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Group Hemmerich

We use ultracokd atoms to study minimal laboratory medels of
gquantum many-body physics. Our research covers ultracold atoms in
aptical cavities, topological optical lattices, and new concepts for
gquantum metrology

Graup Hemmench >

Group Mathey

We investigate ultracold atom and solid-state systems, with
emphasis on many-body phenomena such as superfiuidity and
superconductivity. Our primary research interest is many-body
dynamics using novel theoretical concepts for guantum dynamics.

Pholo: &5 Schrabs
Graup Mathey >

Group Moritz

We experimentally cool dilute gases to near absolute zero
temperature. Here, guanturm mechanical behawour dominates,
enabling us to study fundamental phenomena such as superfluidity,
matter wave interference and correlated dynamics in highly tuneable

modes systems Phorc: il Sengninc

Group Montz >

Group schmelcher

The theary group on ‘Fundamental processes in quantum physics’
forwses on the structure and dynamics in uhtracold tapped systems
burt also on the development of nowel fundamental concepts in
quantum physics in general.

Group Schmelcher »

Group Schnabel

We develop lasers for squeezed and ertangled light and research new
techinologies for gravitational-wave detectors and quantwm
communication, and address fundamental questions of guantum
physics.

Growp Schnabel

Group Sengstock

n cur grawp we use ultracald quamtum gases to study various kinds
af interacting mamy-bady systems, phenomena related to topalogy
and hybrid quantum systems

Growp Sengstock »
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Projects in Sengstock's group

fUnconventionaI superfluids in higher bands
J. Simonet / K. Sengstock

Explore new orbital states.

Find new paths to higher bands.

Interaction-induced topological properties.
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Itrafast & Ultracold
J. Simonet / M. Drescher / K. Sengstock
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* Instantaneous creation of ions and photoelectrons. %
=  Hybrid quantum systems.

=  Cold electron wave-packets. ' fﬂ >}> °
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= Coherence transfer in quantum matter. e- detectors - Rb ~
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Projects in Sengstock's group

/Topological band structures N
C. Weitenberg / K. Sengstock
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Validity of the Chern number

/Ytterbium guantum gases
C. Becker / K. Sengstock

dimension mr

Real dimension x

Validity of bulk / edge equivalence

\_ in interacting quantum gases -/

Lithium quantum gas microscope
C. Weitenberg / K. Sengstock

time

\_ in interacting quantum gases

j

Quantum hybrid systems
C. Becker / K. Sengstock / R. Wiesendanger

BEC in an optical lattice

Towards strong correlations in small systems

coupled to a nano-mechanical oscillator
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Optical Lattices and Artificial Gauge Potentials

Some model Hamiltonians in solid state physics are still unsolved
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Cold atoms simulator

Numerical S|mulat|on
Scales exponentially in size with N
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Build up the Hamiltonian
,Look” at the ground state




Optical Lattices and Artificial Gauge Potentials

Part 1: Build up the Hamiltonian

Optical Lattices

Non-interacting properties (band structure, wave functions)
Hubbard models

Cold atoms simulator

Part 2: Read out the quantum state i
Probing quantum gases in optical lattice .,.,-.:o.."., Soe

Mapping phase diagrams of Hubbard models b '-.,-:'.:;;-‘:':rfc..-",: .
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Part 3: Beyond Hubbard models in optical lattices B IORSE TR
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Topological properties and transport
Magnetic phenomena for neutral atoms



Optical Lattices and Artificial Gauge Potentials

Part 1: Build up the Hamiltonian

Part 1 1.1 Periodic potentials from standing light waves

1.2 Bloch theorem and Bloch functions

(single-particle properties)

1.3 Wannier functions and Hubbard models

(interacting gases)



1.1 Periodic Potentials from Standing Light Waves




Optical Dipole Traps / Semi-classical description

4 p -
e H =—uE Dipolar Hamiltonian
W, ~ . g
O L =—€r Electric dipole operator

\ / el ulg)f

A=w,-w_ >>T, Laser light far detuned: perturbation theory AE == - \E\z
Focused laser beam ) | - k ,

AE =+ Lo,
B 2w, A

A>0 : atoms trapped at the
intensity minima

A<O0 : atoms trapped at the
intensity maxima

energy

positionr
Far detuned laser + spatially varying intensity: Conservative trap

See lecture Philippe Courteille: Lecture 4, page 98 10



Optical Dipole Traps / Trapping Potential

e Gaussian profile of a laser beam

I(2,y,2) = =y e 2 H7/W )

W(z) = Wor/1+22/2%  zp =Win/A

* Optical dipole potential of 1 beam

» Taylor expansion around the center

H

. 0 x?+y?  z%\ _ 1
Vix,y,z) = _Vdip (1 — y_ —2) = sm(wix?+wiy?+w3z?)

W2 zh 2

» Weak confinement in z direction (zr > W))

* Crossed dipole trap

» Confinement in all dimensions

» Typical values: o ~ 1Hz...3kHz, Vd?p/kB ~ 10nK...ImK

» Gravitational sag non negligible

Grimm et al. Adv. Atomic Mol. Opt. Phys. 42, 95 (2000). 11



Optical Lattices

e 1D lattice

» Each lattice site is a quasi-2D system
(pancake-shaped, many particles per disc)

e 2D lattice

» Each lattice site is a quasi-1D system
(cigar shaped, many particle per tube)

e 3D lattice

» Each lattice site is a OD system
(one or few particles per site)

e Perfect Lattices

» No defects (starting from perfect wave fronts)
» No phonons
» Typical values: 30 sites per dimensions, 10° atoms

* Weak external confinement (Gaussian lattice beams)

1 1 1
Vo = smwiaz® + §mw§y2 + smw?z?

12



Optical Lattices / Beyond retro-reflection

* Super-lattices
» Superposition of several lattices

(e.g. lattices with orthogonal
polarization or different frequency)

» 1D: Lattice of tunable double wells
» 2D: Kagomé lattice (2 triangular lattices)

* Optical lattices in d dimensions

» Interference pattern of d+1 beams is independent
of the laser phases, only global translation

checkerboard

» Interferences between more than d+1 beams:
tunable lattice geometry —‘—| .O’

L4 A|m hexagonal 1d chains w ‘s-qua? v
, , , L B R
» Getting closer to the complexity of solid state crystals
» New physical properties: Dirac points, flat bands,...

» New probing protocols

DOO
e e

’
J

=
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1.2 Bloch Theorem and Bloch Functions

14



Bloch theorem

* Non-interacting particle in an optical lattice (1D Schrodinger equation)
A2
(Btven) w(x) = Ep(x)

» Periodic lattice potential: V(z) = V(xz + a)
» Lattice vector: a = (a,0,0)
» Reciprocal lattice vector G = (G,0,0) with G =27 /a

» Bloch theorem for periodic potentials %™ (x) = eiqxug") (%)

q
» with cell-periodic functions ug")(:r:) on|[—a/2,a/2)
» Quasi momentum —-G/2<q<G/2
» Band index n 4. Band
? 3. Band !
o Q
ks \/\/WT ol
| 13
1. Band ©
0. Band I -

-1 0 1

q (nu/a)
Figure: courtesy Dirk-S6ren Lihmann 15



Eigenvalues / Band structure

Expand the periodic function u(”)( ) as Fourier sum in (discrete) plane wave

wc(ln)(x) — equxz Ckelka

k
with dimensionless quasi momentum ¢ = ¢/G,

reciprocal lattice vector G = 27 /a and Bloch coefficients c( )

Periodic potential as Fourier sum
Vp(z) =3, 1,eimee

Insert the Fourier sum into the Schrodinger equation
2 2
(—E v b () = EQPwe ()

Zk; |:?i2G2 (k 4+ Q) Ckez(k+q)Ga: 1 eldGa Z Cllm et(k+q+m)Gx E(gn) Zk ckei(k-i-ﬁ)cx

2m
i(k+q)Gx

e’ we obtain

by equating coefficients to
ﬁzGQ (k+Q) cr + Z Ck—mVm = Etg Ck

Eigenvalue equation for the coefficients
h?G? h?
8m  8ma?

4ER(]€ + Q)QCk + Zm Cl—mVm = E(gn)ck Ep =

16



Eigenvalues / Band structure

* Fourier coefficients for optical lattice potential
V(z) = —Vycos?(nz/a) — vo=—Vo/2, vi1 =—Vp/4 (the others vanish)

o Akt @) = RPlew — Peno1 — Pewir = Bgep with By = 221, = 12

* Matrix equation can be calculated numerically (kK = —ko,.... k0, ko = 5)
as eigenvalue equation for each ¢ in units of Fr

(47 - 2)? ~Y 0 0 0\
- 4g-1)? % 0 0 .
0 - 49 % 0 c=(E5+3)c
: g %
\ 0 0 0 —2 4(G+2)*

Block diagonal matrix

2

» Optical lattice couples plane waves that differ by ¢ = f = 2k;

» Bragg transition from the two beams forming the standing wave yields momentum
transfer k; — k, = 2k;

kq Kz

17



Eigenvalues / Band structure

* Fourier coefficients for optical lattice potential
V(z) = —Vycos?(nz/a) — vo=—Vo/2, vi1 =—Vp/4 (the others vanish)

o [4k+9)? = Plew — e — Pewy = Eye, with B = 7 Vo =

* Matrix equation can be calculated numerically (kK = —ko,.... k0, ko = 5)
as eigenvalue equation for each ¢ in units of Fr

(47 - 2)? ~Y 0 0 0\
- 4g-1)? % 0 0 )
0 o R (V) 0 c=(E;+%2)c
0 0 - 4(G+1)2 o
\ 0 0 0 —Yo 4G+ 2)2)
Vo = 5ER Vo, = 10FEg Vi, = 20EpR
25a 25b ZSC AN
@: 20 20 20/\
Fﬂf 15 15 15\/

(0]
c
L

q (n/a) q (n/a) q (n/a)
Figure: courtesy Dirk-Soren Lihmann 18



Eigenvectors / Bloch coefficients

* Eigenvectors

Lattice depth V,/E,

2 8 20
(n) _ _iGGx ikGx -
l/)q (X) =€ kae 0.8 0.8 { ] 0.8 1
0.6 1 0.6 + 0.6 1
* Bloch coefficients versus lattice depth ~ **] 047 J —[1 047
0.2 0.2 + 0.2 4
» Weak lattice: only one momentum, ol . pleatllm
. —4 -2 0 2 4 —4 -2 0 2 4 —4 -2 0 2
free space solution _ -
. 0.6 1 0.6 + 0.6 1
» Deep lattice: many momenta, o oal oal 0/
. . T[ a
more localized in real space 09 09 | 09l 9=
ot—+—rr i = = 0-
—4 -2 0 2 4 —4 -2 0 2 4 —-1 -2 0 2
* Bloch wave functions at g=m/a
Lattice depth V,/E, wé")(x)=e‘q“zkcke“‘“ Vo =20FER
» Wave function localized at g=rt/a 253 257 25—~
(QM expectation value) 20 20 20/\
» Tunneling (x > x + a): w P 19 B~
: . 3 10 10\/ 10
Wave function acquires a phase of m &
W5 S— —— 5
_//\
0 0 0
-1 0 17 -1 0 17 -1 0 1
g (n/a) g (n/a) g (n/a)
Figures from: Dalibard, cours CdF 2013. Greiner PhD Thesis , Munich (2003) 19



1.3 Wannier Functions and Hubbard Model

20



1.3 Wannier Functions and Hubbard Model

Build up the Hamiltonian Vo = 5ER Vo = 10ER Vo = 20ER
R 25'_:l 25b 250 ~_~
"-_I’_:'.'; . ;:;.'._'.,',-"."..' e . & 20 20 20/\
o...:.."'.".:....: :.:::.‘0..:.- .. . /:I.J_J/
.‘. ‘.' .. .:.-é;.:“f.t. ...o : < = 15 15 15'\_/
© .;.o “$.’ %’:’...::-"....o o ° LLI
..;:..':i._t.:.\’ ‘;':.......-. °° . 5 10 10\/ 10
0 0 ® ..-’ P - .....oo.o. ° )
e e 5
REIOOSE LRI 0 0 0
e I -1 0 1 -1 0 1 -1 0 1
% q (n/a) g (n/a) q (n/a)
tunneling interaction
J U J U
Let us add ultracold gases e . N oo
* What about quantum statistics? W R—A 9,/\, /
()] | | ! I|l ',I |'I
Ground state for bosons & fermions? oo Atoms 2l g ; ]
le ||'=|| |'=||

e What about interactions?

Potential created by
standing light wave

®© © ©

Potential created by ions

21



Wannier functions / Definition

Bloch functions
» Orthonormal basis of eigenvalues of the single-particle Hamiltonian

» Completely delocalized over the lattice

Ultracold quantum gases
» Local interactions between particles (on a lattice site)

» Best described in a basis localized in space!

Wannier functions

» New orthonormal basis, maximally localized to individual lattice sites

1/2 iy
» Wannier function at site x;: w,, ;(x) = (%) f_:t//; o ()~ dg

1/2 g
Inverse transformation: ¥, ,(x) = (%) Yjez Wno(x — ja)e

22



Wannier functions / Properties

* Wannier functions for the lowest band for increasing lattice depth

» Localization in space for large lattice depth

» Orthonormal basis lattice sites
(dashed blue line: Wannier function

on the neighboring site )

* Wannier functions for higher bands
» Orthogonal to each other
» Similar to harmonic oscillator

(nodes, alternating parity)

30 |

20 |

10 |

Position (A1)

Figures: Dalibard, cours CdF 2013. Folling PhD Thesis, Mainz (2008)
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|I I' Ill
0 : : 0
| | | | | |
—2 0 2 —2 0 2

Vo/E, = (0,0.5,1,2,4,8,12, 16, 20)

0

0

0

/
C___ 7 __._J'II A - Il'-\_:__'} ~
| | |
—2 0 2
T I I
I' I| II
|— | ] | | —]
[ |
1 | |
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i
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Wannier functions / Properties

* Wannier functions for the lowest band for increasing lattice depth

» Localization in space for large lattice depth  v,/E, = (0,0.5,1,2,4,8,12, 16, 20)

» Orthonormal basis lattice sites ] e ] e
(dashed blue line: Wannier function . A
051 ?,f\\ 405k ) H0s5F
on the neighboring site ) E A WA dop
0 N ] A A N () P AN S
el il T - ! " ! !
_ _ _ 2 0 2 2 0 2 2 0 2
* Wannier functions for higherbands  ——————— 1 [
» Orthogonal to each other P i
_ : : 05 ()| Hosp S HJosp T
» Similar to harmonic oscillator C ol
A L Sy
(nodes, alternating parity) 0P| O o
0 2 2 0 2 2 0 2
T T I I I T I I
I'I i N 1_ I I'|| N 1_ ' lllll
'II [l “ I| Iy
b |I i || |II ||
vy - 05} D 405}k ]
i | 1 [ | i |1
. .I I| II I- |I I| | I. | I| |I
S 0p—t L 0p——
1 1 | | | 1 | |
0 2 2 0 2 2 0 2

Figures: Dalibard, cours CdF 2013. Folling PhD Thesis, Mainz (2008)

24



Wannier functions / Tunneling

* Single-particle Hamiltonian in the Bloch basis

+mT/a

H = zn: f_ . AqEn (@) |Yn,g)(Wngql = zn: J dqEn(9)a} ganq

e Annihilation operators

» én,q : Annihilation operator for particle in Bloch wave wn,q

» Bn,j : Annihilation operator for particle in Wannier function wn,j(x)
a\1/2 A
A — lja
ina=(57) D, ¢"b,
J
* Single-particle Hamiltonian in Wannier basis
A= Z Z]n(] _j,)b:;,jbn,jl
n.jj

* Tunneling between lattice sites

J.(j — j'): matrix element of the Hamiltonian coupling two Wannier functions

A2 +1T/a

Jn() = f Wy, (x) <§—m + V(x)> Wy o(x)dx = % dqEn(q)e*

—-1/a

25



Wannier functions / Tunneling

* The hopping amplitude is given by the overlap of the Wannier functions

i) = [ wi, <x><

A2

f—m + V(x)) Wn o (X)dx

* For increasing lattice depth, the Wannier functions become more localized and the
hopping amplitude drops exponentially

* Hopping over longer distances is much weaker and can be neglected (smaller than
1% of the next-neighbor hopping for I/, = 10E,)

T T
1+ -

s 4 1F
051 N Josp A Ho.
b N ."j_ II". :.\'. I"-. T T T
0= e 0 et 0.2k =14
il LT ! E—
2 0 2 2 0 2 0 2 =<
T T T T T ':3
Lr 1 i 1 17 , — 0.15F =2
" 5o '.I |I I|I =L
o5 o\ Hosp ) 105 f =
J [ |:> Z 01 \ i
1] SN VIR | | B AN, 0 = \
1 I_ 1 ‘I '\-
2 0 ) 2 0 2 0 2 -
T T T T {l{ld \ —
br f 110 i 117 Iﬁl \ s
I I| —
050 i 405 N I. H{os | 0 \\—"' ' [
[ a I 0 ] 10 15 20
0 0 0 |\ r o
! ! ! ! 1 o/ "I-‘ r
_9 0 ) _9 0 -2 0 2
Figures: Dalibard, cours CdF (2013) 26



Hubbard Model / Definition

* Hubbard Model (deep lattices) N U
» Restriction to the lowest band W\/
(band index dropped from now on) oo Atoms

» Only next neighbor hopping J

Potential created by
standing light wave

* Hubbard Hamiltonian H = —]z b, b+ h.c.
J

* Dispersion relation: E(q) = —2Jcos(aq)
» Width: 1D lattice - 4/, 2D square lattice - 8/, 3D cubic lattice - 12]

0.35
. . . 0.3 1
» Approximate analytic formula for the tunneling Vo = 5Eg
. 025 .\“ "%' A
» Using the dispersion relation W
3/4 1/2 e
J 4 (Vg Vo S 0.15 -
~ exp|—2(—= E ' 4.J
ET \/ﬁ ET' Er 0.1 |
. . 0.05
» Exponential decrease with \/V,/E) . SooogSn, g !
-1 -0.5 0 0.5 1

Quasimomentum q (/a)
Figure: courtesy Dirk-Séren Lihmann 27



Hubbard Model / Interactions

* Bosons (without dipolar interactions)

» Short-range interactions of strength g described by pseudo-potential

A= j P P OPOP(dx () = nz, W j ()b

» Simplify to on-site interactions in the Hubbard model (lowest band only)
_ U with number operator #; = b b;
Hintzgzﬁj(ﬁj—l) P S

J
» Interaction energy of two particles on one latticesite U =g a)gjj(x)dx

» Analytical expression (Wannier function approximated by a Gaussian function)

3D 3/4 2
USD = g 3 = \/g kad <E> ET gBD = 47Th ad
(\/Eaho) T Er m

rere"
Spin-1/2 fermions (similar description) MW\/

Ty ~ A @@ Atoms
Hip: = Uz njtn;,
j

Potential created by
standing light wave

28



Hubbard Model / Summary

» Ultracold atoms in optical lattices are well descriped by Hubbard models

» Bosons ~ ~4 o U A (A J u
H=—]ij+1bj+h.c.+52nj(nj—1) /W\M
J J
» Fermions o @@ Atoms
A=) ) By b+ he+U) ay, |
7 7 Potential created by

standing light wave

* The Hubbard parameters J and U can be tuned .
10 —
via the lattice depth

10

Ratio U/J
o
[3%]

n =
* Phase diagram in the Hubbard model? 10 =£

0 10 20 30 40 50
Potential depth Vi [Ef]

Figures: Schneider, PhD Thesis, Mainz (2010). Greiner PhD Thesis Munich (2003). 29



Bose-Hubbard Model

 Superfluid phase

» Tunneling dominates

IR
T
{\ 3

Minimization of the kinetic energy
» Delocalized in space, localized in momentum space
“BEC in the lattice”

» Coherent state on each lattice site (humber fluctuations)

* Mott insulating phase
» Interactions dominate
Minimization of £ . 7;(n; — 1)
» Localized in real space, delocalized in momentum space
Number state on each lattice site
» Gapped excitation spectrum

» Incompressible %_g —0

Figure: Lihmann, PhD thesis, Hamburg (2009) 30



Bose-Hubbard Model / Non-interacting Superfluid

* For U=0: superfluid phase
» BEC in the lowest Bloch state q=0
[Wsr) = = (bl )" [0)
» Rewriting in the Wannier basis yields
$00(x) = A=, wO(z — R))
(sum over j: ,coherence between all lattice sites’)
* Coherent approximation

» Basis change

bio = A= 0,01 yields  [Wsr) = —=Lx (¥, 81)" [0) = I, o),

» At eaCh Slte da COherent State D40 et oottt
@), = 2% 1 Je B |ny. Loslpp n{éE
with |a\2:ﬁ:N/Ns gzzz (0|>+(1|L>+(2\u>+(3\uk>+ N
i.e. the square of the coefficients ; TCR R T L A O i e
follows a Poisson distribution! CRIE B B I R S o A o

» Eigen statg to the annihilation Z;:
operator b; |a), = a|a), 000

o 1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16 17 18

Figure: de.wikipedia.org "
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Bose-Hubbard Model / Mott Insulator

* Named after N. F. Mott, Nobel prize 1977 ,for their fundamental
theoretical investigations of the electronic structure of magnetic
and disordered systems”

* For J=0 (,,atomic limit“) and repulsive U

» Double and multiple occupation energetically unfavorable! | \\ ,

Sir Nevill Francis Mott

» At each lattice site exactly n particles , state |n),
» Fluctuations (b;) = (n|@.13¢ n), =0
» Manybody wave function |Uyy) = (Hi ﬁ b;m) 0)
* Quantum phase also exists for finite J
» Correlated state with finite fluctuations between next neigbours

217 217 . . . C
(b;bi) # 0, but (b;b;) decays exponentially with the distance i - ]

4
—k
=7 U

» Ground state has an energy gap of size U

Ground state fundamental excitation
n=1 ¢ ¢ C
oU
n=2 - L s . =
« 0 " 3

Figure: Nobelprize.org 32



Bose-Hubbard Model / Phase diagram

(UizJ)e 179139 99 5.8

0 0.05 0.1 0.15 0.2
2J1 U

Figure: Fischer et al. PRB (1989)

33



