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Schrodinger equation

1 [/, L?
5 (724 1) V0| w00 = Bu0,0
thus far: fixed potential

What happens if we add internal structure?

First we recapitulate:
L%, [, commute with r and P,

separation of variables: ¢ = R;(r)Y;"" (0, ¢)
L2 Y}TH(G-; Qb) — Z(Z _|_ 1)]12 1/?”)(9, Qb)
Lz '}/E?n(o’ (p) — mh}y&??l(g) qb)

[hQ (—d—z - 2g> A ON o] Ry = BRI

21m?

Verr (1) good for systems like helium

J

19-9-2019 ICTP-SAIFR Sao Paulo 2019 2



Interactions

petween alkall atoms

¢To oT
+ Yo+ +

S =10 S=1

le

molecule in electronic ground state

- no electronic angular momentum: A =0

AN
X1yt

\ g
Vo(r)

For two ground-state alkali atoms
two (not more than two) potentials

VS(”‘)_’{

Conclusion: exchange determines interatomic interaction

To solve Schrodinger equation

we turn to the basis:
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S =1 Vi(r) triplet
S =0 Vy(r) singlet

V) = [Rp)|[lmy; ¥,) |5, M)



Interactions between alkali atoms

Vi(r)

To represent exchange we construct a spin hamiltonian:

V(r)=Vp(r)+ J(r)s; - ss

J(r)=Vi(r)=Vo(r)
Vp (T‘) — i[V()(T)—I—Svl (T)]

Vo(r)

81-52:%(82—5%—53)

Properties of operator V(7):
V(r)10,0) = Vo(r) |0,0)

— V(r)|S, Mg) = Vg(r)|S, M
V(r)[1, Ms) = Vi(r)[1, Ms) } ()] s)=Vs(r)] s)

1 /., L?
Hamiltonian including exchange: |H = 5 ( ,,% + —2) + V(T‘)
I r
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Interactions between alkali atoms

Vi(r) Let us add magnetic field:

Hzy =7v.s1-B+7v.80- B=v.S-B=+,BS5.

Ve = gS/J’B/h
AFEyz = gsppgBMg

Mg = mg, + ms, is good quantum number

81-82:%(82—8%—83)

_ Lot o 1 o
S1 -8y = 51,52, + 5(5] 55 + 57 5;)

Hamiltonian including spin Zeeman term:

H = 7 ‘ —l——‘ —I—V(T) +~.BS
2 2 oz

good basis states: |0) = |R? |1, m;)|S, M)
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Interactions between alkali atoms

Vi(r)

Hamiltonian including spin Zeeman term:

V(r) = Vp(r) + J(r)s1 -5z

1/, L2\ /
H 2”(T+T2)+V(T)+%

good basis states: [¢) = |R )|S, Ms)|l, my)

Solve radial wave equation for given |, S and Mq:

2
RS, + ;Rfs,z + e = Usy(r)] Rsy =0

Usi(r) =Us(r) +
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Interactions between alkali atoms

/Vl(r)
Mg = +1
Mg =0
\V/ Mg = —1
Vo(r)

magnetic field lifts degeneracy of triplet potential

oy w4

+ fg’YeBA[S

Usi(r) =Us(r) +

72

This makes it possible to shift the triplet potential
with respect to the singlet potential
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Feshbach resonance

We can vary the collision energy to be resonant with
a bound state in a closed channel

Any weak singlet-triplet coupling induces a scattering

resonance in the open channel: Feshbach resonance

With cold alkali atoms we can tune to a Fesbach resonance

at arbitrary, fixed (low) collisional energy by varying the
magnetic field: Zeeman tuning
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some nomenclature

Closed channel ”

/ e

: ey b

Open channel

threshold energy

Closed channel: below threshold Closed channel: above threshold

gl g
| |
| a>0 | a<o
| + ;

e e e P
| |

ey = K" | K | k?

| |
| 2

= 1 = | =
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Interactions between two alkali atoms

1/, L?
Vi(r) H= g (4 77) +V0) 4085

2

I

Ho ) =[RS IS, Mg)|l,my)

Solve radial wave equation for given |, S and Ms:

2
S0t ;Rfs,z +le = Us(r)] Rs; =0

[(l+1 2/
Us,(r) = Us(r) + : > ) }fz Ve B Ms
l

r}f'c_'

Vo(r)

Solutions for given |, S and Ms:

¢

5 2
Continuum statese > 0 : g = k* + T—g’yeB Mg
l

‘ 2
Bound states € < 0 : 6551 = —Hlfj,S +1(l+1) R;il + 7_/;%3 Mg
)

f 1

(R [Hol ;) Ry

N

= (R, |Ir2[Ry,)

v.l
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Interactions between two alkali atoms

Hamiltonian including spin Zeeman term:

f V(r) =Vp(r) + J(r)s; - sz
! 2 Lz / Y . .

Add nuclear Zeeman terms (unlike atoms):

HZ — —’Ylil - B —’)/Qig -B
AEy == (yima + vame) B

Good basis states: [1p) = |RP)|1, my)|S, Mg) i1, m1)|ia, ma)
Effective potential (including rotational and magnetic shifts):

1(1+1) 2 |
Usy(r) =Us(r) + ( ‘ )+—Hher\-fs—(71m1+72mz)B]
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Interactions between two alkali atoms

Hamiltonian including spin Zeeman term:
V(r) = Vp(r)+ J(r)s; - s2

1/, L / ,
H = p.+— ) +V(r) +9.BS. —~,B1,

Add nuclear Zeeman terms (identical atoms):

I=12 + % M =mqy + mo
Hy=—-v,iij- B—7,i,-B =—.1-B
Good basis states: |1)) = |Rf’1)|l,m;)|5, Mg)|I, M)
Effective potential (including rotational and magnetic shifts):

[(l+1 2
Us(r) =Us(r) + (Tz ) + h/j
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Interactions between two alkali atoms

Add hyperfine interactions (unlike atoms):

ay ., az ., .
Hut = —5i1 - 81 + —5is - 89 f=s+1
h h

Is Mp = Mg+ M; a good quantum number?

M; =mqy + mo
Mg =myg, + meg,
Answer: yes!
i-s=1.5, + %(iJrs_ +1_5y)
Is S still a good quantum number?

Hue = Hyyp + My

+ ay . a ,
Hirw = ﬁll - (81 £s9) £ o7 ir - (81 +s92)
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Interactions between two alkali atoms

Is S still a good quantum number?

Hue = My + Hiyg

4 ap as
H,; = 572 i; - (sy £s9) £ 572 iy - (81 £ 89)
a , as
H+ — ; 1 ¢ S —I_ ¢ 12 ¢ S
hf = op2 ™ o2

identical atoms

- |H; = a—ll - S HﬂLf can change Mg but not S and M¢

1-S=1,5+31.S +1S,)
I-S=3%(F-1°-S% F=I+S
With H;ff in hamiltonian S remains a good quantum number!

Analysis shows that Hgf converts singlet in triplet and vice versa
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Interactions between two alkali atoms

Hamiltonian including spin Zeeman term:

V(r) =Vp(r)+ J(r)s; - s2

1 5 L2 I/ . - +
H — 2” “+ 7«_‘2 + V(T) + ’)/eB S, — (71%1 - 727’22) b —I_th

(—v,B1I.) J

all terms conserve M. only term
not singlet/triplet conserving

Good basis states: |¢) = |RY)|1, my)|S, Ms)|i1, mq) iz, ma)

|/l,b> — |Rf’I>|lamZ>|Sa MS>|Ia MI>

Effective potential:

[(1+1) 2
Ug,l(r):US(rH( ) | 2

+ —
72

Ve BB Mg — (yymy + y9mz) B

(=D My)
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-

magnetic energy

Example: two °Li atoms

/% (T) ‘7?8
‘ 1x
el
'
0,0 0
v=—1 — €

Find all s-wave molecules with M=0

A
S =0 <|:I XL+ i

I=1 [=1,3,5,-
I1=0,2 [I=1.3.5 -
3y+ 5,
l{[@ a’dt 1,4,---

— free atom pair with M=0

f=3/2—
(gr=+23)

=372

~J 12

+1/2

0 1 2 3
magnetic field
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Example: two °Li atoms

~Vo(r)

f=3/2—
(ge=+2/3) 0

magnetic energy

L

f=1/2=
(g = -2/3)

-3/2

-1/2

+1/2

1]
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magnetic field

3
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=0
[ =10
1x
02, =
SMgIM;)

Mg

magnetic field
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Example: two

6Li atoms

/V T =0
o(r) =
‘ 1 x
il
’ 0,0
19;—1 — EO
SMgIM;)
0 : : :

f=3/2—
(g = +2/3) 0

111-1)

magnetic energy

L

f=1/2=
(gr = -2/3)

S=1
S=0

1]
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magnetic field
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Diagonalization of Hamiltonian

1 L
H — (pfr -+ _> T V(T) + erB S (71221 + 72?’22) B +H + th

241

I

det |[(B|H|a) — LE| = 0| |a) = |RS)IS, Ms)|ir, m1) iz, ms)

(BH]a) = [ + (veMs = yim + y2mz) Bl (3la) + (3[Hir + Higlo)
B ESZ(B)(S”v”'(SUvU’ _|_< |H £10) 00,0 +<(7 Hpelo) (R, q VR

v v’
A

+ =
Hi S =0

th I

/ 5=
U +
—~ H

T 0
for S # S

B th

)

th\
Sl

19-9-2019

15* — (]

Les Houches 2018

T

_0 A
}

fOI‘ S — L_q/

Franck-Condon factor
(only part that depends
on radial wavefunction)
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NOoOAWNERE

Atoms with internal structure

We introduce spin in the atoms

We found triplet and singlet potentials

We searched for terms coupling the singlet and triplet potentials

We found that part of HF interaction is singlet-triplet non-conserving
We found that M: remains a good quantum number

We studied the magnetic structure of the pairs

We know where to search for Feshbach resonances
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