
LARGE-SCALE STRUCTURE

THE VISIBLE AND THE INVISIBLE WEBS



Initially, density fluctuations are very small (δρ/ρ ~ 10-4), and in this 
linear regime, structure formation proceeds at a moderate pace
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LARGE-SCALE STRUCTURE



However, soon the linear regime fails to describe the growing 
concentration of matter in the initially overdense regions.  
Gravity is a relentless force driving inequality in the Universe.

THE VISIBLE AND THE INVISIBLE WEBS
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Dark matter is 5-6x more abundant than baryonic matter, therefore 
it often determines the gravitational wells where we also find 
luminous baryons— galaxies of all kinds, quasars, gas clouds, etc.
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Galaxies serve as tracers of the dense regions of 
the Universe, where we find more matter. 
Although their absolute positions are irrelevant, 
their relative positions tells us about clustering
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THE CLUSTERING OF MATTER
LARGE-SCALE STRUCTURE

BOSS, Sánchez et al. 2017



To the blackboard!




Brief review of


Cosmic Microwave Background Radiation


and


Baryon Acoustic Oscillations
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Fig. 5. Hydrogen recombination in Saha equilibrium vs. the calibrated 2-level calculation of RECFAST. The
features before hydrogen recombination are due to helium recombination.

we can rewrite Eqn. (19) as the Saha equation

nenp

nHnb
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1 � xe
=
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meT

2⌅

⇥3/2

e�B/T . (21)

Recombination occurs at a temperature substantially lower than T = B again because of the low
baryon-photon ratio of the universe. We can see this by rewriting the Saha equation in terms of the
photon number density

x2
e

1 � xe
= e�B/kT ⌅1/2

25/2⇤b�⇥(3)

⇤
mec2

kT

⌅3/2

. (22)

Because ⇤b� ⇥ 10�9, the Saha equation implies that the medium only becomes substantially neutral
at a temperature of T ⇤ 0.3eV or at a redshift of z⇥ ⇥ 103. At this point, there are not enough
photons in the even in the Wien tail above the binding energy to ionize hydrogen. We plot the Saha
solution in Fig. 5.

Near the epoch of recombination, the recombination rates become insu⇥cient to maintain ionization
equilibrium. There is also a small contribution from helium recombination that must be added. The
current standard for following the non-equilibrium ionization history is RECFAST (Seager et al. 2000)
which employs the traditional two-level atom calculation of Peebles (1968) but alters the hydrogen
case B recombination rate �B to fit the results of a multilevel atom. More specifically, RECFAST
solves a coupled system of equations for the ionization fraction xi in singly ionized hydrogen and
helium (i = H, He)

dxi

d ln a
=

�BCinHp

H
[s(xmax � xi) � xixe] , (23)

where nHp = (1 � Yp)nb is the total hydrogen plus proton number density accounting for the helium

Hu 2008

Number of free (ionized) electrons and ionized fraction::

ne = (1 � Y )Xenb = xe ⇥ 1.12 ⇥ 10�5�bh
2(1 + z)3cm�3

Recombination: the Saha equation and full recombination



This probability per unit length that a photon is scattered by some time t, but 
not afterwards, is called the visibility function:
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History Enter the Discussion?



Width of the Surface of Last Scattering, as observed today:


z~1300

z~1000

• The CMB is really a snapshot of an “instant”: a picture of a 
spherical shell of radius RSLS, when the Universe was 400,000 yrs old
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Causal description of the 
Universe, from our point of view

Condições iniciais
(t~380.000 anos) de 

densidade/temperatura



Illustris simulation



T~2.7292 K

T~2.7298 K

Cosmic Microwave Background:  
initial conditions to build the structures of the Universe

𝝙T/T ~10-5
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Planck Collaboration: The Planck mission

Fig. 14. The SMICA CMB map (with 3 % of the sky replaced by a constrained Gaussian realization).

Fig. 15. Spatial distribution of the noise RMS on a color scale of 25 µK
for the SMICA CMB map. It has been estimated from the noise map
obtained by running SMICA through the half-ring maps and taking the
half-di↵erence. The average noise RMS is 17 µK. SMICA does not
produce CMB values in the blanked pixels. They are replaced by a con-
strained Gaussian realization.

for bandpowers at ` < 50, using the cleanest 87 % of the sky. We
supplement this ‘low-`’ temperature likelihood with the pixel-
based polarization likelihood at large-scales (` < 23) from the
WMAP 9-year data release (Bennett et al. 2012). These need to
be corrected for the dust contamination, for which we use the
WMAP procedure. However, we have checked that switching
to a correction based on the 353 GHz Planck polarization data,
the parameters extracted from the likelihood are changed by less
than 1�.

At smaller scales, 50 < ` < 2500, we compute the power
spectra of the multi-frequency Planck temperature maps, and
their associated covariance matrices, using the 100, 143, and

Fig. 16. Angular spectra for the SMICA CMB products, evaluated over
the confidence mask, and after removing the beam window function:
spectrum of the CMB map (dark blue), spectrum of the noise in that
map from the half-rings (magenta), their di↵erence (grey) and a binned
version of it (red).

217 GHz channels, and cross-spectra between these channels11.
Given the limited frequency range used in this part of the analy-
sis, the Galaxy is more conservatively masked to avoid contam-
ination by Galactic dust, retaining 58 % of the sky at 100 GHz,
and 37 % at 143 and 217 GHz.

11 interband calibration uncertainties have been estimated by compar-
ing directly the cross spectra and found to be within 2.4 and 3.4⇥10�3

respectively for 100 and 217 GHz with respect to 143 GHz
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Cosmic
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background

T(θ,φ): 
spherical harmonic 

decomposition



Spherical Harmonics and Fourier Transform

Decomposition into Fourier modes (Fourier Transform)
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Spherical Harmonics and Fourier Transform
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Angular power spectrum of the CMB
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Planck Collaboration: Cosmological parameters

Fig. 1. Planck foreground-subtracted temperature power spectrum (with foreground and other “nuisance” parameters fixed to their
best-fit values for the base ⇤CDM model). The power spectrum at low multipoles (` = 2–49, plotted on a logarithmic multi-
pole scale) is determined by the Commander algorithm applied to the Planck maps in the frequency range 30–353 GHz over
91% of the sky. This is used to construct a low-multipole temperature likelihood using a Blackwell-Rao estimator, as described
in Planck Collaboration XV (2013). The asymmetric error bars show 68% confidence limits and include the contribution from un-
certainties in foreground subtraction. At multipoles 50  `  2500 (plotted on a linear multipole scale) we show the best-fit CMB
spectrum computed from the CamSpec likelihood (see Planck Collaboration XV 2013) after removal of unresolved foreground com-
ponents. The light grey points show the power spectrum multipole-by-multipole. The blue points show averages in bands of width
�` ⇡ 31 together with 1� errors computed from the diagonal components of the band-averaged covariance matrix (which includes
contributions from beam and foreground uncertainties). The red line shows the temperature spectrum for the best-fit base ⇤CDM
cosmology. The lower panel shows the power spectrum residuals with respect to this theoretical model. The green lines show the
±1� errors on the individual power spectrum estimates at high multipoles computed from the CamSpec covariance matrix. Note the
change in vertical scale in the lower panel at ` = 50.
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Planck Collaboration: The Planck mission

Table 9. Cosmological parameter values for the Planck-only best-fit 6-parameter ⇤CDM model (Planck temperature data plus lensing) and for
the Planck best-fit cosmology including external data sets (Planck temperature data, lensing, WMAP polarization [WP] at low multipoles, high-`
experiments, and BAO, labelled [Planck+WP+highL+BAO] in Planck Collaboration XVI (2013)). Definitions and units for all parameters can be
found in Planck Collaboration XVI (2013).

Planck (CMB+lensing) Planck+WP+highL+BAO

Parameter Best fit 68 % limits Best fit 68 % limits

⌦bh2 . . . . . . . . . . 0.022242 0.02217 ± 0.00033 0.022161 0.02214 ± 0.00024

⌦ch2 . . . . . . . . . . 0.11805 0.1186 ± 0.0031 0.11889 0.1187 ± 0.0017

100✓MC . . . . . . . . 1.04150 1.04141 ± 0.00067 1.04148 1.04147 ± 0.00056

⌧ . . . . . . . . . . . . 0.0949 0.089 ± 0.032 0.0952 0.092 ± 0.013
ns . . . . . . . . . . . 0.9675 0.9635 ± 0.0094 0.9611 0.9608 ± 0.0054

ln(1010As) . . . . . . . 3.098 3.085 ± 0.057 3.0973 3.091 ± 0.025

⌦⇤ . . . . . . . . . . . 0.6964 0.693 ± 0.019 0.6914 0.692 ± 0.010

�8 . . . . . . . . . . . 0.8285 0.823 ± 0.018 0.8288 0.826 ± 0.012

zre . . . . . . . . . . . 11.45 10.8+3.1
�2.5 11.52 11.3 ± 1.1

H0 . . . . . . . . . . . 68.14 67.9 ± 1.5 67.77 67.80 ± 0.77

Age/Gyr . . . . . . . 13.784 13.796 ± 0.058 13.7965 13.798 ± 0.037

100✓⇤ . . . . . . . . . 1.04164 1.04156 ± 0.00066 1.04163 1.04162 ± 0.00056

rdrag . . . . . . . . . . 147.74 147.70 ± 0.63 147.611 147.68 ± 0.45

rdrag/DV(0.57) . . . . 0.07207 0.0719 ± 0.0011

for “running” of the spectral index. The spectrum does, however,
deviate significantly (6�) from scale invariance, as predicted by
most models of inflation (see below). The unique contribution
of Planck, compared to previous experiments, is that the depar-
ture from scale invariance is robust to changes in the underlying
theoretical model.

We find no evidence for extra relativistic species, beyond the
three species of (almost) massless neutrinos and photons. The
main e↵ect of massive neutrinos is a suppression of clustering on
scales larger than the horizon size at the non-relativisitic transi-
tion. This a↵ects both C��L with a damping for L > 10, and CTT

`
reducing the lensing induced smoothing of the acoustic peaks.
Using Planck data in combination with polarization measured
by WMAP and high-` anisotropies from ACT and SPT allows
for a constraint of

P
m⌫ < 0.66 eV (95 % CL) based on the

[Planck+WP+highL] model. Curiously, this constraint is weak-
ened by the addition of the lensing likelihood

P
m⌫ < 0.85 eV

(95 % CL), reflecting mild tensions between the measured lens-
ing and temperature power spectra, with the former preferring
larger neutrino masses than the latter. Possible origins of this
tension are explored further in Planck Collaboration XVI (2013)
and are thought to involve both the C��L measurements and fea-
tures in the measured CTT

` on large scales (` < 40) and small
scales ` > 2000 that are not fit well by the ⇤CDM+foreground
model. The signal-to-noise on the lensing measurement will im-
prove with the full mission data, including polarization, and it
will be interesting to see how this story develops.

The combination of large lever arm, sensitivity to isocurva-
ture fluctuations and non-Gaussianity makes Planck particularly
powerful at probing inflation. Constraints on inflationary mod-
els are presented in Planck Collaboration XXII (2013) and over-
whelmingly favor a single, weakly coupled, neutral scalar field
driving the accelerated expansion and generating curvature per-
turbations. The models that fit best have a canonical kinetic term
and a field slowly rolling down a featureless potential.

Fig. 26. Marginalized 68 % and 95 % confidence levels for ns and r from
Planck+WP and BAO data, compared to the theoretical predictions of
selected inflationary models.

Of the models considered, those with locally concave poten-
tials are favored and occupy most of the region in the ns,r plane
allowed at 95 % confidence level (see Fig. 23). Power law in-
flation, hybrid models driven by a quadratic term and monomial
large field potentials with a power larger than two lie outside the
95 % confidence contours. The quadratic large field model, in
the past often cited as the simplest inflationary model, is now at
the boundary of the 95 % confidence contours of Planck + WP
+ CMB high ` data.

The axion and curvaton scenarios, in which the CDM isocur-
vature mode is uncorrelated or fully correlated with the adiabatic
mode, respectively, are not favored by Planck, which constrains
the contribution of the isocurvature mode to the primordial spec-
tra at k = 0.05Mpc�1 to be less than 3.9 % and 0.25 % (at 95 %
CL), respectively.

The Planck results come close to the tightest upper limit on
the tensor-to-scalar amplitude possible from temperature data
alone. The precise determination of the higher acoustic peaks
breaks degeneracies that have weakened earlier measurements.

36

CMB: 
“Precision cosmology”



Planck Collaboration: The Planck mission
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Fig. 25. Measured angular power spectra of Planck, WMAP9, ACT, and SPT. The model plotted is Planck’s best-fit model including Planck
temperature, WMAP polarization, ACT, and SPT (the model is labelled [Planck+WP+HighL] in Planck Collaboration XVI (2013)). Error bars
include cosmic variance. The horizontal axis is `0.8.

than that measured using traditional techniques, though in agree-
ment with that determined by other CMB experiments (e.g.,
most notably from the recent WMAP9 analysis where Hinshaw
et al. 2012c find H0 = (69.7 ± 2.4) km s�1 Mpc�1 consis-
tent with the Planck value to within ⇠ 1�). Freedman et al.
(2012), as part of the Carnegie Hubble Program, use Spitzer
Space Telescope mid-infrared observations to recalibrate sec-
ondary distance methods used in the HST Key Project. These
authors find H0 = (74.3±1.5±2.1) km s�1 Mpc�1 where the first
error is statistical and the second systematic. A parallel e↵ort by
Riess et al. (2011) used the Hubble Space Telescope observa-
tions of Cepheid variables in the host galaxies of eight SNe Ia to
calibrate the supernova magnitude-redshift relation. Their ‘best
estimate’ of the Hubble constant, from fitting the calibrated SNe
magnitude-redshift relation is, H0 = (73.8 ± 2.4) km s�1 Mpc�1

where the error is 1� and includes known sources of systematic
errors. At face value, these measurements are discrepant with the
current Planck estimate at about the 2.5� level. This discrep-
ancy is discussed further in Planck Collaboration XVI (2013).

Extending the Hubble diagram to higher redshifts we note
that the best-fit⇤CDM model provides strong predictions for the
distance scale. This prediction can be compared to the measure-
ments provided by studies of Type Ia SNe and baryon acoustic
oscillations (BAO). Driven in large part by our preference for
a higher matter density we find mild tension with the (relative)
distance scale inferred from compilations of SNe (Conley et al.
2011; Suzuki et al. 2012). In contrast our results are in excellent

agreement with the BAO distance scale compiled in Anderson
et al. (2012).

The Planck data, in combination with polarization measured
by WMAP, high-` anisotropies from ACT and SPT and other,
lower redshift data sets, provides strong constraints on devia-
tions from the minimal model. The low redshift measurements
provided by the BAO allow us to break some degeneracies still
present in the Planck data and significantly tighten constraints on
cosmological parameters in these model extensions. The ACT
and SPT data help to fix our foreground model at high `. The
combination of these experiments provides our best constraints
on the standard 6-parameter model; values of some key parame-
ters in this model are summarized in Table 9.

From an analysis of an extensive grid of models, we find no
strong evidence to favour any extension to the base ⇤CDM cos-
mology, either from the CMB temperature power spectrum alone
or in combination with Planck lensing power spectrum and other
astrophysical datasets. For the wide range of extensions which
we have considered, the posteriors for extra parameters gener-
ally overlap the fiducial model within 1�. The measured values
of the ⇤CDM parameters are relatively robust to the inclusion
of di↵erent parameters, though a few do broaden significantly if
additional degeneracies are introduced. When the Planck likeli-
hood does provide marginal evidence for extensions to the base
⇤CDM model, this comes predominantly from a deficit of power
(compared to the base model) in the data at ` < 30.

The primordial power spectrum is well described by a
power-law over three decades in wave number, with no evidence

35

Acoustic waves of radiation, 
baryonic matter (and dark matter)

Acoustic peaks

= “harmonics"



Physics of the CMB:  
pressure waves 

(“acoustic waves”)



Physical processes around decoupling: 
pressure waves (“acoustic waves”)

W. Hu - background.uchicago.edu


http://background.chicago.edu
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Acoustic waves of the photon+baryon+dark matter fluid: 

gravity v. pressure
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When the photons decouple from matter, the density fluctuations 
(of baryons + DM, mostly) lose the pressure support and start 

evolving only according to gravity — growing with the scale factor:

δ ~ a
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When the photons decouple from matter, the density fluctuations 
(of baryons + DM, mostly) lose the pressure support and start 

evolving only according to gravity — growing with the scale factor:

δ ~ a
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Angular power spectrum of the CMB
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In matter the effect is subtle, when we observe a more realistic 
distribution of matter (below, a 2D section of a 3D distribution)
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https://www.youtube.com/watch?v=GPiQVRS8kCg



https://www.youtube.com/watch?v=L7ws68XmgKo



Let’s add some more substance, by taking into account the additional 
inertia that the baryons impose on photons due to scattering 
(“baryon drag”)

photons baryons
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This drag is proportional to the baryon/photon ratio

The sound speed of this medium then becomes:
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Acoustic horizon at decoupling:

zdec ' 1090.5± 1  ! Rs(zdec) = (146.8± 1.8) Mpc

Observations:

WMAP, Planck

Acoustic horizon at “baryon drag”

Since we have ~109 photons for each baryon (!!!), even after decoupling, 
even if the photons are not so affected by the baryons, the baryons do 
feel the drag of radiation, as it moves away from over-dense (“hot") 
regions and into under-dense (“cold") ones.


This drag ends shortly after decoupling:

zdrag ' 1020.5 ± 1.6  ! Rs(zdrag) = (153.3 ± 2) Mpc

This acoustic horizon, which can be predicted with high accuracy by 
observations of the CMB, shows up in the present matter distribution

Uncertainty in the 
prediction based on


WMAP, Planck




