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s-wave scattering length a

2 L2 2
8 ‘ K+ — k —|_f"1;0
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k
k) = —k arcte
no(k) ro + arctan Kool Korg
no(k) = —ka(k)
1 k
a(k) = rp — — arctan
k K+ Ccot K+7“()

Define scattering length: a = lim a(k)

Define well parameter:

k—0

= — lim 5o (k) /K

Y — RoT0

a=r1o(l—tanvy/vy)
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flat-bottom potential

effective range - I,
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effective range I,

We now analyze the energy dependence of the phase shift
k
K_|_ cot K_|_7“0

no(k) = —krg + arctan

\ J \
! !

“regular” “resonant”

tan o + tan 3
1l —tanatan 3
t211133:£€—|—%$3—|—~- :x(l+%x2 +)

tan(a + ) =

evaluate phase shift:
Kirgcot K rg + k*rg 4 - --
1 — (1 + %k%‘% + .. ) K_rgcot Kirg

krg cotng =
2

Ki :]’ﬁz—l—l{g —  Kirg :H0T0[1+k2/1{0]1/2 = v+ %kQTS/’Y—F
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effective range I,

1 ) 3(1 — tz :
krg cotng = —- %—%kﬁTﬁ 1 — (‘ nly/v)%—z T
1 — tan-y /v 372 (1 — tany/7)
a=ry(l—tanvy/vy) I'. : measure for energy dependence

Effective range expansion: of the phase shift

1 ‘
cotno = —— + §Kre 4+ -] [ keotm = -

a(k)
o 2.2
Effective range: r. =191 — 3“‘0 +’Y U
3v2a?
Two expansions to order k?:
1 s  3arg +*rd
O kCOt _ — — ‘lkz,r. l_ ‘ ‘ o
a 7 Tlo " T 3R7T0 ( 3202 T
1 y . y ¢
B k cot g = e %kzrg[l —3(a/ro)* + (3/77) (a/ro)] + - -
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effective range I, — special cases

‘ 2,.2
3arg + 1§
3v2a?
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Te

1 ‘
a # () kcotnoz—a—i—%kzro (l—

positive

a1 = iTO (regular) e = T0 (2/3 + 1/72)
1

k(:otn0:$——|—% P+ -
T0 )

krop < 1 — kdependence unimportant

positive

la| > r¢p  (anomalously large) Te
k cotng = —X—F %kQ'r‘O + -

— strong k dependence of a(k)
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effective range I, — special cases
1

2 31 p 2 ) 9
Footyy = 74+ skl =3 (afro)” + (3/77) (a/ro)] + -

a << T

a = () (anomalously small)
1 6

ak) R T ak) = — Lk

kcotnyg = —

kro < 1 — Kkdependence large but a always small

Conclusions for ‘open channel’ potentials:
effective range always positive - important only for |a| > rg
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examples

ultracold atom collisions:

133Cs |4,4> a = 2400 a, r, =100 a,
85Rb |3,3> a= —-369 a, r,=834a,
885!’ a. - _2 aO
H|1,1> a= 1.22a, r, =348 a,

2 hadron collisions at MeV energies:

s-wave regime (kr, << 1):

proton (uud) 1=1/2 Iy is 6 orders of magnitude smaller

neutron (udd) 1=1/2 kK can be 6 orders of magnitude larger
deuteron I=1 bound state a>0 a=541fm r,=1.75fm
|I=0 virtual state a<0 a=-238fm r,=2.67fm

17-9-2019 ICTP-SAIFR Sao Paulo 2019



17-9-2019

flat-bottom potential

S-wave resonances
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S-Wwave resonances

We return to the energy dependence of the phase shift
1 k

a(k) = rp — — arctan
k K cot K41
o . '

“background” “resonant” Ki = k% + Hl(z)

: //0 // Z/

v=31 7=32 v=33 =34 | $=35

J?l es ( ;\')

virtual node

‘ -
1
r=a

Uy — ki

g (k)"llr Ty

virtual level
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kr,
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Breit-Wigner line shape

¥ =34

= 29 v=30
| Ay=-0.5 -
Nf 0.5
>
1000 0 1000 2000
Krs
Expand about resonance ( K ~ Kkpeg)
t k 1 —(k + kyes) 2es _ T/2
all res — ~ — —_ ~ - = —
g K+ cot K+ ro ok ro (k —+ kres)(k — k:I'es)TU (k2 ki.zes)fo E — Eres

2 (T/2)?
hes = 1B~ Eron)? + (1/2)2

12
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s-wave resonance near threshold

k
Nios (k) = —krg + arctan
ICS( ) K_|_ cot K+T(]
1 k
a(k) = ro — — arctan
k K4 cot Kirg
4 4 4 4 4
Ay=-0.03 Ay=-0.01 | Ay =-0.005 Ay =—0.0025 Ay =+0.025
2 2 2 2 2
= kr, kr kry kr
= —2_ 4 _/2.’_3__ 2 4 2 4
2 2 -2 / -2 2
4 4 4 4 4
for Ky ~ kg~ K_ —= Kgcotkgrg = —K
1 k 1 k
a(k) ~ rg + — arctan — a(k) >~ rp — — arctan
k K k Kb
weakly-bound level virtual level
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s-wave resonance near threshold

—K?, —K2, ——

vs

k
N (k) = —krg + arctan
h OS( ) 0 K_|_ cot K+’T'(]
1 k
a(k) = ro — — arctan
k K4 cot Kirg
i 10 s> 0 (xry=0.1)
| T ak) | ’
- a<o0 / ﬁ
| Ve o |
| 2 |
i k r'oﬁ—~ """""""""""""" [T ‘"""""7'"
| 0.0 0.1 i 10
: = 0
" a>0 ks 1
i l kTO — vV _QT'U/GTES
| ol <0 =0.1
( G,) 107 a'res (Kver ) ( b)
. . L . k<K
Conclusion: scattering length approximation valid for
k<K Rayb
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screened flat-bottom potential

Narrow s-wave resonances
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from halo state to narrow resonance

Bound states (¢ < 0):

Xo = Ap— T
< B < k10(r — 1)
/Xo(’f“) = cpe "
N _____________ Kirqg=uvm ’ﬂlﬂ\ / \ ro
I{—TO - (Umax + é)ﬂ- Y U I To r K_T'O =vm — U U U —H,z r
K2
K ro=m -------zoco-| -—- * ————————— 2 oo N 2
* — Ky — — Ko
K2
‘open’ channel ‘closed’ channel
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screened flat-bottom potential

€ k10(r — 1)
K2 |
:""i'% """"""" i+ k2
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57 S [P k2

o

X§ + [ = U] xo = 0

boundary condition: x(7) continuous,

Barrier parameter: 5 = k119 —

17-9-2019

> [f{}(?’) =0 Xg —+ kQXO —(
Xo = Asin(kr +n,)
Xo = kAcos(kr +ng)
r<ry Upr)=—kg Xg + KiXO =0

Xo = A’ sin(K.r +}y€)
Xo = K A" cos(Kr)

r<To

X’O(’F) jumps at 7 =T

T >

Xo/Xo0|r=r, = K4 cot K 1o = kcot(krg + n9) + K1

a(k)

1
k

k"f‘g
= rop — — arctan
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)
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screened flat-bottom potential

v=29 v =30 | - =33 =34

| Ay=-0.5

sinznres
>

-1000 0 1000 2000

k%72
expand about resonance (k ~ ko)
N k 1 —(kthke) -T2
hres = K+ cot K_|_?”0 — R - _516 0 /82 B (kg o klges)r’”o 52 - E- Eres
2 *
/2 L= ()l 1)

.2
SIIL Tres —
(E — Eres)2 + (F/2)2 R* = %TO(BQ/'}’Q)
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effective range r,

We now analyze the energy dependence of the phase shift

k?‘o
k) = —krg + arctan
mo(k) 0 (K+rocotK+To—B)
| — '
“regular” “resonant”

evaluate phase shift:
(Kycot Kirg— k1) +k%rg+---
1—rg (1+ k%8 4+ ) (K4 cot Kyrg — k)

kcotng =

K2 =k*+ k] — Kirg=roro[l + 5 /63" =~y + Sk*rg )y + -

a=r1p(l—tan~y/v)
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effective range r,

Effective range expansion: [, : measure for energy dependence

of the phase shift

Lc . 1 17.2
(,otno——aqtik Te + -+

2,2 _ 2 _ .2 200 — )2
Effective range: r. =g (1 _ 3arg + g — 3B8(a” —rg) + 367 (a — o) )

3a?vy?
broad resonance — open channel (I, > 0 for large |a|):

3arg + v*ré o ré
5_>0 S Te:?"o(l— 30’2’}/2 =170 1—0/}2_

narrow resonance — closed (I, <0 for large |a|):

2 2 2 9
. a—Tr r r
Bl — rex-n SO0l ol (124 )
8 a Y a a
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Resonance-width parameter R*

kcotng = 1 12
y o — a—|—2 T€+

narrow resonance — closed channel (I', <0 for large |a|):

2 2
T T
’18_>OO_’T€:_TO/8_2(1—20+ O)N—QR*

y a a?
P
) B
R* = —%7‘6 {%m?
1 P
kcotng = —— — k*R* o
a positive

. - *
strong barrier — weak coupling — narrow resonance — closed channel R~ >> o

weak barrier — strong coupling — broad resonance — open channel R* << Iy
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narrow resonance

near threshold
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generalization: short-range potentials

2 ‘ I(1+1
R;’+—R;+[k2—U(7~)— “; )]Rl—o
T T
% , l(l+1
r>>ry — R’l"JrFRH[kz— (r2 )]Rl:() — (a)
* 2 I(1+1
br< 1 — 4 2p - WD ()
r 72
kro < kr < 1 ro <L r << 1/k
(0) -
| | (a) l
I | |
"o (a) = (b) Ve

boundary condition
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generalization: short-range potentials

g R2,+§R;+[k2_l(l+‘l)]&:0 — (a)
T
kr < 1 R+ %Rf _ l(l:; ”Rz =0 — (b)
r>r ;
— (a) Y Ri(r) = aggi(kr) + By (kr)
| (k) 20+ D1/ 1\
Y DY T + 5 20+ 1) \kr
N A
kr < 1
— (b) red Rl(?")CuTZJrCQl(;)
20+ 1)!!
i :Al(:osnlgcu( ;:l)
@+0—1 SARE
— S111 ™~ Cs ;
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generalization: short-range potentials

20+ 1)!!
ap = Ajcosny o~ cu( 7 )
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generalization: short-range potentials

(20 + 1)!! -
kl

ap = Ajcosn; >~ ¢y

B, = Apsinn; >~ ¢y

(20 + 1)!
20+ 1 ‘ ‘
o & _ltann, ~ — + : (kal)ZZ—l—l al2l+1 _
o7 (20 4+ )N
ka <1 o
[=0 — tann, ~ —ka
_ ka, < 1 3

| =1 — tann, =~ —3(kay)

—h

But

[vm; — 1< %(53)]
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Existance of short range

2 ‘ [(l+ 1
T [kZ—U(T)— (Lt )] R -0
r r
. v 2,5, Ul+1) h
w1 TRt T — (0)
1\
— (D) Ri(r) = cur' + ey (;) S_—
Cy
V(f) - rs |
— [ 1 [+1 l—s ]
U(r) S cyr' + co(—) ~cyur' T =0
r — 00 r
[(l+1) 1 —
compare with  ¢9; ( _Z )(—)H_l
r r

1
S Cll?"l_s < CQ[(;)Z—I_S — |l < %(S — 3)
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power-law potentials

Short range I, can only be defined for [ < (s — 3)

[=0— s>204+3=:

Van der Waals potential: s =6— [ < 1.5 — [ =0,1

Let us analyze the case of power-law potentials:

~
]

V(r)=— range: heuristic argument

range exist if E ¢ = E

T hZ - ;13
2 m‘% 5

o

% e 2uC /0?0 > [2uC /07
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S-wave regime

Conclusion:

phase shift for short-range potentials:

7

20+ 1 ‘ )
tan n, kEO — 2 + l)”]g (k'al)Zl—l—l
\ | )
e )
o o3m(20 4+ 3 — s)!! .
. - 2 2 , S 2
S e e e T 20 o) (k)
\ J
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Relative motion of interacting particles |l

We analyzed the energy dependence of the scattering length
We introduced the effective range r,

We analyzed when the effective range is important

We discussed anomalously large and small scattering lengths
We analyzed s-wave resonances

We noticed that negative effective ranges did not appear

We introduced a tunnel barrier

We found that for a weak tunnel coupling r,<0

We introduced the width parameter R* to discriminate between
broad and narrow s-wave resonances

10.We generalized to arbitrary short range potentials
11.We derived a criterion for the existence of a short range

© 0 NOOhAODNR
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Integral equation for the phase shift

: [(141)]
X0 [k’ZU(r) | = =0 — xlhr) = krkii,r)
, UL+ 1) A |
X?'+'[k2-— ( ;Z ) x; =0 —  Jilkr) = kry(kr)
A (14+1)] - y
it + et~ 0]
r - - SN ".u_U ~
\ , L+ 1)] - Jixi —xugr =U(r) jixa
xuJp + [kz_ o |xa=0

xi(r)dr

o\;
8
ey
=
iih
iS
| |
c:x
8
Q

xi(r)dr

| |
c\
3

Q

i) =l
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Integral equation for the phase shift

) =i 0)] T = [ Ui
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Integral equation for the phase shift

) = i0)] T = [ Ui

Xi(k,r) = krR(k,r) — 0 X;(k,7) — sin(kr — %l?’r + ;)
r—0 o0
Ji(kr) = krj(kr) — 0 Ji(kr) — sin(kr — %lﬂ')
r—0 r— 00

klsin(kr — $lm +n,;) cos(kr — $lm) — cos(kr — $lm + 1) sin(kr — $lm)]

|

—k sinng

1 o0
[Siﬂ m=—7 / U(r)xi(k, T)jl(k’r)dTJ
0
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S-wave regime

| k— 0 | [o°
e\ =3 [ U@
£ =k ll e — {/____ 0
1/
1/
¥ 70 outside shape resonances
. r _L -
\U(T_) ro K Tc1| — no phase shift for | > 0: X (B, 1) — Ji(kr)
Born approximation

Ji(kr) =\ Skrdig o(kr)
2
K:C

U(r) = Zec

7«8

- sinT); 2 —

> Kk2rs ‘
/ — [.]l+1/2(l<:7“)]27“d7“
0 T

] 2.2 7., \S—2 (2l + 3 — 9)”
= 6k.r7 (kr.) W

[z>%@—3ﬂ
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