Solutions for exercise shaet IV

— Arewer 4
let V ke a half-plane teian gulotion with sy
We g a preet only f,r—bke, easiaxr imphiaction nML‘y
Vis ngd = (wwm oA the faes of V toqethtc with the
lewes koJf—F[W iS5  3-connected .
Asame that the wiiom on the RHS i wet 3-wnnected , then we ean fv‘h‘t
Pwo peints A and B whode vemoval distennects the wnion,
Consider the finith mmprmart which 1o discomnected by the remaval of A and B,
It ean = d&fvrm&o\ o Z mn-ewﬁmfp:‘mz Pesrtions , ehos shows that
we can embed to distinet

WM A\\

Here E(V,M, -0 M) o o subset od al the W“"WUW5 \Aﬁ';’\ o (fnit
or \"\H’V“a> 6!‘M}?lt boww(ﬂd\z. First , we sk to describe this set
when the length of the boundary s assmed to be M
Wa claim that Hhere is the fV\vanuS bijectim
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The $W‘§¢£«‘UW\‘U& ot % 5 obuiove From the enstruction .
- G s etV thadks to the rigidivyg of V , since T= F(To, T Tw)
opver o ombeding of Vit T, By ragidity | this embedding |
x5 well as the hele m‘pow\ts T T Tk , are W\)c‘o\(_

Recall ¥hoct e 15 tupperted by the et ‘l},]ol‘{n,vi\ ( re. M”(H»M""‘O:‘ )
M 9\7,»\ hﬁ W%Q't Mn,m.
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Remarke 1 this equa}«iha of Umits chows the ec;w‘vdm be twepn the
microcanonical ensembe (Gnm) and the camonical ensemble (pn)
— Arswer 3 e
By one-endodness of the ULHPT , the nwbers ni, o, nn ar finbe with
probability 4 Mder the measure )
Therfore  H(veT) = 3 - y(EN,n, o))
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— Arswer 415
The assertion in these 2 questions can be prowved by computing wrhuﬂa

the Pnbo«k\\a—h%o{l Some ownts wnder Hhe fow Y, and sbserve
that these probakilities are predacts of Hhe law of free
—bnM%m\a—h\eﬂs rf the my-g8n and the |ous of a UIHP T,

Howexer |, the tomfputation s more stmu@\'\'t f"'"WM‘O‘ (lw the | M.
Consider Hw event E(,\J,To,T.-'TQ s% &wmcy VT, and obsawmﬁ

the toimngladons T, T, o T in the &k amaectadd components of T\V
(1 owter component + k holes) .

T‘nen P/\M(E(VIT;Tl T‘()) = .E:-Yl {'pr n= no"'N*i‘n“"

By swmming ove Al possible chorees OP . - :)Jc%_‘:e g2t
poalveT) = 2 2 P (B T-T) 8
= zu“ C[’n.,ms (LT ¢nk,mu'£g-{:i§m
X ‘PZ_N j( FW%w) o 7 no, A5
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S the conditimal probability o observe o= Tie | lerowing that VT
ks )‘“M(g(V,T.---Tk) [VCT)
& I’\n(g(V,To"Tk)z B o 'F[ _fi’_
}""\- (V CT) Zmaly =1 Zm;
’ﬂ\u&f-we , wnder the measwer JMm Mcl Mab"'b*maf to &CT} , -tzke ceri\rcn&r\tj

(To, T) -~ T) are f«Aqeno'—é/d' firee %‘Wmﬂms of Hrt (m+)-gon

Por tht ouwter amponents , and of the my-gm fer— ethec smponents.
As m—>oc0 , they remain mdependent, and  the o of the outer

cemponeAt  nvergRs weﬂtklag b the o O{Fa UTHPT (9> |

- Arswer 6

Let. the reyw(ed -t;rfMaJ(Q P(Q'} the role ,10 V' (nete that s h%’“’b aid
O‘PPl‘j the resudt from ‘&ue;t«‘un - ,
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Note that Kk cannct be 0
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We hwe  PUR=0) = P(—3) + Z P(-EN) =1(+9) - ¢
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To wmpute  E[R], we we the expansion (1-42)% _ ﬁ (1&) % (Eldf)
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IS = ->L
Romack i The asymptotics  P(R=K) 25, 75 K 7, or PR g 72 K
Shows that the (heavy-tailed) |4, of Ro i in the damain /
afroction o the ‘bowl*j asymnRbric %——s‘taul; dastan bution

8. for an Bid- sequance (R of e wme law as R,

we e s % % e S

%
um I e the FQA&DM v«rr‘u}p(l 2T E(QAS): e)‘
This asywptotic iy imporiant fo( bhe 5*&&0‘/«1 ¥Azo.
of eritical axponeats of the pefeolations on Yo UWIHPT.

— Arewer 3 —
We proceed, by induction. om U, The assertion s obvisus for <p

posurd it bR for Ao Lot Ty Le the thiangwlation obtoined by e~ osting
T: at the ng& & —> ag+] .

Siner Hhe [ a€ o UWIHPT 3¢ \"\olzpmdmf wnde— rp,proo’t«‘n% (os s e
o for Pm) T s ako a UIHPT.

NN«WLj-b‘r\krequ ot Question 4 and T o '?; , we coneclude thot

Ton = (reling of T7 at the ruot) = Rl (To,a5) [comsrquence of the
is a ULHPT ;,\m iy, i “Ti\>_r{d—|" ndametion lvug‘miesw

Sihee ) P—H—\ = Ps u (T;,h\'[;) y and /’[:\.: 9 fv-\ehp Frm vP\-: 3 Pﬂ‘ U\A“I;vi

acre f

> s (1)4

k=v

w=1-43




— Angwer 1 -
1 suffices to show that Rt Wdependent from T,
Indeed , sie T, is a ULHPT , we can opply the same assertion v Te T,
to show that R, and T owe independent .
Thea, l:na/ induction  we have Vn>e , R, is fﬂAﬂfUlouzﬂ{ Krz»m Thet.
But once  (Rapt, Ratz, - ) ase emstaucted  from Thti , v have
Vazo R is independent  from k?,wtfﬂw_,--->
This tmplies fhot  RBdnewy s an id RYnence
&Tl«( .- «‘M‘Gmﬂq distabuted ” pat jo a7 6 obyivns
shwe the T are ol YIHPT >
Now since Ro is detrrmined by P, ad P jo Mdependent fror T,
R independent foom
— Arswer [0 —
let 1o be the first  instant at which the Lm)larg of T5 is ol black, .
We dan check that
= The black-white -black form of Hhe EMMZ( is presecved by the
FQL(A'\% ql%gn‘(/‘(,m ulrl:o ve - | |
- For al i<d,, the dhoie of @ s independent fom T
This shows that owr a)g,on‘%m olo,fi.‘ne,é o Peel«t\% process up fo Tme Vo
G cases oy oeenr ot each step of the peching proecs .

e AN @

ntlrn W (
ﬁﬁ-“éf :‘smr;véiol Avug:k rsmgd The reseafed taan
swallows all the white
vertaes and
The revealed 'bn‘MﬁL?, The resealed taangle frecess.

swallows some blackk  Swallowx seme bt nst
vectices on the left. ol the white vectices.
In the 4 oty on the Pt , the armow shows haw the ot <dge is taasfemd
betwieen m-onan%«aam of the half-plone before and after pealing .

1t is not had te Se that the curve logf by this arrow desccibes

the owdler }’MM 0?‘ the white cluster Gontouning the onging in To.
Tiogh A el perten of the bowndary may be hidden O ™

in dxet,wvdv(emd “‘“Fohﬂﬂe in the [ast pQQJA‘ha $fq7;wl remouns




uuanytorsz , Ttos stll bue thet the white Peﬁog[@ﬁeﬂ dusto M.b“«m‘“(j;
the oot vertex 1% fl‘ni'l'% |{"cv\ol only |‘f3 the qu“ﬁ prowss Stops in
it e Vo

By inspection of the § aes listed on the previeus page, we s that
the nuwmber «’f wl-\.ftQ/ bmdaﬂa westiees o T30S T‘vu\ B‘a

3= 1+ g@aj—%) V< i,

Coand that o is the (m"w\l'\% tHime DF the randem walk St © the
set $0,4,-2,.- 3.
The fact that  fg,-Ri),_. 5 an iid sqnence can be established

in the same way oS in Question ¢
— Answer > o
We have  P(25)= % op =2p
> Bl -Ri) = PEd-EI®] <2 (p- 0y
s well known that o radem wak/\m‘% il Steps Plating
from 4 lits S04, oph F’,';EZ&L;,;% 1
i ond only i Phe exprctation of Tt step 0. dbtectministic ol
(uee,rr for the trviad case where tkzstaf s 0 >

We conclude that |
The white cluster condainind the met i3 finte with poba 14
& < with probability 4
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