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outline

Course of five lectures on collision phenomena in quantum gases

1. Relative motion of interacting particles |
- model potentials: range, phase shift, scattering length

2. Relative motion of interacting particles 11
- model potentials: effective range and s-wave resonance
- generalization to arbitrary short-range potentials

3. Scattering of interacting particles
- scattering amplitude and cross section
- distinguishable versus identical particles

4. Scattering of particles with internal structure (atoms)
5. Interaction tuning with magnetic Feshbach resonance

Many details given in the lecture notes for ICTP-SAIFR-2019

Journal club suggestion: Polaron problem

Seminal paper (theory): P.W. Anderson, INFRARED CATASTROPHE IN FERMI GASES WITH
LOCAL SCATTERING POTENTIALS, Phys. Rev. Lett. 18, 1049 (1967)

Polaron formation (expt): M. Cetina et al., ULTRAFAST MANY-BODY INTERFEROMETRY OF
IMPURITIES COUPLED TO A FERMI SEA, Science 354 96 (2016)
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Gas phase and quantum resolution

V
configuration space:
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/ \\ /

density: n\(r) temperature: T
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U(r)

quantum mechanical description
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classical particles: kinetic state

position: r /
s = (r,p)
momentum: p = mv @
Gas: {r..pi} 1€{l,---N}

*s=(r.p)

o'?g‘ °

7l

n(r.p) ApAx i~ h

(quantum resolution limit)

phase space: ®
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Lectures on quantum gases

Lecture 1

Relative motion of interacting particles
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Characteristic lengths and guantum regimes

—1/3 1/3 central potential
interaction range: 79 < ny <<V

T V(r)

interatomic spacing:

system size:

definition quantum regimes:

2
thermal wavelength: A= 27
mKk,T

ko~ 1/A

ALrg == krg>1 quasi-classical collisions

A>rqg — krg << 1  ultracold collisions

S~

guantum gas: [k’fro < 1] (degenerate for n0A3 > 1)

16-9-2019 ICTP-SAIFR Sao Paulo 2019 5



short-range interactions — collisional regimes

only binary interactions: [nrg < 1} dilute

nearly ideal 3 _
weakly interacting [n}a < l}

s-wave scattering length

. 2
Ccross section: [0 ~ Ama }

collision rate: | 7. :-nﬂrcr}

mean free path: | (= l/nc:r}
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V(r)

interaction ranges: 7'n, 4, T¢e, R*

¢ > V1/3 collisionless
hydrodynamic (collisional)



kKinematics of binary collision

CM and REL coordinates: /P’
relative position: I =TI1 —I9 -

relative velocity: V = V| — V3 |P| conserved

closed system: conserved quantities E and P

no external fields A R
(kinetic momentum)

A [ 1 |
. . d miry + mor. .
P:p1+p2im1r1+m2rzz(m1+m2) — 2 = MR
dt  mq + mo

[

—_

P — M R conserved P2
2 2 2 - conserved _ _huma
L= Py _|_p_2: P +p 214 my -+ mo
2my | 2my  2M | 2 \

relative momentum: P — Uv
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Quantum limitations

experiments diffraction limited
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central potential

Z . ) potential energy
\ Hamiltonian: /
T P
Y P=pv H — ¢ (r)
a } 21
2] : \ o myme
: \ ‘= my —+ s

central potential: V(r) = V(r)

__________________________
—————

[p,r:f'-p L:r><p]

spherical symmetry allows separation of radial and angular motion:

/

_ 1 \ L*

check solution H = pr+ = | +V(r)
Q,u r2

for regularity in the origin r ()
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Schrodinger eguation for the relative motion

1 2+L_2 + V()| ¢(r,0,¢) = Ep(r,0,0)
QIUJ Py 7“2 T N o

L2, L, commute with each other and with  and p,
separation of variables: ) = R;(r)Y;"(0, ¢)

L?Y;"(0.9) = (L + DR* Y™ (0, ¢)
L. Ym (0’ (p) mh ng(gj qb)

5 2 11582) v e - s

radial wave equation:

2u [h( d Qd) (1 + 1)k
+ +

hd
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radial wave equation

NN

2 (1 +1
R§’+—R;+[g—U(r)— (+1)
T

r2

]Rl:0

we changed to wavenumber notation

[ Y 72 9 ]—./rg {5 — k’Q continuum states (¢ > 0)
ys — ‘ ] e ] E — 1 ‘L" ) ‘
(r) =2pV(r)/h / e — —k% bound states  (s.<0)

introduce reduced wavefunction: X; (7“) = 1R (7“)

d1 Schrodin requatlon
radial wave eq tion.

210 [h d? [(l 41
H{;[zu( *{Xz +[e-U(r) - (7,_2 )]Xz—U%(T)
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S-wave regime

I(1+1) b
Uer (r) = U(r) + r2 L=rxp L =prsino

II 7o
AN
Uer) | |
k2 = l(ljl) [ #0
l Tcl
kro= VIl +1)—2 <1 — (10 < Tg

Tel

conclusion: for krp < 1 no collisions with | > 0

only s-wave collisions
(exception: quasi-bound states in continuum/shape resonances)
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RWE for short-range potentials

For U(r) # 0 the radial waves are distorted

2 [(l+1
R R [kz—Um— o )] Ry =0
r T
r>To Spherical Bessel differential equation
o= kr
| RE’+§RE+[ll(l;l)}R;U

General solution: Ri(0) = Aji(e) + Bini(o) {A4;, B;} = {c1, ;i)

n; = arctan By /A,

A; = cpcosny J ‘
Bl = (] S1n T

General solution: R;(p) = ¢ [cosn ji(0) + sinn ny(o)]

Ri(k,r) =~ a sin(kr + 1, — 5lm)

r—oo KT

In the far field the distortion is gone but a phase shift remains
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General solution: [RO = ¢
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free particle motion for =0

I(1+ 1)
7«2

v [k _U(r) - ] =0

=0 and U(r)=0
l
Xo + k*x0 =0

sin(kr + 1)
kr

regular only for 15 = 0

l

Conclusion: free particle — no phase shift

ICTP-SAIFR Sao Paulo 2019
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hard-sphere potential

Interaction range - I

ICTP-SAIFR Sao Paulo 2019
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hard sphere potential for | =0

o
1

hard sphere diameter

{Ao, Bo} — {co, mo} — {co, a} =

1

Ro(r) = —sin|k(r — a)]

kr
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X0+ [K* = U(r)] xo =0

solution: Rq(r)

T >T0 Xg+k2X0 =0
_l ' (k )
sin(kr +
kr o

r boundary condition: [2p(a) = 0

|

sin(ka +ny) =0

|

No = —hka
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hard sphere potential for 1 =0

10 i | ] I |
3 0.5 F
o
0.0 - E
T r :
o = a
hard sphere diameter
Ro(r) = — sinfk(r — a)] = 12
)= —SIN|KET — a ~ — —
v kr k—0 r
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flat-bottom potential

scattering length - a

ICTP-SAIFR Sao Paulo 2019

19



spherical square well for =0and &> 0

2 L2 2
8 ‘ K+ — k —|_f"1;0
K* ‘
x * T kz -
0
r
[]0 —Iﬁl%

X6 + [ = U(r)] xo =0

r>rg Ug(r)=0 X0+ E*xo =0
Xo = Asin(kr +n,)
Xo = kAcos(kr +ng)

r<ry Us(r)=—kj Xg + KiXO =0

Xo = A’ sin(Kr +}y€)
Xo = K A" cos(Kr)

boundary condition: X,(7) and X (7) continuous at 7 = 7

<7 r >

Xo/X0lr=r, = K1 cot Kyirg = kcot(krg + no)

k

k

tan(kro +ny) =

16-9-2019

K4 cot Kirg

— |na(k) = —krg + arctan ;
Jo(k) 0 Ky cot Krg
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s-wave scattering length a

E K% = k* + K} k
" ! no(k) = —krg + arctan oot K
+ CO +T0

+ k7 —
0 Remember the hard sphere result:

1o = —ka

[]0 —Iﬁl%
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s-wave scattering length a

3 K2 = k* + k3 k
, ! no(k) = —krg + arctan

Ki T K cot K1
| ro Introduce effective hard sphere diameter a(k)
r 770(]‘3) — —ka(k’) We changed parameters:
{Ao, Bo} = {A, no} = {A, a}
1 k
[ _ 2 a(k) = rp — — arctan
0 0 k K+ cot K+7"0
Define scattering length: a = %inba(k‘) = — /lin% no(k)/k
Ki:k’:2+ﬁ:3 A,:»O Ky — Ko
r |
a=1rTy— U — | kg cOt Korg =
KoTo COt KoTo ro — @

Define well parameter: 7y = Koo — | = T (1 — tan ’)//’)/)
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s-wave scattering length a
/ well parameter

a=ry(l—tany/vy)| 7= Koro

10 T
&
= B
£ St :
o0 B ]
o L
2 i L
E 0 N
— )
2 - \\ =
= Il
Q j ’}/ = —
5o | 2
2 5L ‘
< L
=
!

_10 i L r 1 | 1 1 | 1 ] 1 |

0 1 3

72/ 0 [

T
What happens at v = 5 +nm ? ]
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spherical square well for =0and <0

E K? = —k? 4+ K2 /! 2
2 0 r>To [f{}(?’) =0 XO — K XO — O
K_|_ 9 normalization
L . — KT
‘ . + R XIO = Ae (K ; 0)

> 0 Xo = —kAe "

K= o T

8b \ _K‘J

r<ry Us(r)=—kj Xg + KEXO =0

Xo = A’ sin(K_r —I—y@
2
Uo —Kp Xo = K_A'cos(K_r)

Xo + [—H,Q —Up| R =0
.- !/ .
boundary condition: X, () and X () continuous atr = 7
r < 1o > T

X6/XO|T:TO — K_ cot K_rg = —k Bethe-Peierls boundary condition

Iy Iy /
K? = F.-,% — k2 — K_ — K XO/XO|,,4:,,40 — Kpcot kprp =0 for Kk — 0

K () \7_/

/T
[Conclusion: next bound state appears for v = 5 +nm ] y
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universal behavior near threshold

E
KQ Continuum state near threshold: )
T 2 1
x +h"— >0 (k—0) Kopcotrorg= ~ _Z
0 To — a a
K2 . rr —
£ = _i2 Bound state near threshold:
e<0 (k—0) Kocotroro=—Kk (K>0) |
[]() —Iﬁl%

1
—|a = — —»[a>0 for kK —0 ]
K

Universal dependence of binding energy on scattering length:

> 1 h? 1
E=—K =——F — |k =

_Q,ug
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Binding energy

binding energy versus well parameter

AN

well depth —=

16-9-2019

A—S_“T
s z
: \ s (/™)
v=2

ICTP-SAIFR Sao Paulo 2019

T i (},;H)_‘

well parameter: 7 = KoT0

—4F

Binding energy

#
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scattering length a

Continuum states (g > 0): Ny = —ka

e

Xo(r) = sin(kr 4+ ng) = sinlk(r —a)| ~ k(r—a)
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Bound states (¢ < 0):

Xo = Ae™™"
Kro < 1

I{—TO - (Umax + é)ﬂ- -_T_____ [

halo states

]—. universal bound states: halo states

strange molecule: large probability to find the atoms

K2

16-9-2019

outside the classical turning point

ICTP-SAIFR Sao Paulo 2019
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halo states

Bound states (¢ < 0):

X — AB_HT .
0 universal bound states: halo states
Kro < 1
€ 5\\\ €
a=1/k \ a=1/kK a=1/kK

\\‘ e Xo(7) = coe™ ™" e Xo(7) = coe™ ™" e Xo(r) = coe™ ™"

[7'0\ [ Ty = 0
b —K? r Eb M 7 SN — K T
_ Zero-range potential wrg = 0
Up p——nd — 2
kg << 1
E<0 k—0
—K = Ko COt KT
I
ro — 0
o
— — = cot kgrg — 0
Ko
Uy — — K Uov ,}/ — E _|_ NIt
2
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Relative motion of interacting particles |

© 0 NOOAEDNRE

el el
W N R O

We defined what we mean by ultracold — characteristic lengths
Short-range interactions - collisional regimes

Separation into CM and REL coordinates

We derived the radial wave equation

We defined the s-wave regime

We derived the partial wave expansion

We identified the phase shift as the central quantity of interest
We studied the phase shift for hard spheres

We studied the phase shift for spherical square wells

. We defined the scattering length

. We studied its dependence on the well parameter

. We found universal behavior near the bound state threshold
. We defined halo states and zero-range potentials
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