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Glossary

Universality in weakly bound N-boson systems
@ The particles are most of the time outside the interaction range
@ The dynamics is insensible to the short-range part
@ There is a control parameter: the scattering length a
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Scaling
@ Universal dynamics — non-dimensional quantities
@ non-dimensional quantities — scale parameter — real world
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Glossary
Universality in weakly bound N-boson systems

@ The particles are most of the time outside the interaction range

@ The dynamics is insensible to the short-range part
@ There is a control parameter: the scattering length a

Scaling

@ Universal dynamics — non-dimensional quantities
@ non-dimensional quantities — scale parameter — real world
@ real world — finite-size scaling parameter — real system

finite-size scaling
@ X = K@ — Ky define the scale

@ zero-range potential go(|r1 — r»|) vs finite-range potentials

V(|ry —rz|) — small parameter ry/a
@ [ o kyfg — finite-size scale parameter
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Universality in the two-body system

Shallow states (short range interactions)
@ Low energy scattering E = h2k?/m << h?/mré or krg << 1

. 1 1
S — wave scattering — k cot§ ~ S+ Erok2

@ Shallow bound states: a >> ry — shallow dimer Ep ~ 72 /ma?

@ 1y — 0,kcotd = —1/a and Ep = h?/ma?
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Shallow states (short range interactions)
@ Low energy scattering E = h2k?/m << h?/mré or krg << 1

. 1 1
S — wave scattering — k cot§ ~ S+ Erok2

@ Shallow bound states: a >> ry — shallow dimer Ep ~ 72 /ma?

@ 1y — 0,kcotd = —1/a and Ep = h?/ma?

Continuous Scale Invariance (ro/a — 0)
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N = 3: The Efimov (1970) and Thomas (1935) effects
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Universal behavior in few-body systems

=




Natural and unnatural states (shallow states)

Most of the time E ~ —h?/mré — natural state
In same cases a >> rp and E ~ —/?/ma? — fine tunning
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N =3

Thomas collapse (scaling limit)
@r0—0,Vg— —0
@ B, = constant — 7% /ma?
@ The three-body bound state E3 — —h%/mrg — —oo
@ The three-body bound state is unbound from below
@ curiosity: evenif B, ~ 0, E3 — —o0
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N=3

Thomas collapse (scaling limit)
@r1p—0,Vg— —0
@ B, = constant — 7% /ma?
@ The three-body bound state E3 — —h%/mrg — —oo
@ The three-body bound state is unbound from below
@ curiosity: evenif B, ~ 0, E3 — —

Efimov effect (unitary limit)
@ E, —0,a— oo (CSI)
ro = constant
a series of states appears between —1?/mré < E} < —h2/ma?

The series of states is infinite at the unitary limit

°
°
@ two consecutive states have ratio: E{"™") /E{") — e-27/s0
°
°

Sg is an universal number (DSI)

4
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The Efimov Effect

e The three body Hamiltonian:
H=T+V(1,2)+V(2,3)+V(3,1)
e Hyperspherical coordinates:
pPP=x24y? X =r1—1y, y=r3—(r1+r2)/2,
X.y]=1[p,Q] = [p,X,y,actan(x/y)] = [p, X, ¥, ]
e The kinetic energy:
L2(Q 2 L2(Q
poq, PO _F 50 L)
p 9 pop  p
e Adiabatic Hyperspherical expansion:

W(X ’ y) = \U(,o, Q) = :0_5/2 Z Wn(p)d)n(,oa Q)
n
e the adiabatic functions ¢, (p, Q) are solutions of:

212
<%L;§2) +V(1,2)+V(2,3)+V(3,1)> én(0,Q) = Un(p)n(p, )

A. Kievsky (INFN-Pisa) Universal behavior in few-body systems ICTP-Saifr, Minischool 7148



The Efimov Effect

e The hyperadial functions wy(p) are solutions of:

[%2 ( 83; + 15) + U, (p)] Wa(p) +chmwm(p) Ewn(p)

e The equation for the lowest hyperadial functions wp(p) as p — oo is:

W[ 92 s24+1/4-— p?/a?
a(‘a—pf 2 olp) = Ewo(r)

e in the unitary limit a — oo and the solutions are
Wo(p) = pM?Kisy(V25p) with w2 = E /(1% /m)

e The discrete spectrum arises from the boundary condition at p ~ 0

E(i+1) _ g2n/sog ()
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e a number of discrete states appears between 72/mr3 < E; < h?/ma?
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Three-boson spectrum for rp/a << 1

Matching conditions

@ working equation: 2= ( gpz 50”;—1/4) Wo(p) = Ewo(p)

@ solution (p << |a]): wo(p) = (Hp)*/? sin[seIn(cHp) + 6.)
@ boundary conditions at short distances:
Socot[soIN(Aopo)] = Po&/’gg; — -
® 0, = —spln(cH /o)
@ defining: 1/a=Hcos¢ and k = Hsin¢
20, = —A(¢) mod 27

*I\)

m

v
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Three-boson spectrum for rp/a << 1

Zero-Range Theory

2
*

= e—27r(n—n*)/so} [eA(f)/So] h::

o the ratios at ¢ = const. are E{"! /E{") — e-27/50 ~ 1/22.72
@ «, Is the three-body parameter

@ A(¢) is an universal function (known)

@ parametric form:

ES/(h?/ma?) = tan?¢
Kyl = [eﬂ(n—n*)/So][e—A(é)/ZSo]/ cos ¢

x = -1y g)
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Discrete Scale Invariance
Polar Coordinates: 1/a=Hcos¢, K =Hsin¢

h2 K2 K2
Eg 4+ — = e_znﬂ'/SOeA(E)/SO_* — H =k, e—nﬂ/so eA(f)/ZSO
ma? m
A=l
T I
-0.2 z —
T 04 227 7
i} i
)
5 08 o
-0.8— _
| H |
L | L | L | N

R PR T ET R [
EID.S -0.4 -03 -02 -0.1 0 0.1 0.2 03 0.4 05

son(@)( 17a)™
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Discrete Scale Invariance in the (x — y)-plane

nm/s e_A(E)/ZSO nm/s
X=RKa=e /0 =e /0

4 : : : : : : : :

2+ |
< 0 y(-174) = 0.071
BN

I a(1) a(0) |
-1.56 = y(-m)

2+ a

4 . | . | . . | .

-60 -40 -20 0 20 40

X=K,a
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Studying Universality

Efimov physics with potential models
@ Tunable strength
@ Finite-range versus zero-range theory
@ Finite-range effects
@ Equivalent to results from EFT
@ Comparisons to experimental results
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Studying Universality

Efimov physics with potential models
@ Tunable strength
@ Finite-range versus zero-range theory
@ Finite-range effects
@ Equivalent to results from EFT
@ Comparisons to experimental results

Discrete Scale Invariance
@ Evolution with N
Constrains imposed by DSI
N-boson spectrum with a (regularized) contact interaction
Quantum Mechanics of shallow states

)
)
9
@ Experimental studies in nuclear physics
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S.E. Pollack et al., Science 326 (2009) 1683
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Efimov physics with potential models
The He-He system as example: J

E(He—He)~ -1.3mK 10

a =190 a.u.

ro =13 a.u. 5 \ e

a>>1Iy L /

E(He-He)~—2L £ — —
~—17mK - { LA2M2

1 10 100 1000
r (a.u.)
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Soft Two-Body Gaussian Potential

Effective low-energy soft potential

@ V(r)=Vy e /R

Regularized contact interaction

Fix Vg to reproduce one low-energy LM2M2 datum
Use the cut-off R to reproduce a second datum

Vo= —1.2344K, R =10.0a.u
| Gaussian | LM2M2

ag (a.u.) 189.41 189.42
ro (@.u.) 13.81 13.84
E, (mK) | -1.303 -1.303
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Soft Hyper-Central Three-Body Potential

Problem in the three-body sector

\ Soft-Gaussian \ LM2M2
-150.4 ‘ -126.4

EL (mK)

EM (mK) -2.467 -2.271
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Soft Hyper-Central Three-Body Potential

Problem in the three-body sector

\ Soft-Gaussian \ LM2M2
-150.4 ‘ -126.4

EL (mK)

EM (mK) -2.467 -2.271

Effective low-energy three-body-soft potential

— 202 2
W (pi) = Wo € Fik /o (Pf o I + T + 1)

potential Eég) (mK) Eéﬁ) (mK)
LM2M2 —126.4 —2.265
gaussian —150.4 —2.467
(Wo [K], po [a.u.])
(0.422,14) —126.4 —2.299
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Soft Hyper-Central Three-Body Potential

Problem in the three-body sector

\ Soft-Gaussian \ LM2M2
-150.4 ‘ -126.4

EL (mK)

EM (mK) -2.467 -2.271

Effective low-energy three-body-soft potential

— 202 2
W (pi) = Wo € Fik /o (Pf o I + T + 1)

potential Eég) (mK) Eéﬁ) (mK)
LM2M2 —126.4 —2.265
gaussian —150.4 —2.467
(Wo [K], po [a.u.])
(0.422,14) —126.4 —2.299

@ LO Effective Field Theory
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VA(r) = AVimamz(r)

a’ al A=1

0 T T T T T T
02} B, with%?::—z\\x\ 1

Eé with Vi(r) | ——
Ei} with TBG
EY with Vj(r)
EY with TBG

-0.4

-0.6

_—0.5 -04 -03 -02 -01 0 01 02 03 04 05

sgn(a)y/¢/|a|

sgn(E)V/|E|/ Ep
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VA(r) = AVimamz(r)

a’ al A=1

0 T T T T T T T
02t B, with%% 1

Eé with Vi (r) | ——
Ei} with TBG
EY with Vj(r)
EY with TBG

-0.4

-0.6

05 04 203 =02 01 0 01 02 03 04 05
sgu(a)y/{/la|

sgn(E)V/|E|/ Ep

e Soft Potentials together with the Schrédinger equation can be used
to investigate Efimov physics
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Three-Body Bound States

20 .
/ \ ——
15

h? /ma? /
5
\\
0

-0.5 0 0.5 1 1.5 2
1/k.a

ES/(h?/ma?) = tan? ¢
o—A()/25

Kyl = e(”—n*)ﬂ/so
cos¢
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Three-Body Bound States
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Three-Body Bound States
20
o

B |
h? /ma? /

-0.5 0 0.5 1 1.5 2
1/Ka

ES/(h?/ma?) = tan? ¢
o—A()/25

n
Kha =
* cos¢
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Three-Body Bound States

20 ;
15 ¢
2E3 10 / \
h* [ma? /‘
5 °
. \\
0 &
-0.5 0 0.5 1 1.5 2
1/Ka

ES/(h?/ma?) = tan? ¢
o—A()/25

n
Kha =
* cos¢
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Three-Body Bound States
20 ,
/ \ EY .
E% o
15 .
sl
AETAERN

-0.5 0 0.5 1 1.5 2
1/Ka

ES/(h?/ma?) = tan? ¢
o—A()/25

n
Kha =
* cos¢
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Three-Body Bound States

20 ,
/ \ . Eg ;
El o

15 = !

h? /ma? /‘
| N
(0 beede?

-0.5 0 0.5 1 1.5 2

1/Ka
ES/(h?/ma3) = tan? ¢ h?/mai =E, a>0
) N
I@*aB—i—rg:W h/maB:EV a<0
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Three-Body Bound States

20
INEE
El
15 !
AR
10
i fma%, / \\
5
j 3\9\9‘6\
0
05 0 05 1 15 2
1 (kap +T)
ES/(h?/ma3) = tan? ¢ h?/mai =E, a>0
e A/
klag +5=——— Hh°/mag=E, a<0

cos¢
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Three-Body Bound States

100 ‘ -80 ‘ -60 ‘ -40 ‘ -20 0 ‘ 20
aB/I
ES/(h?/ma3) = tan? ¢ h?/mai =E, a>0
khlag + 15 =y(¢) h?/ma3 =E, a<0
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Origin of the finite-range scaling parameter [ ;

@ From the matching condition we have: 0. = —sgln(cH /Ap)
@ Identifying \g — k.

@ remembering that 1/a = H cos ¢

@ the Efimov equations are obtained

@ However ... )
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Origin of the finite-range scaling parameter [ ;

@ From the matching condition we have: 0. = —sgln(cH /Ap)
@ Identifying \g — k.

@ remembering that 1/a = H cos ¢

@ the Efimov equations are obtained

@ However ...

finite-range potentials with large scattering length

The relation between Ag and k. iS: Ag = kK« (1 + A;—g o= )
and defining I's = Ak, g, the shifted Efimov equation is obtained

e—A(8)/2so

n n
Kyag + 5 =
B cos¢
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AnalyZing data: o. Matchey et al.,Phys. Rev. Lett., 108, 210406 (2012)

) 0.16

= 30 e

= . <o

Eo,n‘l‘z + }~+ e
1 S S

é 0.08,'

[u\

' 0.04

=

K

I
0 1 2 3 4 5 6

E,/h[MHz]

° Trimer-dimer energy differences in “Li
———- universal theory (zero-range)
- - - - fit to the data
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Analyzing data in the (x —y) plane
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‘%’\ 0.14—
012—

01—

ool L 11
%o a0 40 S0 e 70 80 90

ke =161 x 107 ag* [=4.95x 1072
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Bound States: Increasing N

o We know that there is a tree of two attached states
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Bound States: Increasing N

e We know that there is a tree of two attached states

sgn(E)/1E]/ Ee

\

05 04 -03 -02 01 0 01 02 03 04 05

sgn(a)y/£/]al
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Bound States: Increasing N
e We know that there is a tree of two attached states

o We know that DSI is verified for N = 3:
EJ/E; =tan?¢
. o e—A(8)/2s0
a =

fi38B ! 3 cos¢

e Goingto N > 3 we propose
Ey"/Ep =tan?¢
e—A(8)/2s0
Cos¢

with m = 0, 1. We restric the analysis to n = 0. The states with n > 0
appear as resonances.
e We search rules for x3™ and for 1"

n,m nm _
KN aB + FN =
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Increasig N
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Increasig N
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Increasig N
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Increasig N
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Increasig N
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Increasig N
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Increasig N
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1/(k)ap +T¥) 1/(&¥ap +TY)

EQl/E; =tan®¢
o—B()/25

n n
KRag +M =2
NE8 TN cos¢
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Increasig N

Universal Formula

A. Kievsky (INFN-Pisa) Universal behavior in few-body systems

g o

e

r

-0.6 -0.4 -0.2 0 0.2 0.4 0.6
1/(kgyas + F&)

Ef/E, = tan?¢

N , e—A8)/2s0
KNaB + rN = W
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Increasing N
e We know that there is a tree of two attached states

e We know that DSI is verified:
EQ/E; =tan?¢

e~ A(6)/250

n n

e Goingto N > 6 what we can expect?
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Increasing N
e We know that there is a tree of two attached states

e We know that DSI is verified:
EQ/E; =tan?¢

e—A(8)/2s0
cosé
e Goingto N > 6 what we can expect?

/i',l,aB + FR, =

e It is clear that increasing the number of particles the potential energy
can grow faster than the kinetic energy destroying the Efimov picture
(more excited states to appear)
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Increasing N
e We know that there is a tree of two attached states

e We know that DSI is verified:
EQ/E; =tan?¢

e~ A(6)/250

n n

e Goingto N > 6 what we can expect?

e It is clear that increasing the number of particles the potential energy
can grow faster than the kinetic energy destroying the Efimov picture
(more excited states to appear)

e The problem of N interacting particles with contact interactions has a
known solution?
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Efimov plot up to N = 16 using soft potentials
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Studying sy and [']; with N
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Analysis of the results

zero-range VS. finite-range results

ER/(h?/ma?) = tan? ¢ EQ/(h?/ma3) = tan? ¢

rna =y(&) ryae + 1 =y(6)

@ general equations for the lowest states (n = 0, 1) of the N-boson
system

@ The zero-range theory is a one-parameter theory

@ The finite-range theory is a two-parameter theory

@ ry is a scale parameter

o is a finite-size scale parameter

@ The xy parameters are not independent (are linear in N):

0 0
KR K
K—§_1+(N—3)(ﬁ—g—1)
3 3

) /42 / mg = 2.147 is an universal quantity (A. Deltuva, FBS 54, 569 (2013)).

4
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The linear dependence on y at constant a in He clusters

KNAB T+ FN =

EN/E2 = tan2£

e—A(§)/2s0
cos¢

=y(¢)

M. Lewerenz, J. Chem. Phys. 106, 4596 (1997) for the TTY potential
V.R. Pandharipande et al., Phys. Rev. Lett. 50, 1676 (1983) for the HFDHE2 potential

TTY HFD
ap (a.u.) | 189.0 | 1705
o (a.u.) | 13.94 | 13.90
E, (mK) | -1.310 | -1.685
Es (mK) | -126 -133
E4s (mK) | -558 -604
Es (mK) | -1302
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The linear dependence on s with N

KO HO
N — L (N3 01
l€3 l€3

e For the zero-range theory «§/x3 = 2.147

J. von Stecher, J. Phys. B: At. Mol. Opt. Phys. 43, 101002 (2010)
G.J. Hanna and D. Blume, Phys. Rev. A 74, 063604 (2006)
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Conclusions
@ The Efimov spectrum for N bosons has been analyzed
@ The universal formula has been extended to general N
@ The zero-range theory is a one-parameter theory
It can be represented as stright lines going through the origin
@ The finite-range theory is a two-parameter theory

It can be represented as stright lines not going through the origin
The distance to the origin is the finite-size scale parameter

@ A linear dependence has been found for the scale parameter xy
and for the finite-size scale parameter

@ Experimental data from Khaykovich has been analyzed within this
theory

@ Numerical results from Lewerenz, Pandharipande, Blume, and
Stecher has been analyzed as well

@ Possible four-body force to describe saturation

@ We hope that this analysis will estimulate more experimental
activity

ICTP-Saifr, Minischool 48/ 48




