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Equation of state of cold degenerate matter

» Non-relativistic electron degeneracy:
low-mass white dwarf stars

> Relativistic electron degeneracy:
high-mass white dwarf stars

> Relativistic neutron degeneracy:
neutron stars



Equation of state of cold degenerate matter

» Each fermion lives in its own box of size
~1/3 . .
Ax~ ng where ng is fermion
number-density

» ApAx~h and p~ Ap so p~hn,1;/3

__impulse  p/T
~ area (Ax)?

and T~ (Ax)/v so




Non-relativistic degeneracy

Non-relativistic motion:
1/3
p  hng
mg mg

where mg is mass of fermion.

Let 1 be number of baryons per degenerate fermion
» For electron-degeneracy, p = A/Z~ 2
» For neutron-degeneracy, 1~ 1

Density is p = wmgng where mg is the baryon mass
Equation of state is

h2 h2 5/3
P~ ngpv ~ —2n‘2/3 ~— <p)
mg mg \ Lmp



Non-relativistic degeneracy

Exact calculation gives:

(3712)2/312 P 5/3
5  mg \umg

A Polytropic equation of state with y = 3 or n= 3
Recall: M~ RB—m/(=n _ g3
» As matter is added, star shrinks
» Fermions move faster and eventually become relativistic

» White dwarfs: electron degeneracy

p ’flné/?’ h( o )1/3

at p~10°kgm=3, v~ ¢



Relativistic degeneracy

Recall:

P~ ngpv
and

p~ ’hn,lz/?’

Fermions are relativistic: v~ ¢ so

4/3
P~ hcn,i/3 ~hc (p)
pme

Exact calculation gives

211/3 4/3
p- 31 hc( o )
4 wmg




Relativistic degeneracy

Relativistic degenerate matter has a polytropic equation of state with

y:%orn:3

» Recall: M~ RB="/071 g6 mass is independent of radius

y

» Maximum mass that can be supported is

CB@)Y2 (Y1 , do
M —2<c> (ims)? (—“ﬂda

> —Ef [dO/dE]s, = 2.018 for an n = 3 polytrope, so

2 2
M=14Ms x | —
© (u)

Chadrasekhar mass




Chandrasekhar limit

Heuristic argument:

> Degenerate fermions have p ~ ’hn,lc/3 where ng ~ Ng/R®
N is number of degenerate fermions in star

» Total energy of relativistic degenerate gas (Fermi energy)

’th?:/ 3
R

EF = NFpC~

> Gravitational self binding energy

£ _GM*  GNEm
¢ R R

heMg®  GNEm3
R R

> Total energy is E= Er+ Eg ~



Chandrasekhar limit

hehg?  GNEm
R R

» Star will shrink/expand until E is a minimum
But both terms ~1/R!

> When E > 0, R7 until fermions become non-degenerate; then
Er ~ 1/R? and equilibrium is reached
» When E< 0, R until R— 0: star is unstable

» Total energy is E= Ep + Eg ~

» Stability requires E > 0:
heNy® > GN2md
he \*/?
NE max ~ () ~2x10%
Gm3

Mmax = NF,maxmB ~138 M@ (close)



Chandrasekhar limit

As M — M., star shrinks and fermions become relativistic when

pc > ch2
1/3
RV
R > MgC

For Ne = N max =

(he/ Gmg)3/?, instability occurs when

h
R < Rupin ~ — N3

mgc F,max

h he \ V2
NmFC(GmB)

5000 km white dwarfs: mg

_[‘ne

3km neutron stars: mg = mg



Maximum mass of a neutron star

What if the equation of state is not an n = 3 polytrope?
Requirements:

1. Density greater than nuclear density, p > p, ~ 4 x 107 kgm—3
2. Radius greater than the Schwarzschild radius, R > 2GM/

4
M > gT[Rspn
4 [(2G6M\*?
> §7T C2 Pn

@31
G\ 321t Gp,

SO

M <

~ 7 My



Tolman-Oppenheimer-Volkoff (TOV) equation

In spherical symmetry, the static spacetime metric is

4P = —O0e2gR 9T gy g 0dd?
1 2Gm(r)
cr

where @ (r) and m(r) are some functions that depend on r alone

Matter is a perfect fluid,
Ty = pc

Tsp =P



Tolman-Oppenheimer-Volkoff (TOV) equation

Einstein's field equations:

G = 8T —|min = [ 4 a o(s)

& 0
G, _ 86 d0  Gm(r) +4nGrP/c
oA dr — Ar—2Gm(n/&
- dP Gm(r) + 4nGr P/ 2
(@) V. T =0 = dr =—lpo+P/) r—2Gm(r)/c]

Tolman-Oppenheimer-Volkov equation



Newtonian limit of TOV equation

The Newtonian limit has P < pc® and Gm(r)/& < r.

m(r) = Jr4ﬂr’2 dr' p(r')

0
dd  Gm(r)
dr P
P Gm(r)
ar - e P

These are the same equations as were used in Lecture 1.
(® is the Newtonian potential.)



Incompressible star in General Relativity

Constant density: p = p. = const and m(r) = %ﬂr"pc
TOV equation can be integrated exactly:

Pl (1—2GM/ER)Y/2 — (1 —2GMP/32R3)1/?

(1—2GMPR/2R3)1/2 —3(1 —2GM/2R)'/?

Central pressure is

b 2 (1=2GM/CRIV? 1
© T P T 31— 2G6M/RR)1/2

Note: P. — co when 3(1 —2GM/2R)Y/? =1 or

R 2EM
4



Maximum mass of a neutron star redux

Recompute maximum mass of neutron star

» Incompressible star with p. = p, = 4 x 107 kgm—3

» Central pressure must be finite so R > %G/\/l/(:2

4
M > 57'(R3pn

_ 4 (9GMY’
3"\ @ ) P

43 1 1
M - R
<9G 37 Gpy,

~ 6 M

SO




Mass-Radius curve
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Mass-Radius curve
Simple numerical model: two-component polytrope
Kop™ for p < p1

Kip"™ otherwise

where low density region is p < p; =5 x 10" kgm3

(3223 h

5
r0:§ and KO:T@

and continuity requires
To—T:
Ky = Kop;® !

Consider soft and stiff core equations of state:

1 =25 (soft) and I =3 (stiff)



Mass-Radius curve: program tov.py

1 import pylab, odeint
> from scipy.constants import pi, G, c, hbar, m_n
3 Msun = 1.98892e30

5 # piecewise polytrope equation of state

6 Gamma@ = 5.0/3.0 # low densities: soft non-relativistic degeneracy
pressure

7 KO = (3.0%pix*2)**(2.0/3.0)*xhbarxx2/(5.0%m_n*x*(8.0/3.0))

s Gammal = 3.0 # high densities: stiffer equation of state

9 rhol = 5el7

10 Pl = K@xrholxxGamma@

1 Kl P1/rholxxGammal

13 def eos(rho):
14 if rho < rhol: return KoxrhoxxGamma@
15 else: return KlxrhoxkGammal

17 def inveos(P):
18 if P < P1: return (P/K@)x**(1.0/Gamma@)
19 else: return (P/K1)%x(1.0/Gammal)

to be continued...



Mass-Radius curve: program tov.py

continued from previous page

21 def tov(y, r):

2 """ Tolman-Oppenheimer-Volkov equations. """

23 P, m = ylo], yl1]

2% rho = inveos(P)

25 dPdr = -Gx(rho + P/cxk2)*(m + 4.0xpikrk*3*P/c*x2)
26 dPdr = dPdr/(rx(r — 2.0%Gkxm/c**2))

27 dmdr = 4.0xpikxrxx2*rho

28 return pylab.array([dPdr, dmdrl)

to be continued...



Mass-Radius curve: program tov.py

continued from previous page

30 def tovsolve(rhoc):

31 """ Solves TOV equations given a central density. """
32 r = pylab.arange(10.0, 20000.0, dr)

33 m = pylab.zeros_like(r)

34 P = pylab.zeros_like(r)

35 m[0] = 4.0%pikxr[0]*x3%rhoc

36 P[0] = eos(rhoc)

37 y = pylab.array([P[0], m[@]])

38 i =0 # integrate until density drops below zero
39 while P[i] > 0.0 and i < len(r) - 1:

40 dr = r[i+1] - rl[il

il y = odeint.rk4(tov, y, r[il, dr)

42 P[i+1] = y[0@]

43 mli+1] = y[1]

4 i=1+1

45 # return mass and radius of star

46 return m[i-1]1/Msun, r[i-11/1000.0

to be continued...



Mass-Radius curve: program tov.py

continued from previous page

48 # plot mass—-radius curve

4 rhoc = pylab.logspace(17.5,20) # logspace range of central densities
5o M = pylab.zeros_like(rhoc)

51 R = pylab.zeros_like(rhoc)

52 for i in range(len(rhoc)):

53 M[i], RI[i] = tovsolve(rhoc[il)
54

55 pylab.plot(R, M)

s6  pylab.xlabel('Radius (km)"')

57 pylab.ylabel('Mass (solar)')

ss  pylab.grid()

5o pylab.show()



Mass-Radius curve
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Mass-Radius curve
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Demorest et al., Nature 467, 1081 (2010)
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