1+ δ (−1)j

]
> 0, 0≤∆≤ 1

|©〉= 1√
2 (|↑↓〉− |↓↑〉)

Noncritical ground state
Nonzero gap to (extended) lowest excited states:

∆E ∼ |δ |ν , ν = ν (∆) =
2(π−arccos∆)

3π−4arccos∆
,

Ground-state correlations:
〈
~Sj ·~Sj+r

〉
0
∼ exp(−r/ξ ).

André P. Vieira MBL and emergent dimerization



Breaking translation symmetry

Randomness: bonds chosen (independently) from a probability
distribution P (Ji ).
Deterministic aperiodicity (quasicrystals)
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1D analogues of quasicrystals

Slope angle θ :

tanθ =
1+
√
5

2 .

Substitution (inflation) rules

Fibonacci :

{
a→ ab
b→ a abaababaabaab . . .

Gives rise to an aperiodic sequence of bonds Ja and Jb.
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Weak disorder: the Harris–Luck criterion
Harris, J. Phys. C 7, 1671 (1974); Luck, EPL 24, 359 (1993)

In the context of the antiferromagnetic XXZ chain, the
criterion involves the fluctuations of εj = J2j −J2j−1.
Assuming that these fluctuations grow with the system size L
as

GL ∼ Lω ,

with some “wandering exponent” ω, disorder will be
perturbatively relevant if

ω >max
{
0,1− (dν)−1

}
= 0 (d = 1, 0≤∆≤ 1) .

For randomness, ω = 1
2 : weak disorder is relevant.

For deterministic aperiodicity, ω depends on the substitution
rule, and can be gauged independently of the modulation
strength r = 1−Ja/Jb.
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Strong disorder
Real-space strong-disorder renormalization group (SDRG)

Ma, Dasgupta and Hu (1979); D. S. Fisher (1994)

H = ∑
j

Jj~Sj ·~Sj+1, Jj > 0

H0 = J0~S1 ·~S2

Hloc = H0 + Jl~Sl ·~S1 + Jr~S2 ·~Sr

(kBT � J0)

H ′loc = J ′~Sl ·~Sr , J ′= 1
2 ·

JlJr
J0

For the XXZ case (0≤∆≤ 1) a similar relation holds, but ∆ is
also renormalized.
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Strong disorder: Fibonacci bonds
APV, PRL 94, 077201 (2005); PRB 71, 134408(2005)

Geometric fluctuations for XXZ chain with Fibonacci bonds:

GL ∼ lnL, formally ω = 0+→weak disorder is marginal .

Effective parameters of the SDRG scheme:

J ′ = 1
1+ ∆0

· JlJr
J0
≡ γ2(∆0)

JlJr
J0

, ∆′ =
1+ ∆0

2 ∆l ∆r

Bonds Ja and Jb, assuming ρ = Ja/Jb � 1:

J ′a = γ
2
2

J3
a

J2
b
, J ′b = γ2

J2
a

Jb
, Ω∼ Jb

Iterating n times reveals gapless excitations in the T.L.:
Ωn ∼ r−ζ (ρ)

n exp
(
−µ ln2 rn

)
XX chain→ µ = 0
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Strong disorder: Fibonacci bonds
APV, PRL 94, 077201 (2005); PRB 71, 134408(2005)

Low-temperature thermodynamic behavior
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Strong disorder: deterministic aperiodicity
APV, PRL 94, 077201 (2005); PRB 71, 134408(2005)

For bonds chosen from substitution rules with ω > 0
(perturbatively relevant) and no average dimerization
(J2j−1 = J2j), length and energy scales are related by

Ω∼ exp(crω ) .

Discrete characteristic length and energy scales.
Distinction between average and typical behavior.
Asymptotically (long lengths, low energies) valid also for weak
initial modulation.

What about perturbatively irrelevant bond sequences?
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Deterministic aperiodicity
Perturbatively irrelevant bond sequences: APV and Hoyos, PRB 98 104203 (2018)

Large family of substitution rules with ω = 0 and no average
dimerization (J2j−1 = J2j).
Representative example:

aa → aabaab ab ba
ab → aabaab
ba → ab baaaab ba

.

Harris–Luck criterion predicts weak modulation to be
irrelevant; confirmed by bosonization approach.
What about strong modulation?
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Deterministic aperiodicity
Perturbatively irrelevant bond sequences: APV and Hoyos, PRB 98 104203 (2018)

For strong modulation, SDRG can be used.

1 25 28 31 38

J ′l ,r = γ3(∆0)Jl ,r

∆′l ,r = δ3(∆0)∆l ,r

Which are now the ‘strongest’ bonds?
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Deterministic aperiodicity
Perturbatively irrelevant bond sequences: APV and Hoyos, PRB 98 104203 (2018)

For strong modulation, SDRG can be used.

1 25 28 31 38

Applying SDRG in the noninteracting XX limit (∆ = 0), an
effective uniform chain is produced → both weak and strong
modulation are irrelevant.
This is confirmed by free-fermion calculations for large
systems, with L' 105 sites.
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Emergent dimerization
Perturbatively irrelevant bond sequences: APV and Hoyos, PRB 98 104203 (2018)

In the interacting Heisenberg limit, SDRG yields
1 25 28 31 38

38 216112 121 138 148 20628

9 13 19 28 35 41 51 57 67 77

54 634738312516115 73 80

...
...

Alternating weak and strong effective couplings: emergent
dimerization.
Strong couplings are all equal to each other; weak couplings
form an aperiodic sequence with wandering exponent ω = 1

2 .
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Emergent dimerization
Perturbatively irrelevant bond sequences: APV and Hoyos, PRB 98 104203 (2018)

In the interacting Heisenberg limit, SDRG yields
1 25 28 31 38

38 216112 121 138 148 20628

9 13 19 28 35 41 51 57 67 77

54 634738312516115 73 80

...
...

Low-energy effective Hamiltonian:

H̃ = J̃strong

`/2

∑
j=1

~S2j−1 ·~S2j +
`/2−1

∑
j=1

J̃j~S2j ·~S2j+1.
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Emergent dimerization
Perturbatively irrelevant bond sequences: APV and Hoyos, PRB 98 104203 (2018)

Low-energy effective Hamiltonian in the Heisenberg limit:

H̃ = J̃strong

`/2

∑
j=1

~S2j−1 ·~S2j +
`/2−1

∑
j=1

J̃j~S2j ·~S2j+1.

If J̃j = 0, the ground state and the lowest-lying excitations are

|Ψ0〉= |s〉1,2⊗|s〉3,4⊗|s〉5,6⊗·· ·⊗ |s〉`−1,` ,

|j ;Sz〉=

(⊗
i 6=j
|s〉2i−1,2i

)
⊗|t;Sz〉2j−1,2j ,

in which |s〉2j−1,2j is a singlet state between effective spins at
2j−1 and 2j , while |t;Sz〉2j−1,2j is one of the triplet states.
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Emergent dimerization and localization
Perturbatively irrelevant bond sequences: APV and Hoyos, PRB 98 104203 (2018)

For J̃j 6= 0, perturbation theory yields an effective Hamiltonian
for the lowest-energy many-body band, describing the hopping
of the “triplons” over the dimers:

H̃1-triplon =−1
4

`/2−1

∑
j=1

J̃j (|j ;Sz〉〈j +1;Sz |+ |j +1;Sz〉〈j ;Sz |) .

Are single triplons localized? Participation ratio shows that
they are. This remains true for 2-triplon excitations, whose
effective Hamiltonian is more complicated.

Participation ratio for state k = ∑
j

∣∣ψk,j
∣∣4
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Emergent dimerization and localization
Perturbatively irrelevant bond sequences: APV and Hoyos, PRB 98 104203 (2018)

Inverse participation ratio of 1- and 2-triplon states vanishes for
infinite system size → localization

102 103 104 105

Number of states (related to system size)
10-4

10-3
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In
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1-triplon states
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2-triplon states, Sz = +1
2-triplon states, Sz = +2
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Numerical checks
Perturbatively irrelevant bond sequences: APV and Hoyos, PRB 98 104203 (2018)

DMRG results for the energy gap
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Numerical checks
Perturbatively irrelevant bond sequences: APV and Hoyos, PRB 98 104203 (2018)

DMRG, gap rescaled by SDRG prediction (rc ' 0.13, z ' 1, ν ' 2)
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Cartoon of the phase diagram
Perturbatively irrelevant bond sequences: APV and Hoyos, PRB 98 104203 (2018)

Luttinger liquid: extended; aperiodic dimer: localized at least at
low energies
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Conclusions

Emergent dimerization: Novel mechanism for inducing a
localized gapped phase in interacting quantum many-body
systems.
Single-particle eigenstates are extended even for very strong
disorder; many-body low-energy states are localized for
sufficiently strong disorder and sufficiently strong interactions.
Transition can be studied, and critical exponents obtained.
The transition is driven by both strong interactions and
disorder modulation.
In the fermion context, this is a metal-insulator transition very
distinct from both the Mott and the Anderson transitions,
exhibiting a spectral gap but no charge order.
Perspectives: Thorough numerical check for 0< ∆ < 1;
numerical investigations of the dynamics close to the
transition; high-temperature behavior and connection to
many-body localization.

Work financed by the Brazilian agencies CNPq and FAPESP.
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FFT results
Perturbatively relevant bonds
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FFT results
Perturbatively irrelevant bonds
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Geometrical fluctuations
Perturbatively irrelevant bonds
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Geometrical fluctuations
Fibonacci bonds
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Numerical checks
Perturbatively irrelevant bond sequences: APV and Hoyos, PRB 98 104203 (2018)

QMC calculations with Ja/Jb = 1/10
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