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Anderson localization

Anderson, Phys. Rev. 109, 1492 (1958)

In 1d isolated systems, single-particle states under a random
potential {A;} are (exponentially) localized for any amount of
disorder. There is no diffusion in the absence of a thermal bath.

Figure taken from Billy et al., Nature 453, 891 (2008). : ) p
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Interacting fermions in 1D

L

L
H:tZ<CTCJ+1—|— J+1 )—Zlhjnj Z nj+1—%)
j=

=

Mapping fermions to spins via the Jordan—-Wigner transformation:

L L
H=JY (S5 +S/ Sl +ASiSia) ~ Y S (Jet, J = V)
j=1 j=1
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The quantum XXZ chain with bond disorder

We focus on systems described by the following Hamiltonian:

L
H= lef <SJ'XSJX+1 +5/ 5/ +AS] jz+1> |
J:

@ The anisotropy parameter A gauges the fermion-fermion
interactions; we study the cases A =0 (XX chain,
noninteracting) and A = 1 (Heisenberg chain).

e We assume J; > 0 (antiferromagnetic couplings).

@ Low-energy behavior strongly depends on how {J;} is chosen.
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L
H=JY ('S5 +5Sln+ASi ), (J>0,0<A<1)

AN

o Néel state (--- T4TJT) --+) is not an eigenstate;
Sy —% = [sgj,sy.} — iS5, # iS5,

e Ground state is a critical singlet (L even)
Total spin: S=5+%+ - +5pn: 52 |Wo)=0

—1 r
(S7SPr)e ~ (rna) ; Eit—Ey=0, nNo¢=na(A)

André P. Vieira MBL and emergent dimerization



Alternating bonds: enforced dimerization

Jj:J[1+6(—1)J}>O, 0<A<1 J

A A A A
,@@@, 1O) = 25 (I14) = 141))

@ Noncritical ground state

o Nonzero gap to (extended) lowest excited states:

2(m—arccos A)

E ~ |8 v=v(A)=
181, (8) 3w —4arccosA’

o Ground-state correlations: <§J : §j+r>0 ~exp(—r/&).
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Breaking translation symmetry

@ Randomness: bonds chosen (independently) from a probability
distribution P (J;).
e Deterministic aperiodicity (quasicrystals)
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1D analogues of quasicrystals

Slope angle 6:
1 5
tanf = + \f
2
@ Substitution (inflation) rules
Fibonacci : { a—ab abaababaabaab. ..
b—a

@ Gives rise to an aperiodic sequence of bonds J, and Jp.
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Weak disorder: the Harris—Luck criterion

Harris, J. Phys. C 7, 1671 (1974); Luck, EPL 24, 359 (1993)

@ In the context of the antiferromagnetic XXZ chain, the
criterion involves the fluctuations of & = J; — Jj_1.

@ Assuming that these fluctuations grow with the system size L
as
G~ L°,

with some “wandering exponent” ®, disorder will be
perturbatively relevant if

a)>max{0,1—(dv)_1}:O (d=1,0<A<1).

@ For randomness, @ = %: weak disorder is relevant.

@ For deterministic aperiodicity, @ depends on the substitution
rule, and can be gauged independently of the modulation
strength r=1—J,/Jp. TR
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Strong disorder

Real-space strong-disorder renormalization group (SDRG)

Ma, Dasgupta and Hu (1979); D. S. Fisher (1994)

H=Y 45 -84, >0
J

Ho = JoS1- S IH\

Hioc = Ho+Ji1S- 51+ 4,5+ S,

(ks T < Jo) i::l

S 1 e N,
H(OC:JISI'SH Jl:2J.lj~: Sl\ s ’S

For the XXZ case (0 < A <1) a similar relation holds, but A is
Tiv\—\wj

also renormalized. LD
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Strong disorder: Fibonacci bonds

APV, PRL 94, 077201 (2005); PRB 71, 134408(2005)

@ Geometric fluctuations for XXZ chain with Fibonacci bonds:
Gy ~InL, formally @ = 0™ — weak disorder is marginal.

o Effective parameters of the SDRG scheme:
1 N/Np N/up 14+ Ay
= : =p%»(A A=
T8, Jp = PRI 2
e Bonds J, and Jp, assuming p = J,/Jp < 1:

AA,

e

3 J2
Jl = 787 J/ = 7‘97 Q ~ J

@ lterating n times reveals gapless excitations in the T.L.:
Qp~ 1y P exp (—pin?r,) XX chain — u =0 TSP



Strong disorder: Fibonacci bonds

APV, PRL 94, 077201 (2005); PRB 71, 134408(2005)

Low-temperature thermodynamic behavior

JE— Ja/l =1/10 (free tcrmlons)
o J,/J,=1/10 (MDH) 10
J— J /I =1/4 (free fermions)
O Ja/Jb:1/4 (MDH)

IR

/'le

(LAY

x(T)

AL
[

[

T

s | vvium | i | suum | -2
- y - : 10
10 10° 10t 107 10

d CSH
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Strong disorder: deterministic aperiodicity

APV, PRL 94, 077201 (2005); PRB 71, 134408(2005)

o For bonds chosen from substitution rules with @ > 0
(perturbatively relevant) and no average dimerization
(Joj—1 = Jj), length and energy scales are related by

Q ~exp(cr?®).

o Discrete characteristic length and energy scales.

e Distinction between average and typical behavior.

o Asymptotically (long lengths, low energies) valid also for weak
initial modulation.

@ What about perturbatively irrelevant bond sequences?
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Deterministic aperiodicity

Perturbatively irrelevant bond sequences: APV and Hoyos, PRB 98 104203 (2018)

@ Large family of substitution rules with @ = 0 and no average
dimerization (Jj_1 = Jj).

@ Representative example:

aa — aabaababba
ab — aabaab
ba — abbaaaabba

@ Harris—Luck criterion predicts weak modulation to be
irrelevant; confirmed by bosonization approach.

@ What about strong modulation?
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Deterministic aperiodicity

Perturbatively irrelevant bond sequences: APV and Hoyos, PRB 98 104203 (2018)

@ For strong modulation, SDRG can be used.

1 25 28 31 38

00+ OO = = O+ Do) = + OreeOmme) = = O+ OO = + O =+ 0 =+ O =+ OO = + O = + O =+ OreeO O+ OO + O + D) = + O # + OO + OO = + O =+ O = O

’ ..... H_x\ Ji,=1(L0)Jr
1!

1r=03(D0)Ar,

Which are now the ‘strongest’ bonds?
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Deterministic aperiodicity

Perturbatively irrelevant bond sequences: APV and Hoyos, PRB 98 104203 (2018)

@ For strong modulation, SDRG can be used.

1 25 28 31 38

00+ OO = = O + Do) = + OreeOmme) = = O+ OO = + O =+ 0 = # O = + OO = + O = + O =+ OremeO = =01+ OO + O + D) =+ O+ + OO + OO = + O = = O = O

@ Applying SDRG in the noninteracting XX limit (A =0), an
effective uniform chain is produced — both weak and strong
modulation are irrelevant.

@ This is confirmed by free-fermion calculations for large
systems, with L ~ 10° sites.
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Emergent dimerization

Perturbatively irrelevant bond sequences: APV and Hoyos, PRB 98 104203 (2018)

@ In the interacting Heisenberg limit, SDRG vyields
1 25 28 31 38

One Om = OO = O+ OO = OO = O = # O OmeO = 2 O 22 O = O = 2 OO = O 2 0 = 2 O = O 2 O 2 O 2 O 2O = 2 ) = # Qe OemeO = = O = O = 2 O

9 13 19 28 35 41 51 57 67 77
O SO e o OO o e Qi N O/ O/
5 116 25 31 38 47 54 63 73 80
28 38 112 121 138 148 206 216

o Alternating weak and strong effective couplings: emergent

dimerization.
@ Strong couplings are all equal to each other; weak couplings

form an aperiodic sequence with wandering exponent @ = %
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Emergent dimerization

Perturbatively irrelevant bond sequences: APV and Hoyos, PRB 98 104203 (2018)

@ In the interacting Heisenberg limit, SDRG vyields

1 25 28 31 38

One Om = OO = O+ OO = OO = O = # O OmeO = 2 O 22 O = O = 2 OO = O 2 0 = 2 O = O 2 O 2 O 2 O 2O = 2 ) = # Qe OemeO = = O = O = 2 O

28 38 112 121 138 148 206 216

@ Low-energy effective Hamiltonian:

02 0/2-1
H = Jstrong Y, Soj-1- Soj + 52+ S2j41.
= =1
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Emergent dimerization

Perturbatively irrelevant bond sequences: APV and Hoyos, PRB 98 104203 (2018)

o Low-energy effective Hamiltonian in the Heisenberg limit:

_ . £/2 . . ¢/2-1 L.
H= Jstrong Z 52_[71 : S2j + J_iszf ’ 52J'+1'
j=1 j=1

o If .71 =0, the ground state and the lowest-lying excitations are

[Wo) =[5)12®15)34@(5)56@ - ®15), 1,

;%) = <® |5>2i1,2i> ®[t:5%)9j 125

i#j
in which |s),;_; 5; is a singlet state between effective spins at
2j—1 and 2j, while [t;5%),; ; 5; is one of the triplet states.
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Emergent dimerization and localization

Perturbatively irrelevant bond sequences: APV and Hoyos, PRB 98 104203 (2018)

e For jJ = 0, perturbation theory yields an effective Hamiltonian
for the lowest-energy many-body band, describing the hopping
of the “triplons” over the dimers:

~ 16/271 L . . .
Ficsiplon = =7 Y. Jj (U S%) G+ LiS%| 41+ 1:5%) (j: 57)).
j=1

o Are single triplons localized? Participation ratio shows that
they are. This remains true for 2-triplon excitations, whose
effective Hamiltonian is more complicated.

L . 4
Participation ratio for state kK = Z}l//kd-‘
J
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Emergent dimerization and localization

Perturbatively irrelevant bond sequences: APV and Hoyos, PRB 98 104203 (2018)

Inverse participation ratio of 1- and 2-triplon states vanishes for
infinite system size — localization

10'E T T AR
o ]
§ [ 0 D
% r o

2
= 10°F o ° o E
o] F 'S ]
2 o o
3 ° .
= o)
a r &
Q3 - o o i
8 10 F|O 1-triplon states 3
i F | O 2triplon states, S'=0 o
S [ | © 2triplon states, S = +1 o
c L 2-triplon states, S’ = +2

4 Ll Ll L

10 2 3 4 5

10 0

10 10 !
Number of states (related to system size)
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Numerical checks

Perturbatively irrelevant bond sequences: APV and Hoyos, PRB 98 104203 (2018)

DMRG results for the energy gap

o2sfF ~ T g

0 0.2+ T - £ .
10 L o E [ooL=42 |73
0.15F -~ 47 |e-eL=86 |1
| R eiZ36e |]
. L L L L ®-n = -1

) 0 2x10™ ax10* 6x10* 8x10* |o—o [ =754
1 _
10 ¢ 1/L e[ =1552|7
. s [=3194] 3
A-A] =6574]

~—A -
e ?/
L L

| |
0 02 04 06 038
r=1-J9L® USE




Numerical checks

Perturbatively irrelevant bond sequences: APV and Hoyos, PRB 98 104203 (2018)

DMRG, gap rescaled by SDRG prediction (ro ~0.13,z~1, v ~2)

103§""""I H BN B B Bk T

o 1 T
V10 15 [coL=178 |-
107 F 1T [==L=366 |
i 12 |e—rL=754 |7
10§ DEOen ot §L<11] *-o [ =1552] 1
F 18 |er=3194] 1
P -1 Ol v ovund v ovood ovvond oovvomal 5vrond 5o a-a] =6574 |
= 10 %02 10" 10° 10" 10° 10° 10* E
— ]
g .
3 ]

\ _2 -

5 10 E
_3 |
10 __‘_“_“,A‘I‘ | §

| L |
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Cartoon of the phase diagram

Perturbatively irrelevant bond sequences: APV and Hoyos, PRB 98 104203 (2018)

Luttinger liquid: extended; aperiodic dimer: localized at least at

low energies
A »
1 c
< Aperiodic
Dimer
g
é”
£ A
z Luttinger Liquid
8
3
k= ,
0 Modulation strength r 1
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Conclusions

Emergent dimerization: Novel mechanism for inducing a
localized gapped phase in interacting quantum many-body
systems.

Single-particle eigenstates are extended even for very strong
disorder; many-body low-energy states are localized for
sufficiently strong disorder and sufficiently strong interactions.
Transition can be studied, and critical exponents obtained.
The transition is driven by both strong interactions and
disorder modulation.

In the fermion context, this is a metal-insulator transition very
distinct from both the Mott and the Anderson transitions,
exhibiting a spectral gap but no charge order.

Perspectives: Thorough numerical check for 0 < A < 1;
numerical investigations of the dynamics close to the
transition; high-temperature behavior and connection to
many-body localization. N
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FFT results
Perturbatively relevant bonds

, 10°F /#j
10 " J
S o E
106 ~ 1.138 7
g Y(0)~10-7]
5 lo-lo;ogéggc@ A _%
10 5\ ERETTT BRI BRI R AR T AR
e 10° 10t 107 107 10t 10 |
= (Qm)-1 E
10

0
(O/m) -1
ISP
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FFT results
Perturbatively irrelevant bonds

10" T T T
7

L Iog )

E e 3

g Jos 3
— d — J
// §
E /O, El j

F v 3

E 0 ]
— D/ — J
~ | | | _E

s 10° 10* 10 10°

2 1N )
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Geometrical fluctuations

Perturbatively irrelevant bonds

1005_ ________________________________________________________________
:\\\ 0
107 \se
Q107F
,3_ — all lengths |
10 é_ O natural lengths ii
F —— N i
A R S
-4 Lol Ll Ll Lo N
10
10” 10' 10° 10’ 10"

N
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Geometrical fluctuations
Fibonacci bonds

4: T T T T T
E — all lengths /"/
r O natural lengths /1./'
C| S I L
Z 5
O
1
N Hullw il Wl e
0 C L L RN H J. ‘JImLJlLLLLlL .
10 101 107 10° 10*

N
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Numerical checks

Perturbatively irrelevant bond sequences: APV and Hoyos, PRB 98 104203 (2018)

QMC calculations with J,/J, =1/10

3
10§ f f f 10’ e
F 2 T ]
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