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1.Mass from nothing

2.Ordinary and exotic hadrons 

3.Phase transition and the early universe
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Properties of QCD: Dynamical mass generation

 3

Dynamical quark masses via weak force and strong force:

Yoichiro Nambu, 
Nobel prize 2008
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Dyson-Schwinger equations - “3PI vs RL”
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“rainbow-ladder” (RL) :
model for gluon+vertex
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Quarks: mass from interaction

 5
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‘missing resonances’ 
level ordering: 

Light baryon spectrum - quark model
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irreducible three-body forces: may be neglected

two-body interactions:

non-perturbative one-gluon exchange (RL)

beyond one-gluon exchange

quark-diquark approximation 

Faddeev - equation

 8

++= +

Eichmann, Alkofer, Krassnigg, Nicmorus, PRL 104 (2010)

Sanchis-Alepuz, CF, Kubrak, PLB 733 (2014)

Sanchis-Alepuz, Williams, work in progress…

Oettel, Hellstern, Alkofer and Reinhardt, PRC 58 (1998) 2459

see also: Bloch, Chang, Chen, Cloet, Thomas, Ramalho, Roberts, Segovia et al.
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spectrum in one to one agreement with experiment
correct level ordering (without coupled channel effects…)
three-body agrees with diquark-quark where applicable

Light baryon spectrum:

 9

Eichmann, CF, Sanchis-Alepuz,  PRD 94 (2016) [1607.05748]
Eichmann, CF, in preparation

3 parameters + mu,d,s 
(all fixed in meson sector)
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Relativistic nucleon

 10

non-relativistic

three quarks with spin 1/2: 
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Strange baryon spectrum: (preliminary !)

 11

Eichmann, CF, in preparation
Sanchis-Alepuz, CF, PRD 90 (2014) 096001
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Prediction for PANDA   talk of Tord Johansson
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good channels: 1--,2++, 3--,...
acceptable channels:  0-+,I++

deficiencies in other channels: missing spin-structure

Charmonium spectrum - rainbow ladder

 12

CF, Kubrak, Williams, EPJA 51 (2015)
Hilger et al. PRD 91 (2015)

ηc(2.98)

ηc(2S)(3.63)

χc0(3.41)

X(3.918)

J/ψ(3.09)

ψ(2S)(3.68)

ψ(3.77)

ψ(4.04)ψ(4.15)

X(4.26)

X(4.36)
ψ(4.42)

ψ(4.66)

χc1(3.51)

X(3.872)

hc(3.52)
χc2(3.55)

X(3.927)

M
[G

e
V

]

3

3.2

3.4

3.6

3.8

4

J
PC

0−+ 1−− 0++ 1+− 1++ 2++ 2−− 2−+ 3−− 3+− 3++ 0−− 0+− 1−+

PDG
η = 1.157

Contour border

DSE/BSE

π
=

π
K

meson meson



Christian S. Fischer (University of Gießen) Mass generation in hadrons and QCD phase diagram / 27  

good channels: 1--,2++, 3--,...
acceptable channels:  0-+,I++

deficiencies in other channels: missing spin-structure

Charmonium spectrum - rainbow ladder

 12

CF, Kubrak, Williams, EPJA 51 (2015)
Hilger et al. PRD 91 (2015)

ηc(2.98)

ηc(2S)(3.63)

χc0(3.41)

X(3.918)

J/ψ(3.09)

ψ(2S)(3.68)

ψ(3.77)

ψ(4.04)ψ(4.15)

X(4.26)

X(4.36)
ψ(4.42)

ψ(4.66)

χc1(3.51)

X(3.872)

hc(3.52)
χc2(3.55)

X(3.927)

M
[G

e
V

]

3

3.2

3.4

3.6

3.8

4

J
PC

0−+ 1−− 0++ 1+− 1++ 2++ 2−− 2−+ 3−− 3+− 3++ 0−− 0+− 1−+

PDG
η = 1.157

Contour border

DSE/BSE

π
=

π
K

meson meson



Christian S. Fischer (University of Gießen) Mass generation in hadrons and QCD phase diagram / 27  

Light meson spectrum - rainbow ladder

 13
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good channels (ground state): 0-+, 1--

acceptable channels (ground state) : 2++, 3--,...
clear deficiencies in other channels and excited states

Williams, CF, Heupel,  PRD93 (2016) 034026

DSE/BSE
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Light meson spectrum - full 3PI-calculation

 14

good agreement with experiment in most channels
special channels:  
pseudoscalar           : (pseudo-) Goldstone bosons 
scalar                     :  complicated channel… 

Williams, CF, Heupel,  PRD93 (2016) 034026
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Tetraquarks in the light meson sector
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Light meson sector:
Scalars!

 15

f0(500) ! ⇡⇡

large decay width
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Tetraquark candidates in charmonium region
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Related to details of QCD interaction 
of  quarks and gluons

Tetraquark candidates in charmonium region

 16

Many new unexpected state found 
in experiments such as  
Belle, BABAR, BES, LHCb, etc

Expected states: cc

charged: cannot be cc, but ccud
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Solve four-body equation without/with possibility of  
internal clustering
Key elements: quark propagator and interaction kernels

Tetraquarks from the four-body equation

 17

Exact equation:

Two-body interactions Three- and four-body 
interactions

Kvinikhidze & Khvedelidze, Theor. Math. Phys. 90 (1992)

Heupel, Eichmann, CF, PLB 718 (2012) 545-549

Eichmann, CF, Heupel, PLB 753 (2016) 282-287

+ perm.
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reasonable approximation: keep s-waves only;  
                                           16 tensor structures

Structure of the amplitude

 18

Scalar tetraquark:

9 Lorentz scalars
(built from P,p,q,k)

256 tensor 
structures 

(scalar tetra)

3⌦ 3̄, 6⌦ 6̄ or

1⌦ 1, 8⌦ 8

p q k P

�(P, p, q, k) =
X

i

fi(s1, · · · , s9)⇥ ⌧i(P, p, q, k)⇥ color ⇥ flavor
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Bound state vs resonance: scalar tetraquarks 

 19

MTetra[MeV ]
0 1200

        without π-clustering

Bound state of 
four massive quarks

Eichmann, CF, Heupel, PLB 753 (2016) 282-287
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Bound state vs resonance: scalar tetraquarks 

 19

MTetra[MeV ]
0 1200

        without π-clustering

Bound state of 
four massive quarks

with π-clustering

400

Two-pion resonance

Eichmann, CF, Heupel, PLB 753 (2016) 282-287

m� ⇠ 350MeV

m ⇠ 750MeV

ma0,f0 ⇠ 1080MeV

identify with f0(500) (‘σ-meson’)

with strange quarks:
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Outlook: heavy-light systems

 20

Dynamical decision of most important clustering!

heavy-light diquarks

hadro-charmoniummeson-molecules

Dynamical situation in S4-doublet:

cq � c̄q̄

cq̄ � c̄q cc̄� qq̄
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1.Mass from nothing

2.Ordinary and exotic hadrons 

3.Phase transition and the early universe
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Review: Eichmann, Sanchis-Alepuz, Williams, Alkofer, CF, PPNP 91, 1-100 [1606.09602]

Review: CF, PPNP in press [1810.12938]

Overview

 21
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 QCD phase transitions

 22
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Chiral transition line from analytic continuation
μ

1
0

iµ

 23
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Lattice method:
Det. crossover at imaginary μ  
and extrapolate to real μ 
Control systematics

Bellwied, Borsanyi, Fodor, Günther,  
Katz, Ratti and Szabo, PLB 751 (2015) 559
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Chiral transition line from analytic continuation
μ

1
0

Main result: no CEP for μB/T < 2-3 

iµ

 23

Lattice method:
Det. crossover at imaginary μ  
and extrapolate to real μ 
Control systematics

Bellwied, Borsanyi, Fodor, Günther,  
Katz, Ratti and Szabo, PLB 751 (2015) 559

HOT-QCD: similar results
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allows for systematic variation of mu/d and ms

quark-gluon vertex:  
ansatz built along STI and known UV/IR behavior

Nf=2+1-QCD with DSEs

 24
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up/down strange

quenched propagator from lattice

T,μ,m-dependent
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 Nf=2+1, zero chemical potential

 25

Lattice:  Borsanyi et al.  [Wuppertal-Budapest],  JHEP 1009(2010) 073
DSE:     CF, Luecker, PLB 718 (2013) 1036,   
            CF, Luecker, Welzbacher, PRD 90 (2014) 034022
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Lattice:  Borsanyi et al.  [Wuppertal-Budapest],  JHEP 1009(2010) 073
DSE:     CF, Luecker, PLB 718 (2013) 1036,   
            CF, Luecker, Welzbacher, PRD 90 (2014) 034022
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Lattice:  Borsanyi et al.  [Wuppertal-Budapest],  JHEP 1009(2010) 073
DSE:     CF, Luecker, PLB 718 (2013) 1036,   
            CF, Luecker, Welzbacher, PRD 90 (2014) 034022
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QCD phase diagram and heavy ion collisions

 26

CF, Luecker, PLB 718 (2013) 1036,
CF, Fister, Luecker, Pawlowski, PLB 732 (2014) 273
CF, Luecker, Welzbacher, PRD 90 (2014) 034022
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Yang-Mills sector crucial !
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CF, Luecker, PLB 718 (2013) 1036,
CF, Fister, Luecker, Pawlowski, PLB 732 (2014) 273
CF, Luecker, Welzbacher, PRD 90 (2014) 034022 Figure adapted from talk of T. Galatyuk, Erice 2016
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Summary

 27

Main goals:
one framework for all areas of hadron physics:

discussed: baryons, tetraquarks, QCD phase diagram
not discussed: mesons, glueballs, hybrids,  
electromagnetic form factors 
anomalous magnetic moments

access to DXSB, confinement,…

Main challenge:
systematic control over error budget:  
intrinsic + cp to other methods like lattice QCD

Main results:
NOT high precision physics
BUT competitive contributions in many areas

Eichmann, Sanchis-Alepuz, Williams, Alkofer, CF, PPNP 91, 1-100 [1606.09602]

CF, PPNP in press [1810.12938]
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Backup Slides

 28
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Contact with experiment: fluctuations

 29

µu = µB/3 + 2µQ/3

µd = µB/3� µQ/3

µs = µB/3� µQ/3� µS

�BSQ
lmn =

@l+m+n(p/T 4)

@(µB/T )l@(µS/T )m@(µQ/T )n

CBSQ
lmn = V T 3�BSQ

lmn

Quark chemical potentials related to those of conserved charges:

Serve to calculate susceptibilities:

Related to cumulants, which can be extracted from experiment:

X.~Luo and N.~Xu, Nucl. Sci. Tech.  28 (2017) no.8,  112 [arXiv:1701.02105 [nucl-ex]].



Christian S. Fischer (University of Gießen) Mass generation in hadrons and QCD phase diagram / 27  

100 120 140 160 180 200
T [MeV]

0

0.2

0.4

0.6

0.8

1

χ
u

2

Bazavov et al. PRD 85 054503 (2012)
Borsanyi et al. JHEP 01:138 (2012)
DSE

100 120 140 160 180 200
T [MeV]

0.0

1.0

2.0

3.0

4.0

χ
B

2

µ
B
 = 0

µ
B
 = 240 MeV

µ
B
 = 360 MeV

µ
B
 = 480 MeV

first result: works !

Results for fluctuations

 30

location of CEP
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 Rainbow-ladder model for quark-gluon interaction

 31

Combine gluon with quark-gluon vertex:

�µ(p, k) =
X

i=1,12

⌧i(p, k)T
µ
i

⇠ �µ⌧(k2)

Dµ⌫(k) =

✓
�µ⌫ � kµk⌫

k2

◆
Z(k2)

k2

g2

4⇡
⌧(k2)Z(k2) ⇠ ↵(k2)

“approximation” !
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 Rainbow-ladder model for quark-gluon interaction

 31

Combine gluon with quark-gluon vertex:

⌘

⇤

�(k2) = ⇤⇥7
✓
k2

�2

◆
e
��2

⇣
k2

�2

⌘

+ �UV (k
2)

 scale     from fπ,  masses mu=md, ms from mπ, mK

         from perturbation theory
 parameter    : results almost independent
 qualitatively similar to explicit calc. 

↵UV

Maris, Roberts,Tandy, PRC 56 (1997), PRC 60 (1999)

Williams, EPJA 51 (2015) 5, 57.
Sanchis-Alepuz, Williams, PLB 749 (2015) 592; 
Mitter, Pawlowski and Strodthoff,  PRD 91 (2015) 054035
Williams, CF, Heupel,  PRD93 (2016) 034026, and refs. therein

effective coupling
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Determine gauge invariant spectrum from underlying, gauge 
dependent quark/gluon dynamics
Need approximations for dressed quark-gluon vertex

Theoretical Tools II: DSEs and BSEs

 32

Kernel K uniquely 
related to quark-DSE 
via axWTI

→Pion is bound state and Goldstone boson
Maris, Roberts, Tandy, PLB 420 (1998) 267

−1
=

−1
−

π
=

π
K
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Resonance becomes bound state for large mq

Dynamical decision: meson clusters, not diquarks
Results:

Mass evolution of tetraquark

 33

msss̄s̄ ⇠ 1.5GeV

mccc̄c̄ ⇠ 5.7GeV

m� ⇠ 350MeV

m ⇠ 750MeV

ma0,f0 ⇠ 1080MeV
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Eichmann, CF, Heupel, PLB 753 (2016) 282-287
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QCD order parameters from propagators

 34

h�̄�i = Z2NcTrD
1

T

X

�

Z
d3p

(2�)3
S(⇤p,⇥)

L =
1

Nc
Tr eig�A0

� +�1

6
�� (�� S)

�A0
=

1

2

Braun, Gies, Pawlowski, PLB 684, 262 (2010)
Braun, Haas, Marhauser, Pawlowski, PRL 106 (2011)
Fister, Pawlowski, PRD 88 045010 (2013)
CF, Fister, Luecker, Pawlowski, PLB 732 (2013)

Chiral order parameter:

Deconfinement:

−1
=

−1
−

Polyakov loop potential
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Deconfinement transition in      
agreement with lattice QCD
Correct tricritical scaling
Roberge-Weiss-transition seen

Critical line/surface for heavy quarks

 35
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Deconfinement transition in      
agreement with lattice QCD
Correct tricritical scaling
Roberge-Weiss-transition seen
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Zero chemical potential: no effect 

Hadron effects on the CEP - results (Nf=2)

 36

almost no effect on location of CEP (mesons: similar)
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Eichmann, CF,  Welzbacher, PRD93 (2016) [1509.02082]
Luecker, PhD-thesis, JLU Giessen, 2013
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Zero chemical potential: no effect 

Hadron effects on the CEP - results (Nf=2)

 36

almost no effect on location of CEP (mesons: similar)
But: strong μ-dependence of baryon wave function  
may change situation…
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