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• A new “zoo” of quantum phases of insulating materials classified by the topology of 
the band structure

Topological insulators

• What distinguishes these insultators is the topology (topological invariant)

• What is the effect of strong interactions?
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Heavy-fermions and Kondo insulators

• Heavy-fermions (SmB6, YbB12, Ce3Bi4Pt3, Ce3Pt3Sb3, CeNiSn, CeRhSb, etc.)

• Opening of a gap due 
to strong correlations



• M. Dzero, K. Sun, V. Galitski and P. Coleman,
PRL 104, 106408 (2010)

Topological Kondo insulators

• SmB6: a Kondo insulator

• Strange feature: saturation of the resistivity at low T

• J. M. Allen, B. Batlogg and P. Wachter, 
PRB 20, 4807 (1979)



Topological Kondo insulators in 1D

• A toy model for a 1D TKI: The “p-wave” Kondo-Heisenberg model in 1D 

Large-N mean-field approximation

Topological insulator 
(Topological band theory)

Topologically protected end states

• Interplay of topology and strong correlation



• Non-interacting topological insulator in 1D sp chains
• Schottky-like Surface states

Topological sp chains



Experimental motivation: ultra-cold gases with higher p-bands

• Soltan-Panahi et al, Nat. Phys. (2011)• X. Li et at, Nature Comm. (2012)

• A. M. Rey et al, PRL 99, 146001 (2007)



Large-N mean-field 
approximation

Topological band theory

Main results of this work

Haldane insulator 1D Topological Kondo insulator

• Main result (using Abelian bosonization and DMRG)

• Mean-field is not correct in 1D
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The Haldane chain

• Haldane conjecture for Heisenberg model:       Half-integer spin chains are gapless
Integer spin chains are gapped



Spin-1/2 end-states

• “String” order parameter

Affleck-Kennedy-Tasaki-Lieb (AKTL) construction

• Strongly-correlated topological phase in 1D 

• Degeneracy in the entanglement-entropy spectrum (Pollman et al, PRB 81, 064439, 2010)



Steven White, Phys. Rev B 48, 10345 (1993)

Open-end Haldane S=1 chain. DMRG calculations

Magnetic S=1/2 end-states
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The “standard” 1D Kondo-Heisenberg model

Original motivation: 
• Heavy-fermion compounds
• Stripe phase in HTSC



• “p-wave” Kondo-Heisenberg model              (Alexandrov & Coleman, PRB 2014)

+ - + - + -+ - + -

p-wave combination of conduction-electron orbitals

Standard vs p-wave Kondo-Heisenberg model

• “Standard” Kondo-Heisenberg model



Sign!

Uniform magnetization field “Staggered” field

Field-theory description

• Decomposition of the spin densities

𝐽 𝑥

𝑥

−1 𝑗𝑁 𝑥

𝑥



Field-theory description

+ - + - + -+ - + -+ - + - + -+ - + -

• Antiferromagnetic Kondo interaction   𝐽𝐾 > 0

• Effect of topology: Effective (local) ferromagnetic interaction −𝐽𝐾 < 0



• Bosonized Hamiltonian Charge sector 
(conduction band) 

Spin sector
(both chains) 

Bosonization

+ - + - + -+ - + -

• Perturbative RG equations

Luttinger parameters K  

Umklapp

Kondo parameter 

(Lobos et al, Phys. Rev. X, 5, 021017 (2015))

Dinamically generated 
U>0 in the band
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DMRG results: Gap in the charge sector (Mott insulator)

Insulating behavior: Mott gap (even for U=0)

+ - + - + -+ - + -

Mezio et al, Phys. Rev. B 92, 205128 (2015)

~ JK
2 behavior

(as predicted by 
bosonization)



DMRG results. Haldane gap

+ - + - + -+ - + -

• Effective spin-1/2 FM ladder  Effective spin-1 chain

Mezio et al, Phys. Rev. B 92, 205128 (2015)

Haldane gap



DMRG results. String order parameter

• “String” order parameter

Mezio et al, Phys. Rev. B 92, 205128 (2015)



DMRG results. Spin ½ end-states

Mezio et al, Phys. Rev. B 92, 205128 (2015)



• DMRG results showing the degeneracy in the entanglement-entropy spectrum
• “True” signature of the Haldane phase

Independent confirmation of the Haldane phase



Outline

• Introduction

• Topological insulators

• Topological Kondo insulators

• The Haldane chain

• Main theoretical results using bosonization

• Numerical (DMRG) results

• Summary and perspectives 



• Summary

• Perspectives

• How these results fit in a more general classification scheme (i.e., 
symmetry-protected topological phases)?

• Higher dimensions?

• What is the relation to the non-interacting limit? Thanks!s!

• The groundstate of a 1D topological Kondo insulator is a Haldane phase

• Robust spin-1/2 magnetic end-states of topological origin

Summary and perspectives


