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Contents of the mini-course

® GR and its limits of applicability. Planck scale. Semi-clas sical
approach. Renormalizability in curved space-time.

® Renormalization group. Decoupling: what remains in the IR?
Conformal anomaly and anomaly-induced effective action.
Applications: Starobinsky model.

® Gauge-invariant renormalization in QG. Power counting.
Quantum GR vs Higher derivative QG. Can we live with/without
ghosts? More HD’s and more ghosts. Superrenormalizable QG.

® Alternative approaches: Effective approach to QG and
Induced Gravity paradigm.

® Effective approach in curved space-time. Cosmological
constant problem and running in cosmology.
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Lecture 1. GR and its limits of applicability.
Semi-classical approach.

GR and singularities.

Dimensional approach and Planck scale.

Quantum Field Theory in curved space and its importance.
Formulation of classical fields in curved space.

Quantum theory with linearized parametrization of gravity

Local momentum representation. Covariance.
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Classical Gravity — Newton'’s Law,
- GM; M, . M; M
F12 = _%2 lo or U(r) = —G1—2
5 r

Newton’s law work well from laboratory up to the galaxy scale
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For galaxies one needs, presumably, to introduce a HALO of
Dark Matter, which consists from particles of unknown origi n,

Disk
(Spiral Arms)

Central
Bulge

Schematic Side View of the Galaxy

or modify the Newton’s law - MOND,

F =F(@f,V).
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The real need to modify Newton gravity was because it is not
relativistic while the electromagnetic theory is.

e Maxwell 1868 ... @ Lorentz 1895 ... e Einstein 1905
Relativity: instead of space + time , there is a unique
space-time Mgz, ; (Minkowski space) . Its coordinates are

xt = (ct,x,y,2).
The distances (intervals) are defined as

ds? = c?dt? — dx? — dy? — dz?.
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How to incorporate gravity?
The Minkowski space is flat, as the surface of a table.

GR (A. Einstein, 1915): Gravitation = space-time metric.

® Geometry shows matter how to move.
® Matter shows space how to curve.
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General Relativity and Quantum Theory

General Relativity (GR) is a complete theory of classical
gravitational phenomena. It proved to be valid in the wide ra nge
of energies and distances.

The basis of the theory are the principles of equivalence and

general covariance.

There are covariant equations for the matter (fields and part icles,
fluids etc) and Einstein equations for the gravitational fiel d gu

1
G =R — > Ry, = 8rG T, —AQu -

We have introduced A, cosmological constant (CC) for
completeness.

The most important solutions of GR have specific symmetries.

1) Spherically-symmetric solution. Planets, Stars, Black holes.
2) Isotropic and homogeneous metric. Universe.
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Spherically-symmetric solution of Schwarzschild.

This solution corresponds to the spherical symmetry in the

static mass distribution and in the classical solution.

The metric may depend on the distance  r and time t, but not on
the angles ¢ and 6.

For the sake of simplicity we suppose that there is a point-li ke
mass in the origin of the spherical coordinate system. The
solution can be written in the standard Schwarzschild form

dr?

2
——— —redQ.
1—rg/r rd

ds? — (1— rTg) dt? —

where ry = 2GM.
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Performing a 1/r expansion we arrive at the Newton potential

GM G2M2
r 2r2

o(r) = + ..

Schwarzschild solution has two singularities:
At the gravitational radius  rg =2GM  and at the origin r = 0.

The first singularity is coordinate-dependent, indicating the
existence of the horizon.

Light or massive particles can not propagate from the interi or of
the black hole to an outside observer. The I =rg horizon looks
as singularity only if it is observed from the “safe” distanc e.

An observer can change his coordinate system such that no
singularity at r = rg will be observed.

On the contrary, r = 0 singularity is physical and indicates a
serious problem.
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Indeed, the Schwarzschild solution is valid only in the vacu um
and we do not expect point-like masses to exist in the nature.
The spherically symmetric solution inside the matter does n ot

have singularity.

However, the object with horizon may be formed as a
consequence of the gravitational collapse, leading to the
formation of physical singularity at r=0.

After all, assuming GR is valid at all scales, we arrive at the
situation when the r = 0 singularity becomes real.

Then, the matter has infinitely high density of energy, and
curvature invariants are also infinite. Our physical intuit ion tells
that this is not a realistic situation.

Something must be modified.
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Standard cosmological model

Another important solution of GR is the one for the
homogeneous and isotropic metric (FLRW solution).

dr?
2 _ o gqi2 _ 2 2
ds® = dt as(t) - (1 2 +r dQ)

Here r is the distance from some given point in the space (for
homogeneous and isotropic space-time. The choice of this po int
is not important).  a(t) is the unique unknown function,

k = (0,1,-1) defines the geometry of the space section M3 of
the 4-dimensional space-time manifold ~ M3+1,

Consider only the case of the early universe, where the role o fk
and A is negligible and the radiation dominates over the matter.
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Radiation-dominated epoch

is characterized by the dominating radiation with the relat ivistic
relation between energy density and pressure p=p/3 and
T/ =0. Taking k = A = 0, we meet the Friedmann equation

2 — 887G poag .
3 at’

Solving it, we arrive at the solution
4 1/4
a(t) = (§ . 87er0a3> x Vi,

This expression becomes singular at  t — 0. Also, in this case

the Hubble constant 1

2t
also becomes singular, along with pr and with components of
the curvature tensor.

H=a/a=

The situation is qualitatively similar to the black hole sin gularity.
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- _______________________________
Applicability of GR

The singularities are significant, because they emerge in th e
most important solutions, in the main areas of application o f GR.

Extrapolating backward in time we find that the use of GR leads

to a problem, while at the late Universe GR provides a consist ent
basis for cosmology and astrophysics. The most natural
resolution of the problem of singularities is to assume that

° GR is not valid at all scales

At the very short distances and/or when the curvature become S
very large, the gravitational phenomena must be described b y
some other theory, more general thanthe  GR.

But, due to success of GR, we expect that this unknown theory
coincides with GR at the large distance & weak field limit.

The most probable origin of the deviation from the GR are
guantum effects.
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Need for quantum field theory in curved space-time.

Let us use the dimensional arguments.

The expected scale of the quantum gravity effects is associa ted
to the Planck units of length, time and mass. The idea of Planck

units is based on the existence of the 3 fundamental constant S:

c=3-10%cm/s, h =1.054-10"2?"erg - sec,
G =6.67-10"8cm?®/sec?g.

One can use them uniquely to construct the dimensions of

length Ip = GY?1Y2¢7 %2 ~ 1.4.10 = cm;
time tp = GY2p1/2¢52 ~ 0.7-10"* sec;
mass Mp =G Y2x/2¢Y2 ~ 0.2.107%g ~ 10*° GeV.
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One can use these fundamental units in different ways.

In particle physics people usetoset ¢ =h =1 and measure
everything in GeV. Indeed, for everyday life it may not be nice.

E.g., you have to schedule the meeting “just 10?7 GeV ~! from
now”, but “ 15 minutes” may be appreciated better.

However, in the specific area, when all quantities are (more o r
less) of the same order of magnitude,  GeV units are useful.

One can measure Newton constant G in GeV.
Then G=1/M2 and tp =lp =1/Mp.

Now, why do not we take Mp as a universal measure for
everything? Fix Mp =1, suchthat G = 1. Then everything is
measured in the powers of the Planck mass  Mp.

“20 grams of butter” = “108 of butter”

Warning: sometimes you risk to be misunderstood !!
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Status of QFT in curved space

One may suppose that the existence of the fundamental units
indicates fundamental physics at the Planck scale.

It may be Quantum Gravity, String Theory ...
We do not know what it really is.

So, which concepts are certain?
Quantum Field Theory and Curved space-time definitely are.

Therefore, our first step should be to consider QFT of matter
fields in curved space.

Different from quantum theory of gravity, QFT of matter field sin
curved space is renormalizable and free of conceptual probl ems.

However, deriving many of the most relevant observables is y et
an unsolved problem.
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Formulation of classical fields on curved background
e We impose the principles of locality and general covariance

e Furthermore, we require the most relevant symmetries of a
theory in flat spacetime (specially gauge invariance) in flat
space-time to hold on in the curved spacetime theory.

e |t is also natural to forbid the introduction of new paramete rs
with the inverse-mass dimension.

These set of conditions leads to a simplest consistent quant um
theory of matter fields on the classical gravitational backg round.

e The form of the action of a matter field is fixed except the
values of a few parameters which remain arbitrary.

e The procedure which we have described above, leads to the
so-called non-minimal actions.
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Along with the nonminimal scheme, there is a more simple,
minimal one. According to it one has to replace

O =V N = Gu, 0% —d*xy/—g.

Below we consider the fields with spin zero (scalar), spin 1/2
(Dirac spinor) and spin 1 (massless vector) .

The actions for other possible types of fields (say, massive
vectors or antisymmetric b, , spin 3/2 , etc), can be
constructed using the same approach.
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Scalar field

The minimal action for a real scalar field is

1
S = /d“x V=g { 5 9" 9up Dy — Vmin(‘P)} ’

1 A
where Vi =—-m?? — = o
min () 2 P a1 14
is a minimal potential term. Possible nonminimal structure is
1
Shon—min = 2 /d4X v—9 5‘?2 R.
The new quantity ¢ is called nonminimal parameter.

Since the non-minimal term does not have derivatives of the
scalar field, it should be included into the potential term, a nd
thus we arrive at the new definition of the classical potentia l.
1,2 2 fa
V(p) = -5 (Mm® 4+ €R) * + a7
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In case of the multi-scalar theory the nonminimal term is
/d“x\/—g G PR,

Further non-minimal structures involving scalar are indee d
possible, for example

/R“”aucpa,,cp.

However, these structures include constants of inverse mas S
dimension, therefore do not fit the principles declared abov e.

In fact, these terms are not necessary for the construction o f
consistent quantum theory.
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Along with the non-minimal term, our principles admit some
terms which involve only metric. These terms are convention ally
called “vacuum action” and their general form is the following

Svac = SeH + Sp

1 4
where  Sgy = 6.6 /d Xv/—g {R+2A}.

is the Einstein-Hilbert action with the CC

Shp includes higher derivative terms. The most useful form is

Shp = /d“x«/—g {a1C? + a;E + a30R + a4R?},

where  C%*(4)=R?,,; —2R2;+1/3R?

pvaf
is the square of the Weyl tensorin  n =4,
E = RasR"™* — 4R, sR* + R?

is the integrand of the  n=4 Gauss-Bonnet topological invariant.



In n =4 case some terms in the action
Svac = Sen + Shp
gain very special properties.

Syp includes a conformal invariant sz , topological and surface
terms, [E and [OR.

The last two terms do not contribute to the classical equatio ns
of motion for the metric.

Moreover, in the FRW case [ C? = const and only [R?is
relevant!

However, as we shall see later on, all these terms are important,
for they contribute to the dynamics at the quantum level, e.g .
through the conformal anomaly.

The basis E,C?,R? s, in many respects, more useful than

RZ,.s> R34, R?, and that is why we are going to use it here.
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For the Dirac spinor the minimal procedure leads to the
expression

Sz =i [ d*xy=g (997 Vau ~miv) |

where +* and V, are y-matrices and covariant derivatives of the
spinor in curved space-time.
Let us define both these objects.
The definition of ~* requires the tetrad (vierbein)

eg .evd — g;w ed. eub — nab

) ’u, .

Now, we set v* = e4 +2, where ~? is usual (flat-space) ~-matrix.
The new ~ -matrices satisfy Clifford algebra in curved space-time

VYT + At =29
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The covariant derivative of a Dirac spinor V% should be
consistent with the covariant derivative of tensors. Consi der

i
Vb = 0,9 + EWZbUabw7

wﬁb is usually called spinor connection and
i
oa = 5 (Ya2b — W) -

The conjugated expression is

_ - -
vw:aﬂz;—z@z;wﬁb Oab -

In order to establish the form of the spinor connection, cons ider
the covariant derivative acting on the vector Py .

Vu(l/_”Yaw) = 8#(1/_)’Ya1/)) + FZ&I/_WW-
The solution has the form

Wab _ _Wba —

b aa a ab q)a
: b (e00, e + T5, ene’?) .

N =
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The minimal generalization for massless Abelian vector fiel dA,
is straightforward

S1 = % /d“xﬁFWFW,

where  Fo, = V,A, — V,A, = 9,A, — 0,A, .

In the non-Abelian case we have very similar structure.
Ay — AL FL = Gl =0,A% - 0,A% — gf P ADAC

In both Abelian and non-Abelian cases the minimal action kee ps
the gauge symmetry. The non-minimal covariant terms for spins
1/2 and 1 have inverse mass dimension and the vacuum terms

are the same as before.

Interaction with external gravity does not spoil gauge inva riance
of a fermion or charged scalar coupled to a gauge field. Also,
the Yukawa interaction can be obtained via the minimal

procedure, [ d*x\/=gp1p.



-
SSB in curved spacetime

Consider how the spontaneous Symmetry breaking (SSB)
changes when it is used in curved spacetime.

S = /d“X\/—_g{g“” 0up™ Dup + 1 00 + Ap*9)? — €R<p*<p}-
The vacuum expectation value for scalar is defined from
—0OV + pdv + ERvV — 23 = 0. (1)
If the scalar is minimal ¢ = 0, the SSB is standard and

2
v2 = Ho
0 - .
2
For the general case of a nonzero ¢ and a non-constant scalar
curvature R one meets v(X) # const. Let us look for a solution
in the form of a power series in curvature or, equivalently, i n ¢,

V(X) = vo + vi(X) + va(X) + ...
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In the first order
—0Ovy + p?vy + ERVy — BAVGVy = 0.
The solution of this equation has the form

_ £ Vo __&w
O — 2+ 6Avg O+ 4avg

If one replaces the solution for  v(x) back into the action, the
induced low-energy action of vacuum follows,

Swa = [ d'%v=G {9 v o + G+ R)VE - vt}

with the induced Newton and cosmological constants
1 _ ng ’ /\ind
167 Ging 87 Ging

Vi

= —udv¢ + Avg = —\vg.
On the top of that, we get many non-local terms, e.g.,

1
Sig = /d“xw/_—g {Avg‘ + ERVZ + V2R

_— R}
Orang J
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The quantization in curved space
can be performed by means of the path integral approach.

The generating functional of the connected Green functions
W[J,g,.] is defined as

eWl.gu] — /d¢ei8[¢,g]+i¢J

d® is the invariant measure of the functional integral
and J(x) are independent sources for the fields  ®(x).

® The classical action is replaced by the Effective Action (EA )

r10,9,] = WI(®). 9]~ 3(9) - @, =2,

which depends on the mean fields ¢ and on g,,.

The QFT in curved space, as it is formulated above,
is renormalizable and consistent.
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The main difference with QFT in flat space is that in curved
space EA depends on the background metric, M, 9]

In terms of Feynman diagrams, one has to consider graphs with
internal lines of matter fields & external lines of both matter and
metric. In practice, one can consider g, = M + hW.

o0
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An important observation is that

all those “new” diagrams with h,.. legs have superficial degree
of divergence equal or lower that the “old” flat-space diagra ms.

Consider the case of scalar field which shows why the
nonminimal term is necessary

Q-0 Q-
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In general, the theory in curved space can be formulated as
renormalizable. One has to follow the prescription

St = Smin + Snon.min + Svac .

Renormalization involves fields and parameters like coupli ngs
and masses, & and vacuum action parameters.

Introduction:  Buchbinder, Odintsov & 1.Sh. (1992).

Relevant diagrams for the vacuum sector

All possible covariant counterterms have the same structur eas
Svac = SEH + SHD
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In curved space the Effective Action (EA) depends on metric
Me] = I, 9,

Feynman diagrams: one has to consider grafs with internal
lines of matter fields and external limes of both matter and
metric. In practice, one can consider g, = 1y + Ny

Is it possible to get EA for an  arbitrary background in this way?
Perhaps not. But it is sufficient to explore renormalization !

An important aspect is that the general covariance in the
non-covariant gauges can be shown in the framework of
mathematically rigid Batalin-Vilkovisky quantization sc heme:

® P. Lavrov and [.Sh., Phys. Rev. D81 (2010).

Strong arguments supporting locality of the counterterms f ollow
from the “quantum gravity completion” consideration.

Still, it would be very nice to have an explicitly covariant m ethod
of deriving counterterms at all loop orders.
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-
Riemann normal coordinates.

A.Z.Petrov, Einstein Spaces. (Pergamon Press, 1969).
T.S. Bunch & L. Parker, Phys. Rev. D20 (1979) 2499. + InSpire.

Consider manifold M3, and choose a point with coordinates x'H.
The normal coordinates  y* = x* — x'" satisfy several conditions.

The lines of constant coordinates are geodesics which are
completely defined by the tangent vectors

dx#

¢ = reE 7(x')=0

X/

and 7 is natural parameter along the geodesic. Moreover, we
request that metric at the point ~ x’ be the Minkowski one  7,,,.
For an arbitrary function ~ A(X)

1 9%A

«@ - ay B
YU+ 3 Gyaays| VY

oA
/ Al
AKX +y)=A+ e

where the line indicates  y* = 0.



Direct calculations show that
2 A v 1 by v
rgﬁ(x) = §R' (B Y — ERI va(u: ) Y'Y + s

r.h.s. depends only on the tensor quantities at the point y =0.
From this follows the expansion for the metric

1 1
9as(Y) = tlap = 3 Rius¥"Y" = gnggx;ﬂy“y”y* -

and Rupvo‘(y) = R/ + R;/Lpuo;)\y)\ T+

npvo
The most fortunate feature of these series is that coefficien ts are
curvature tensor and its covariant derivatives at one point y =0.

We gain a tool for deriving local quantities, e.g., countert erms.
The covariance is guaranteed by construction!

The procedure is as follows:

e Introduce local momentum representation at the point y
e Develop Feynman technique in the momentum space.

e Calculate diagrams with the new propagators and vertices.
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Everything is manifestly covariant with respect to the
transformations in the point ~ x’.

Example . Scalar field propagator. The bilinear operator
N1 §2So
V=0 0p(x) dp(x’)

lthastheform H = (O-m?—-¢R), .

Expanding H in normal coordinates in ~ O(R)
n 1 Voo 2 o
H=0°-m?2-—¢R+ §R"a 5y°y?0,0, — §Rﬁyﬁaa + ...
The equation for the propagator is
HG(x,x") = —d(x,x’).

which leads to the following expression:

1 1 (1-3¢)R 2 R#k, k, 1
k) = — _ - mv i
Gk) k2+m2 = 3 (kZ2+m2)2 3 (k2 +m2)3 © k3
One can continue this expansion to further orders in curvatu re.
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It is clear that higher orders in an expansion
1 1 (1-3%R 2 RM™k,k, 1
k = —F —_——— — = —
k) = erme Y 3iermyE 3 rmp T O\ie

will always produce less divergences when replaced into
internal line of the loop Feynman diagram.

The same effect occurs in the expansion in y« for vertices.

For instance, any divergent diagram in renormalizable flat- space
QFT has
d+D<4,

where D is superficial degree of divergence and d is number of
derivatives on external lines.

Clearly, the terms with background curvatures will have sma ller
d + D and the maximal number of metric derivatives in vacuum
diagrams is four.

The described method is explicitly covariant.



Combining the information from the two methods

e Usual Feynman technique with external  h,,;
e Local momentum representation.

The necessary counterterms in curved space are covariant lo cal
expressions constructed from matter fields and metric.

Consider a theory power-counting renormalizable in flat spa ce.

® Using Feynman technique with external  h,,, tails we observe
an increase of the number of propagators and vertices
—— superficial degree of divergence decrease.

® Using local momentum representation: the new terms always
have some extra negative powers of momenta  k, compensated
by the background curvatures and their derivatives

—— superficial degree of divergence decrease.

Therefore, independent of the approach, the new counterter ms
do nothave O(1/mass) -factors and the theory remains
power-counting renormalizable in curved space.
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Types of the counterterms:
® Minimal, e.g., m?¢?, (Vp)?, iy "V 1.
® Non-minimal in the scalar sector,  R¢?.

E.g., the quadratically divergent diagram

inthe \p* theory produces log. divergences corresponding to
Jd*/=gR¢? counterterm.

® Vacuumterms A, R, R?, C2, etc.

Renormalization doesn’t depend on the choice of the metric!
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Renormalization in matter fields sector

It is possible to perform renormalization in curved space in a
way similar to the one in flat space.

Counterterms are controlled by symmetries & power counting

In the simple case of the scalar ~ \p*-theory,
1 1 f
_ 4 — - v - 2 2 4
So_/d X v/ g{zg“ 8Mgo&,cp+2(m +§R)¢> —4!¢:},

we meet, in dim. regularization, the following counterterm S:

10
1
ASsca = /dnx v—9 Nn_4 kz_lak (m) < Ly
where L7 = (Vg)?, Lg=m?p?,

Lo=R¢*, Lio=¢* L1 =L 6(Qw)-

ax(x) are polynomials of the order equal to the loop order.
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The situation is similar for any theory which is renormaliza ble in
flat space: only ¢Rp? counterterms represent a new element in
the matter sector.

Moreover, due to covariance, multiplicative renormalizat ion
factors, e.g., Z3,in
n-4 _1/2
po=1n"7 2%,
are exactly the same as in the flat space.

The renormalization relations for the scalar mass m and
nonminimal parameter £ have the form

1 = 1
m§ = Zom?, fo-g5=% <§—€>+Zs'

At one loop we have, also,
Z,=2,, Z3=0.

So, in principle, we even do not need to perform a special
calculation of renormalization for & at the 1-loop order.
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Renormalization in the vacuum sector
Remember the action of vacuum is Svac = SEH + Stp,
where Sgqy = 1 /d“x\/—g {R+2A}.
167G

and Stp = /d“x\/—g {a102 + axE + az0R + a4R2} ,

The possible counterterms are:

ax(x) are polynomials of the order equal to the loop order.
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General situation

® The theory such as SM, GUT etc,
which is renormalizable in flat space , can be formulated as
renormalizable in curved space

® The action of the theory can be divided into following three
sectors:

1. Minimal matter sector;

2. Non-minimal matter sector;

3. Vacuum (metric-dependent) sector.

® The renormalization satisfies the hierarchy
1. = 2. = 3.
In the minimal sector it is identical to the one in flat space.

® The conformal invariance is supposed to hold in the one-loop
counterterms, ¢=1/6, a;=0.
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-
Exercises and references

1. Derive the propagator and vertex of scalar model with °
interaction in the linear parametrization of gravity on flat background
in the first (second, if you have a lot of force) approximation in hy,,.

2. Repeat the calculations for covariant derivative of fermion.

Refs.: [2.1] Book by Parker and Toms.
[2.2] arXiv:1611.02263.

3. Make the calculations for expansion of metric in normal
coordinates up to the second order in curvature. Derive propagator of
a scalar field. Use this result to calculate the effective potential in the
massive p* theory.

Refs.: [3.1] A.Z.Petrov, Einstein Spaces. (Pergamon, Oxford, 1969).
[3.2] T.S. Bunch and L. Parker, Phys. Rev. D20 (1979) 2499.
[3.3] arXive:1107.2262.
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4. Consider the power counting for the curved space QFT in 2D. Do
we need a non-minimal scalar to have renormalizable theory in this
case? What is the minimal necessary form of the vacuum action?
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