Solutims  for exescise session m

— Arswer 1w
et 0 be the set of rwoted and printed planac quadrangubetions saith—r ~foces
Recal| that +he oL 0'{’ 3 by the CVS HJ‘{ct?o/( , denoted T, 15 the
2t of well- lobeled tres Yovimg—nudges, such that

D all labels are >
B there & ot least e label = 1.

Moreover , th vertices, of the tre are exactly the vertices of Hhe non - poinites)
vertiers of the Guadiangulation . And these vertites have The same
fabe| n the C)mobmﬂgw(ocum o ™ the tree: AW =dve,v)

Now fet Q3 =3Q@¢Q [ dlve,v) s1]  whare v, is defined in %ﬁf%f;’:m«l
Apply ¥ CVS bjection & Q;
S Ny bacomes the ret vertex of the tree associoted o Q | +he
\‘M,Osz, o‘f» B L«ﬁ the O\S b*j((‘t\‘bh 5
Fo =qq e | TORER!
We defne  T5 <3 ML) | @) 15 a well-labeled trep fommmreiges,
noted at V, | and st Uy =7 , Vv, LLV)M?
T}W\ks to wndition @ on the la,b{lmta Df thws in g e The c,lw,x\a,q a(&
labeling  Lw) &= L)+ (3-Lw)  gofines o bijecton  from T
T T; . = :
We dencte by T the stbset of 7 of bress with n edyes and howing
m lotad maxima in its ld«bdm‘ng_
Since. the CQ\% H\‘Qc;b‘e« tams each W o«f Yhe owbeolrm/‘%«dxt«‘w Mt an QA%Q
9f the tree | and preserves, e number of Joa] maxima

we  hawe ”ri Lg,l's) - Z. K#Ti,n,m>%h l’tm

2o, m3|

J

e Arswer 2 &
A nedrad way to dewempose o rooted Flaw Uel wnsists frf wﬁzn‘n% Yhe
left - most eol?e h@m the ot vertdX . For a labeleol tren. with rwaa/bd

7, WR can separate 3 cases acording to the [abel of the @ft-most
child o‘F the oot .




& gt

In each OF‘VM/ 3 casts | donote ’o«d Uz (”%P ) the number afeofges n
i (m‘; T’*) , and b;a My ("&F M2) the numbec D‘f— Ioc«% maximal
labeds -~ in T (resp. T |

We hove  nyth,=n-)

Howener , Hhere is not a Aﬂf'\'ﬂ“ﬁ elation betwean  mMitm, and m ’

R E e SRS et o ()15 o Doea)
MOXI MBI '

In other words , The WPBH"\M 'rf _Em,m \a/iius othes classes f’f’
trees , and the Teunson cannot be ¢losed.
To wwle. w,% s sitmation , we Intredumee ’[/[;,',bm : he set pf

well Jabeled treRs M‘hed in -bke%me w%‘ a?—_z;n,:vx except ]lw
that m s the aumber o{» locad moxiwad lahelo withowt cousting
the voot vertex . v

Then , we can check. +he Fu“owm% b-‘J‘ectn‘m

b SR T S e TR B A

) 1
n!rim*ﬂm'm'mx ,Fir,nz,w\) G#L’_\:Ln-l ( THo M, my X /L(fo T, My

M= Mt M, =m

L—J -"ﬁ, My X T‘Z‘;ﬂz,ml

1t h,=n

With the bowwlarg cases Q"\*"‘:f"

Tion= %ﬁ@} (tee reduced o the rest )
VMZZ Ti,o,m = ¢

we ast
” # T,\,,.‘,m = %ﬂ.,o gwl i ’MZM_:_M (#uv‘-l,n.,mQ"(# Tz‘,%,m;)
Mu+ Mo
%an\nﬂ‘x_ =3 QT\)‘H; l\-/m;) X (#Zi,l\’)y.,}) -+ (#'[;Hm‘,m) X (:ﬂ' 'l[‘;nz M)]

T T e T T T )

wheee  Qilg, hy = > é"u;,n,WQ 4 h™
Applyipg the same. decampseition o gl

ih (4).

2o, m2|

'm,wet}u%&owew@en




— Arews 4
Recall thok the ﬂuuad;“ng functions Ry (321). , defined by Eq. (1 of
the exertist cheet IL | counts The number 0‘6 roond ond an-\-,qal P]W
Aquadiongulations jn whith the poited vertex is ot distanee o
the end point 0{1 the oot edge.
( Ri owe dafined vsing the novivn of shices in Sheet T The above definition
s equvalent to the shite definition thanks 4o the st of Question 2
of Sheet 1),
D@\ﬁto,\oj Vo the pointed vertex | and by vi the end Fm\r\{b‘(’ tl'\&rvvtqdéz
let R = 4 rosted ond, pointed guadrmngulotion () with h faces st. d(vo. Wi
then  Ril9) = Z @ Qat) 9"

For 0«3( Re @,n,i g we have Vs =V‘; So Qu, s stt the cet df

revted guadrangmlobions with K foces | (The Pﬁn-wa Verte X Is ditermined
\7\/) 'l’/l'\Q, mt),

Then (a3 wb&*t‘”ﬁhtaf the set of conples (&,@ where & e A,
ond ) is a vertex fn the ball of radive -1 around fhe coot.

b from

N~

M(QFV\‘Q M g # Qs = the expected number a‘f» vertiees in the
IR  #Qng  ballof f;hdm b1 arwnd the rowt
I o wufohbm ad tan 7
inshort , the 2peRd wolume of shizats W?M i
’ e a_ba)l )\ the wuiww\ \
' : uaddemsguation

s 3
— Answer i@vzg n

% 5
Recall the *transfec theorem” for equivalence relation ¢ .
F—‘Thm [$Q.cb‘vﬂ VI.3 , “the book” of cwowibinatorics | Floj‘blet owel Seoagem‘(,k]

et f(z) be o power geries n Z o'{i Tading af WWW 3>0
Assume that 2c=¥ 5 the only ngelanty of 20 o Alleg]

N and  thett s i SRS e
1S (r-—f) for some ae R\ o2, ...2
then , undes some technical tendli-tions o o

(H-\LMA%“*U‘% o‘f— f on 4ome demadin [M‘%Qx than the olisk ;ﬂ(ﬂ)
Fpe hove T2 fi2)

i N S
oo |7(-o) n~" g

To obtain the asgymptotics of T JR:) with this theerem , we need
to compute the first  hon- prlynemiad temn in +he expansion of 5@
arownd s ¢n%\~\o\n‘-b3_




(1= D (1-%x™3)

We have ! PR - OB 0 el L T S B S
" Ri‘ R (l—‘x‘:"")(,l—x““) \5)
whert R and % ace deteemined by R=143tR7 )
= 2K 4.

(Qm),@.z) are en{w‘v«iew\; +to “R"_s%(l“m)” gl [4))
%’W/P 4. deteomine t(ne.“cﬁb‘m} \M,bu.e,s"_.
@ The discriminant of @D A= [-120 = 4= L
) . B =
Tt 2 RTR=2 = 3y
b R—;z , X | .y R;—9 R;,L:ZM

o >
%‘&P v 48 LQ:t S,t ___(—b"_‘t .._L

= p‘t And ro.';lowg + (,3 §t in
SR=Re-R=2-R R %32
SR = A -H =1-%n x S

equatns  (4)) and @2).

Solve  4.1) (\ar BR(5t) and solve fgy) B Sx(sky  ood
compute the expansion of the sslutions | we grt with the help rf a

S o OR =ABLISE — 2485 x4 ol?)

&

¢ g 6X=J§.J§_R'_%.SR+,,,“ =5 0($R4)
Sepd: We erprnd  Ri o o power series in $x and R

then substitute  §x and then 3R by thar expressiong
shown abowe . chou‘n with a saftw&rQ , W 3@—5

Ri(¥) = Rili) + Ri(D 5t + Cadlsv + O( s12)

N 24 2 (743) ; i
where - CUB) Tgﬁ‘m‘(gfu 30 1>+ 57i1+42i+4)

Now we apply Hhe “theovem with o< C A R é

= [f"} Ri(‘b) g C.('l:) . A ‘ ‘ \ :
YRty e oy 980 EDIES (’5t4+30b‘+571’+4z»+4)
AL == 4
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