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Bloch oscillations of atoms, adiabatic rapid passage, and monokinetic atomic beams

Ekkehard Peik,* Maxime Ben Dahan, Isabelle Bouchoule, Yvan Castin, and Christophe Salomon
Laboratoire Kastler Brossel, Ecole Normale Supe´rieure, 24 rue Lhomond, 75231 Paris Cedex 05, France

~Received 18 July 1996!

We study the dynamics of ultracold atoms in a periodic optical potential submitted to a constant external
force. Bloch oscillations in the fundamental and first excited bands of the potential are observed. In addition to
a solid-state analysis we give a quantum-optics interpretation of this effect in terms of photon exchanges
between the atoms and the laser waves. The dynamics of Bloch oscillations are equivalent to a sequence of
adiabatic rapid passages between momentum states and can be described using the dressed-atom approach. We
demonstrate efficient and dissipation-free acceleration of atoms by coherent transfer of a large number of
photon momenta ('100). This technique produces atomic beams with a very small longitudinal velocity
spread that may find applications in atom optics and precision measurements.@S1050-2947~97!03504-X#

PACS number~s!: 32.80 Pj, 03.75.2b, 03.65.2w
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I. INTRODUCTION

Manipulation of atoms with lasers has progressed con
erably in the last decade@1#. In this paper, we analyze th
behavior of ultracold atoms in the light field of two counte
propagating laser waves. When these waves are detune
from any atomic resonance, the light shift of the ground st
leads to a conservative periodic potential with spatial per
l/2, half the laser wavelength. This configuration was fi
used in the context of atom diffraction@2# leading to the
development of atom-optics elements, interferometry@3,4#,
or studies of quantum chaos@5#. We use Raman subreco
laser cooling techniques@6,7# to prepare the atoms with
momentum spreaddp smaller than the photon momentu
\k in the direction of the optical lattice. The correspondi
coherence lengthh/dp thus extends over several periods
the potential.

If the two counterpropagating waves have a tim
dependent frequency difference they form a ‘‘stand
wave’’ in a moving reference frame. If, in addition, the fr
quency difference varies linearly with time, the referen
frame in which the optical potential is stationary is uniform
accelerated. In this frame the atoms experience a cons
inertial force in addition to the force induced by the optic
potential. As shown in recent papers@8,9#, this simple sys-
tem ‘‘atom1moving standing-wave’’ models quite well th
case of electrons in a perfect crystal under the influence
constant electric field@10–12#. For instance, Bloch oscilla
tions ~BO! of atoms in a light lattice@8#, as well as Wannier-
Stark ladders@9#, have recently been observed.

These experiments have been made possible thank
several differences that exist between electrons in solids
atoms prepared in an optical potential.~i! The initial momen-
tum distribution of atoms is well defined, can be tailored
will, and can be much narrower thanh/a, wherea is the
lattice period. By adiabatically switching on the optical p
tential, this narrow momentum distribution is turned into
statistical mixture of Bloch states in a given energy ba

*Present address: Max-Planck-Institut fu¨r Quantenoptik, Hans-
Kopfermannstr. 1, D-85748 Garching, Germany.
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with a quasimomentum widthdq5dp/\ much smaller than
the width 2p/a of the Brillouin zone.~ii ! The periodic po-
tential, being created by light, can be easily turned on a
off. With sudden switch-off we can directly measure the m
mentum distribution of Bloch states@8#. ~iii ! There is virtu-
ally no scattering from defects of the potential or from inte
actions between particles.~iv! Bloch oscillations in the time
domain can have periods in the millisecond range, i.e.,
orders of magnitude longer than in semiconductors@13–16#.

Because the periodic optical potential has its origin
photon redistribution between the two counterpropagating
ser waves, we can develop a ‘‘quantum-optics’’ descript
of the atomic motion in a frequency-chirped standing wa
without reference to solid-state concepts, such as b
theory. This description, which is equivalent to the Blo
formalism, offers new insights into the physical phenome
In the nondissipative case, the momentum of the atoms
the laboratory frame, can only change in units of 2\k via
absorption from one wave and stimulated emission into
other. The dynamics is thus conveniently described in te
of Raman transitions between momentum states, occu
when the frequency difference between the two waves ful
the energy-conservation condition. The increasing freque
difference leads to a succession of adiabatic rapid pass
between momentum states differing by 2\k, resulting in a
coherent acceleration of the atoms in the laboratory fra
We will show the connection with the recoil-induced res
nances, which have been recently observed for atoms trap
in dissipativeoptical lattices@17# in which the momentum
spread is several times greater than\k @18#.

The coherent acceleration of the atoms associated with
Bloch oscillations or equivalently with the successive ad
batic rapid passages, is a new tool for producing atom
beams with a very narrow momentum distribution in t
propagation direction@19#. For instance, we have been ab
in preliminary experiments, to accelerate a cloud of cesi
atoms to an average momentum of 80\k while maintaining
the initial momentum spread of\k/4 along the standing-
wave direction.

We have organized our paper in the following way:
Sec. II, we give a detailed description of the experimen
setup. Then in Sec. III, following Ref.@8#, we analyze our
2989 © 1997 The American Physical Society
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2990 55PEIK, BEN DAHAN, BOUCHOULE, CASTIN, AND SALOMON
experiments in terms of atoms in a periodic potential indu
by light under the influence of a constant force. We pres
our results on Bloch oscillations in the fundamental band
compare Bloch oscillations in the fundamental and the fi
excited band. In Sec. IV we give a quantum optics desc
tion of Bloch oscillations using the concepts of adiaba
rapid passage and Landau-Zener transitions. Bloch osc
tions are also depicted in the dressed-atom basis. Finall
Sec. V, we apply the previous analyses to the coherent
celeration of cold atomic wave packets and present exp
mental results.

II. EXPERIMENTAL SETUP

The experimental apparatus consists of a vapor-
magneto-optical trap~MOT! for cesium atoms@20#, a laser
system for loading the trap and precooling the atoms in
tical molasses@1,21#, and a laser system for Raman coolin
@6,7,22# and for generating the chirped standing wave.
lasers employed in the experiment are diode lasers, opera
on wavelengths close to the cesium 6S1/2→6P3/2 transition
at 852 nm~cf. Fig. 1!. Part of this setup has been used
previous experiments on Raman cooling of cesium@7,22#.

The cesium cell is a hollow glass cube of 12 cm sid
length, antireflection coated on the outside and pumped
25 l/s ion-getter pump. The cesium vapor pressure is on
order of 1028 mbar, providing about 108 atoms into the
MOT in a loading time of 500 ms. The cell together with th
magnetic-field coils of the MOT is placed in a two-lay
mumetal shield, surrounded by a set of three pairs of la
compensation coils. After loading the MOT, the field
switched off and allowed to decay in a time of 200 m
During this period the atoms are cooled in an optical mol
ses to a momentum spread of 5\k, corresponding to a tem
perature of 6mK. When Raman cooling is begun after th
molasses period, the magnetic field has decreased to a v
on the order of 100mG. Raman cooling and interaction wit
a chirped standing wave are performed while atoms ar

FIG. 1. Cesium energy levels and Raman beams for subre
cooling. The high-frequency Raman beam~atvblue) is also used to
create the chirped standing wave for the Bloch oscillations.D is
typically 30 GHz, such that direct excitation of the2P3/2 state is
negligible during the 20 ms interaction time.
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free fall under gravity. The diameter of the horizontal lase
beams limits our interaction time to 25 ms.

The laser system for the MOT and optical molasses co
sists of a master laser, frequency narrowed by feedback fro
an external Fabry-Pe´rot cavity and locked to a saturated ab
sorption resonance in a small cesium cell. The different d
tunings from the 6S1/2,F54→6P3/2,F55 resonance for
the MOT and molasses are controlled using an acous
optical modulator~AOM!. The radiation from this frequency
stable laser is used to inject a 150 mW slave diode las
whose output is spatially filtered and separated into the s
beams required for the MOT. Repumping radiation on th
6S1/2,F53→6P3/2,F54 line is provided by a third diode
laser, frequency stabilized by feedback from an optical gra
ing. During the Raman cooling phase and the chirpe
standing-wave phase, all these beams are blocked by m
chanical shutters and their AOMs are turned off to avoid an
light shift due to near resonant photons. To drive the Ram
transition between the two hyperfine ground states of t
cesium atom, two grating stabilized extended cavity diod
lasers are optically phase locked at a frequency offset
9.192 GHz@23#, as shown in Fig. 2. The detuning of these
lasers from the 6S1/2,F54→6P3/2,F55 line is measured
by observing the beat note between one of them and the la
that provides the radiation for the MOT. We typically
worked at a detuningD of 30 GHz, a value corresponding to
about 5700 natural linewidthsG of the cesium transition and
larger than the hyperfine splittings of both the excited an

oil

FIG. 2. ~a! Magneto-optical trap and Raman beams used f
subrecoil cooling and probing of the momentum distribution o
Bloch states in the laboratory frame. The frequency difference
the two laser diodesDL1 andDL2 is phase locked to a tunable
frequency source near the cesium ground-state hyperfine frequen
~b! After the subrecoil cooling phase, the beam ofDL2 is blocked
and the beam ofDL1 is passed through AO modulators to produc
the chirped standing wave.
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55 2991BLOCH OSCILLATIONS OF ATOMS, ADIABATIC . . .
the ground state. This detuning is sufficiently large to av
excitation of the 6P3/2 level, which would be followed by the
random momentum transfer due to the spontaneous emis
of a photon. It also reduces the differential light shifts b
tween the Zeeman sublevels of the ground state. This is
sential for our method of Raman cooling using square pu
@7# and for the observation of BO, where all the atom
should experience the same light shift potential, irrespec
of their magnetic quantum state.

Each of the two Raman beams is amplified by inject
locking of a high power diode laser~200 mW!. The two
beams are superimposed, passed through an AOM that
trols the envelope of the Raman pulses, a spatial filte
Pockels cell, and a polarizing beam splitter. The latter
used to exchange the directions of the two beams and, he
the sign of the transfered momentum. The two beams fin
pass the cesium cell with a diameter at 1/Ae intensity of 6
mm, a peak intensity of 70 mW/cm2 and having orthogona
linear polarizations. They are superimposed antiparalle
each other and aligned horizontally with a precision of ab
5’ ~cf. Fig 2!. A distributed Bragg reflector~DBR! laser di-
ode stabilized on the 6S1/2,F54→6P3/2,F54 transition is
used to pump the atoms back to theF53 ground state afte
each Raman transfer. In order to diminish its sensitiv
against parasitic external feedback we use this diode in
extended cavity configuration with controlled feedback fro
a piezo-mounted partial reflector. This beam is superimpo
on one of the MOT axes and makes an angle of 3° with
Raman beams. With an intensity of 20 mW/cm2, pulses with
a duration of 10ms were used to effectively repump all th
atoms.

The chirped standing wave is generated from the Ram
laser having the higher frequency~cf. Fig. 2!. Its output is
split into two beams that pass through two acousto-opt
modulators and spatial filters. One of these AOMs is driv
by a quartz oscillator at a fixed frequency of 80 MHz, a
the other by a variable radio frequency obtained by mixin
quartz oscillator at 60 MHz with the output of an arbitrar
function generator around 20 MHz. The system allows us
turn on the two beams with a variable rise time~on the order
of 200 ms!, to apply a frequency ramp with variable slop
and to finally turn the beams off fast~within 1 ms!. The
frequency difference is controlled by monitoring the be
note between the two AOM drives. The two beams hav
diameter at 1/Ae intensity of 4.5 mm, a peak intensity of 4
mW/cm2 and parallel linear polarizations. They are superi
posed onto the horizontal optical axis of the Raman beam
counterpropagating directions.

Derived from the MOT laser is a vertical probe bea
composed of two counterpropagating waves having the s
circular polarization. It is used to excite th
6S1/2,F54→6P3/2,F55 transition, so that the number o
atoms in theF54 ground-state hyperfine level can be me
sured via the detected fluorescence signal on a photodi
The velocity distribution of the atoms is probed by veloc
selective Raman transitions: the Raman beams are cou
propagating and a Raman pulse first transfers one velo
class of theF53 atoms to the otherwise emptyF54 level.
Then the probe beam measures the number of atom
F54. This sequence~Raman pulse-probe beam! is repeated
while scanning the detuning of the Raman lasers in orde
d
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record the atomic velocity distribution.

III. BLOCH OSCILLATIONS

In this section we analyze our experimental situation
terms of a particle in a one-dimensional~1D! periodic poten-
tial submitted to a constant force. This problem correspon
for instance, to electrons in a crystal under the influence o
constant homogeneous electric field. This situation, or
nally studied by Bloch@10# in the late twenties led to the
prediction of striking phenomena@11#. This ‘‘solid-state
analysis’’ is the point of view we have chosen in Ref.@8#.
We recall here the main aspects, with some additional co
ments, and present our experimental results.

A. Theory

Let us first consider the case where no external force
applied on the particle. The Hamiltonian of the particle
thus, simply

H5
p2

2m
1V~x!, ~1!

where m is the mass of the particle andV satisfies
V(x1a)5V(x) (a is the period of the potential!. The prop-
erties of the eigenstates and eigenenergies of this Ha
tonian are usually derived from the Bloch theorem@24#. This
theorem states that the eigenenergiesEn(q) and the eigen-
statesun,q& of H are labeled by:~i! a discrete band index
n, ~ii ! a continuous quasimomentumq. The eigenfunctions
C can be written

Cn,q~x!5^xun,q&5eiqxun,q~x!, ~2!

whereuun,q& is spatially periodic with the periodicitya of the
lattice and satisfies the Schro¨dinger equation

Hquun,q&5En~q!uun,q& with Hq5
~p1\q!2

2m
1V~x!.

~3!

Furthermore,un,q& andEn(q) are periodic functions of the
quasimomentumq with period 2p/a andq is, thus, conven-
tionally reduced to the first Brillouin zone ]2p/a,1p/a].
All these results can be collected in a band structure whic
simply the energy spectrum of the particle~Fig. 3!.

If a constant and spatially uniform forceF is suddenly
applied to the particle fort.0, the initial Bloch stateun,q&
is no longer an eigenstate of the resulting Hamiltonian

H85
p2

2m
1V~x!2Fx. ~4!

However, the Bloch form@Eq. ~2!# for the wave function is
preserved

C~x,t !5eiq~ t !xu~x,t ! ~5!

with a time-dependent quasimomentumq(t) given by

q~ t !5q~0!1Ft/\ ~6!

and a spatially periodic part evolving as
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i\
d

dt
uu~ t !&5Hq~ t !uu~ t !&. ~7!

Furthermore, whenF is weak enough not to induce interband
transitions the adiabatic approximation can be applied to E
~7!. In this caseuu(t)& is equal touun,q(t)& up to the phase
factor exp@2i*0

t dtEn„q(t)…/\#. Since the quasimomentum
Eq. ~6! scans the reciprocal lattice with uniform speed, th
wave functionC(x,t) is periodic in time with a period

tB5
h

uFua
, ~8!

corresponding to a 2p/a shift for the quasimomentum or
equivalently to a full scan of the first Brillouin zone. The
mean velocity of the particle in stateun,q(t)&,

^v&n~q!5
1

\

dEn~q!

dq
, ~9!

is a periodic function ofq asEn(q). Sinceq evolves linearly
in time, ^v&n(t) is an oscillatory function with zero mean
value. These so-called ‘‘Bloch oscillations’’ have never bee
observed in a natural lattice for electrons in a dc electr
field, because the coherent evolution is limited to a tiny fra
tion of the Brillouin zone by collisions with lattice defects o
impurities @13#. However, this effect has been recently ob
served in semiconductor superlattices@14–16#.

In order to observe BO it is crucial that the forceF re-
mains weak enough not to induce interband transitions. W
apply the usual adiabaticity criterion@25# to Eq. ~7!

ZK un,qU ddt Uun8,qL Z!uEn~q!2En8~q!u/\~nÞn8!. ~10!

Taking the derivative of Eq.~3! with respect toq we obtain
~as in @24#! ^un,qu d/dq uun8,q&5^un,qu\p/muun8,q&/
@En8(q)2En(q)#, for nÞn8. Condition ~10! then imposes
for the fundamental band andq5k ~the most critical point!
umal/2u!(p/8)U0

2/ER in the perturbative regime
U0<10ER . One could think of increasing the potentia
depth in order to make the condition~10! easier to satisfy.

FIG. 3. Band structureEn(q) ~solid line! for a particle in a
periodic potentialU(x)5U0sin

2px/a and mean velocitŷv&0(q) in
the fundamental band~dashed line!: ~a! free particle case,~b!
U05E05\2p2/2ma2. A gap opens atq56p/a. Under the influ-
ence of a weak uniform force, a particle prepared in the fundame
tal band remains in this band and performs a motion periodic
time called a Bloch oscillation.
q.

e

n
c
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This would, however, flatten the lowest bands, thus reduc
the amplitude of the oscillations and making it difficult
measure. On the other hand, a minimal force is required
scan the whole first Brillouin zone in the limited time of th
experiment, thus imposing a lower limit on the potent
depth.

As described in@8#, our periodic potential results from th
light shift of the ground state of atoms in the light field of
one-dimensional linearly polarized standing wave provid
by two counterpropagating beams with equal intensity.
Zeeman sublevels ofF53 are equally shifted and the corre
sponding potential is equal to

U~z!5U0sin
2~kx!5

U0

2
@12cos~2kx!#, ~11!

with

U05~2/3!\G~ I /I 0!~G/D!, ~12!

where I is the laser intensity in one beam andI 052.2
mW/cm2 is the saturation intensity. This potential is period
with spatial periodl/2 corresponding to a first Brillouin
zone extending in the reciprocal lattice betwe
2p/(l/2)52k and 1p/(l/2)51k. The natural energy
scale is then the recoil energyER5(\k)2/2m. In our experi-
ments, the potential depth is adjustable up to about 20ER .
Resonant excitation to 6P3/2 and subsequent spontaneo
emission depends on laser intensity and detuning and t
for large enough detuning, dissipation can be made ne
gible. For typical conditions (U055ER and D530 GHz!,
the mean excitation rate per atom is 4 s21. The excitation
probability is very small during the 25 ms interaction time

If we introduce a tunable frequency differenceDn(t) be-
tween the two waves, the light field is no longer a stand
wave in the laboratory frame. For a constant frequency
ference, this corresponds to a uniform drift while for a d
ference linear in time the standing wave is stationary in
acceleratedframe. In this frame, the atoms thus experienc
constant inertial force in addition to the effect of the period
potential~Appendix!

F52ma52m
l

2

d

dt
Dn~ t !52

m

2k

d

dt
Dv~ t !. ~13!

B. Experimental sequence

In our experiments we first perform Raman subrec
cooling, which is essential to produce an initial velocity d
tribution with a width smaller than the extension of the fir
Brillouin zone @6,22,7#. Equivalently, one can say that th
coherence lengthh/dp of the atoms extends over sever
periodsa5l/25p/k of the potential, i.e., the atoms reall
experience a periodic potential. Furthermore, as shown
Fig. 4 and in@8#, amplitudes of the BO in the fundament
band are less than a recoil velocity making it impossible
detect with a broad molasses velocity distribution. Here
have used 1D Raman cooling with square pulses@7# to pre-
pare atoms in 12 ms in a narrow peak with a nearly Lore
zian line shape of half width at half maximum of 0.24vR
~wherevR is the recoil velocity\k/m53.5 mm/s!.

n-
n
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55 2993BLOCH OSCILLATIONS OF ATOMS, ADIABATIC . . .
We then adiabatically turn on the potential by linea
increasing the intensity of the standing wave with a rise ti
of about 200ms. This duration is much longer than the ad
batic limit given by a criterion similar to Eq.~10! in which
the time dependence comes from the rate of change ofU0
rather than fromq(t). We can thus prepare a statistical mi
ture of Bloch states aroundq50 with a width ofq/4 in the
fundamental band. The control of the initial state appear
be a great advantage compared to solid-state experim
We can actually prepare Bloch states with nearly any ini
quasimomentum in any band by introducing a constant
quency shiftDn between the two waves while we turn on th
potential. In the standing-wave frame the atoms are mov
with velocityv052(Dn)l/2. If the absolute value ofmv0 is
betweenn\k (n50,1,2, . . . ) and (n11)\k, the correspond-
ing Bloch state lies in thenth band. The quasimomentum
q05mv0 /\6(n11)k for odd n and q05mv0 /\6nk for
evenn. 1 and2 correspond, respectively, to negative a
positive values ofv0. This is not valid for the zone bound
aries@mv056(n11)\k# where levels are initially degener
ate, making it impossible to prepare the atoms in a sin
band.

We apply a constant force for various timesta limited to
8 ms and finally switch off the potential abruptly (.1ms!. In
this way the atoms keep the velocity distribution of the fin
Bloch states, which can then be measured using the Ra
technique@6#. This is a second important difference wi
solid-state physics in which the effect of the periodic pote
tial cannot be turned off. In our experiments, the Ram
velocity selective transitions allow a resolution of abo
vR/18, much smaller than the extension of the Brillouin zo
and the initial momentum spread. This measurement p
vides the velocity distribution in the laboratory frame. T
distribution in the accelerated frame is simply obtained fr
the distribution in the laboratory frame by a translation
2mata .

FIG. 4. Bloch oscillations of atoms in the fundamental band:~a!
momentum distribution of Bloch states in the accelerated frame
equidistant values of the acceleration timeta betweenta50 and
ta5tB58.2 ms.~The small peak in the right wing of the first fiv
spectra is an artifact created by a stray reflection of the Ra
beams on the cell windows!. ~b! Mean atomic velocity in units of
the photon recoil velocityvR . Solid line: theory. The light potentia
depth isU052.3ER and the acceleration isa520.85 m/s2.
e
-

to
ts.
l
-

g

le

l
an

-
n
t
e
o-

f

C. Results in the accelerated frame

We have already presented Bloch oscillations in the f
damental band (n50) in @8#. For sake of completeness th
evolution of the Bloch states in the time doma
un50,q(t)& and the oscillation of the mean velocit
^v&0(q) are recalled in Fig. 4. In these experiments, the
celerationa is 20.85 m/s2 andtB52\k/ma58.2 ms. Such
value of the period is several orders of magnitude lon
than in solid-state systems. From these data it is possibl
experimentally determine the shape of the fundamental b
E0(q) by integrating the mean velocity over quasimome
tum, as indicated by Eq.~9!. The measured bands for differ
ent values of the potential depth are presented in Fig. 5. N
the very different radii of curvature of the band nearq50
andq56k for weak potentials@5~a! and 5~b!# and the flat-
tening of the band as the potential depthU0 increases.

BO can also occur in excited bands and we have obse
these oscillations in the first excited band (n51) as follows:
we prepare atoms in the stateun51,q0.20.5k& by introduc-
ing a constant frequency shift so that atoms have a velo
1.5vR in the standing-wave frame. The subsequent accel
tion is equal to20.85 m/s2, as for the oscillations in the
fundamental band. In Fig. 6 the full momentum distributi
in the accelerated frame is displayed for various times
tween 0 andtB and a potential depthU059.5ER . As in the
fundamental band, the time evolution is periodic but t
Bloch states display a richer structure. The initial distributi
is mostly a combination of two plane wavesu1.5\k& ~domi-
nant! andu20.5\k&. At ta5tB/4 the quasimomentum arrive
at the avoided crossing with the second excited band and
corresponding Bloch stateun51,q50& is predominantly a
superposition of the two plane wavesu22\k& and u2\k&

r

n

FIG. 5. Experimental determination of the fundamental ene
band for~a! U051.4ER , ~b! 2.3ER , ~c! 4.4ER . This determination
is obtained by integrating the mean velocity over quasimomen
@Eq. ~9!#.
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2994 55PEIK, BEN DAHAN, BOUCHOULE, CASTIN, AND SALOMON
with equal weights. In the further evolution, the weight
the component near 2\k vanishes while the component ne
22\k grows. After 3/4tB the zone boundaryq5k is
reached and the atom is in a superposition of momen
states with2\k and\k. Finally this latter momentum pea
grows and after one Bloch period the initial distribution
recovered. Note in addition that, atta50, a third small peak

FIG. 6. Bloch oscillations of atoms in the first excited ban
Before turning on the optical potential, the atoms are prepared
a momentum of 1.5\k. ~a! Momentum distribution of Bloch state
in the accelerated frame for equidistant values of the accelera
time ta betweenta50 and ta5tB58.2 ms.~The small peak be-
tween 2 and 3\k is an artifact due to a stray reflection on a c
window.! ~b! Band structure and time evolution of the quasimome
tum. ~c! Mean atomic velocity. The light potential depth
U059.5ER and the acceleration isa520.85 m/s2. Solid line:
theory with no adjustable parameter. Note the sign difference of
mean velocity for the oscillation in the first excited band and in
fundamental band@Fig. 4~b!#.
m

is visible around22.1\k. We attribute the existence of thi
peak to the finite initial width of the momentum distributio
@0.6\k full width at half maximum~FWHM! in these data#
which is not very small as compared to\k. During the adia-
batic turn on of the optical potential, atoms in the wing of t
distribution, having an initial momentump close to 2\k
couple to a Bloch state which is a linear superposition of t
plane waves atup& and up24\k&. This finite width effect is
also responsible for the slight curvature in the time evolut
of the peaks in Fig. 6~a!.

In Fig. 6~c!, we also present the evolution of the me
velocity in then51 band for a value of the potential dep
U059.5 ER . This mean velocity is calculated in the sam
way as described in@8#. The amplitude of the velocity oscil
lations is greater than in the fundamental band and is 1.vR
for U059.5 ER . The agreement with the theoretical curv
obtained from a numerical calculation of the band struct
~shown in solid line! is good. Note also that for an identica
applied force, the slopes aroundq50 and q56k of the
mean velocity in the excited and fundamental bands h
opposite signs. This is expected from Fig. 3~b!: to a mini-
mum of the fundamental energy band corresponds a m
mum of the excited band and vice versa. For values
U0,5ER—where we have observed BO in the fundamen
band—the energy gap between the first and second exc
bands is small and adiabatic evolution in the first band
difficult to obtain.

To conclude this section, we would like to underline th
BO are a pure quantum effect which comes from the wa
nature of the atoms. Here a matter wave is diffracted b
light structure, a situation entirely symetrical to the ordina
Bragg diffraction of light by matter lattice, as first pointe
out in @2#. As for light diffraction, the wavelike atoms
strongly interact with the potential, for special values of t
wave vector. In the case of a weak potential where the Bl
states are very close to pure plane waves, we can giv
simple description of BO. An atomic plane wave, initial
prepared with momentump.0, is accelerated by an extern
force. The momentump increases linearly according t
Newton’s law until it reaches a critical value satisfying th
Bragg conditionkat5 jk, where kat5p/\, is the atomic
wave vector andj is an integer. The atomic wave is the
reflected and its momentum is reversed. The further evo
tion is nothing but the repetition of that process: an accele
tion by the force followed by a Bragg reflection. This effe
is illustrated in Fig. 4 for the fundamental band. In the ca
of the first excited band~Fig. 6!, the oscillations result from
two successive Bragg reflections. The first one correspo
to a second-order Bragg transfer of24\k ~from
up512\k& to up522\k&), while the second one leads to
change by12\k, a first-order Bragg reflection.

IV. BLOCH OSCILLATIONS:
A QUANTUM-OPTICS APPROACH

While our experimental results can be perfectly explain
using the Bloch formalism in the accelerated frame to
scribe the motion of atoms in the optical lattice in the pre
ence of a constant inertial force, we would like to prese
here a different physical picture that is equally well suited
describe our experiment. We remain in the laboratory fra
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55 2995BLOCH OSCILLATIONS OF ATOMS, ADIABATIC . . .
and we deal with free atoms interacting with two count
propagating laser waves having a time-dependent freque
difference.

A. Bloch oscillations as adiabatic rapid passage
between momentum states

In the absence of spontaneous emission the atoms
mentum can change by units of\(k12k2)'2\k by absorb-
ing a photon from one wave and emitting it into the other
a stimulated way, as depicted in Fig. 7. Because the at
are initially prepared with a momentum spread much sma
than 2\k and with a kinetic energy near zero, their possib
states after interaction with the light fields are discrete po
up52 j\k,E54 j 2ER& ( j50,1,2,3. . . ) on themomentum-
energy parabola of the free particle@26# ~cf. Fig. 7!. The gain
in kinetic energy is provided by the frequency differen
between the two laser waves: the atoms are accelerated i
direction of the beam with the higher frequency by absorb
photons from it and reemitting low-frequency photons in
the other. The transition up52 j\k,E54 j 2ER&→up
52( j11)\k,E54( j11)2ER& is resonant for an angula
frequency differenceDv54(2j11)ER /\. As we start with
the atoms at rest (j50) andDv50, these resonances a
encountered sequentially and a gain of atomic momentum
2\k can be expected after each change in the freque
difference of 8ER /\, as shown in Fig. 8. For a consta
change in the angular frequency differenceDv with the rate
Dv̇, the time required for this is

t58ER /\Dv̇54ER /\ka52\k/ma, ~14!

which is equal to the Bloch period for the inertial forc
ma5mDv̇/2k. Thus the mean atomic velocity increases
2\k/m during each Bloch period. As shown in Fig. 8~b!, the
Bloch oscillations in the laboratory frame appear as a p
odic deviation of the mean velocity around the linear
crease in timeat. The method of exciting the transition be
tween two energy levels with a electromagnetic wave
variable detuning that is scanned through resonance is
known under the term adiabatic rapid passage~ARP! @27#.

FIG. 7. Energy-momentum states in the laboratory frame. In
chirped standing wave, an initial stateug,p& is only coupled to
ug,p62 j\k&, where j is an integer, by stimulated two-photon R
man transitions.
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For properly chosen parameters~i.e., a scan range that i
greater than the peak Rabi frequencyV and slow enough
rate of change of the detuningDv̇!V2) the transfer be-
tween the states is complete and the method can be us
efficiently create an inversion between the levels. In our c
a sequence of transfers between momentum states result
coherent acceleration of the atoms in the laboratory fram

Multiple ARP is a powerful method in quantum physic
For instance, a sequence of ARP has been used to pro
Rydberg atoms in circular states@28#. Multiple ARP, as a
means of momentum transfer between light and atoms,
already been proposed long ago, but considering the ex
tion and deexcitation of an internal state of the atom usin
one-photon transition@29#. For instance, they occur in satu
ration spectroscopy with curved wave fronts@30#. Our sys-
tem has some peculiarities in comparison with previous st
ies of ARP: the states are linked by a two-photon transiti
internal states of the atom are not excited, consequently t
is no relaxation or dissipation; the sequence of levels is i
nite, so that a large number of successive transfers ca
made. This dynamical case has to be contrasted with
single two-photon transfer occuring in the recoil-induc
resonances observed in dissipative optical lattices in wh
the atomic momentum spread is larger than 2\k @18,31#.

The two-photon Raman process can be characterized
an effective Rabi frequency

V5V1V2/2D5U0/2\, ~15!

which is proportional to the depth of the light-shift potenti
(V1 ,V2: Rabi frequencies of the two beams,D: detuning
from the atomic resonance line!. The two ARP conditions
then readDv̇!V2!64ER

2/\2 and are well fulfilled for the
conditions of our BO experiment in the fundamental ene
band. The second condition, which is equivalent to the w
binding limit for the periodic potential, allows us to treat th

e

FIG. 8. ~a! Population of momentum statesup52 j\k& as a
function of time in the chirped standing wave~numerical simula-
tion!. ~b! Experimental measurement of the mean atomic velocity
the laboratory frame as a function of time. Parameters are the s
as in Fig. 4.
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2996 55PEIK, BEN DAHAN, BOUCHOULE, CASTIN, AND SALOMON
transitions sequentially and to take only two moment
states at a time. The first condition, which ensures the a
baticity of the process, is equivalent to avoiding interba
transitions in the band-structure model. It will be discuss
quantitatively in the following paragraph.

The model of ARP between momentum states is also a
to predict, quantitatively, the temporal behavior of the B
i.e., of the mean velocity in the laboratory frame^v& lab(t).
Focusing now on one of the momentum transfers displa
in Fig. 8, we consider only two states at a time and the m
velocity is simply given by

^v& lab~ t !5
2\k

m
@ jP2 j~ t !1~ j11!P2~ j11!~ t !#, ~16!

whereP2 j is the time-dependent probability of finding th
atom in momentum stateu2 j\k&. These probabilities can b
calculated from the vector model of the optical Bloch equ
tions @32#

P2~ j11!5
1

2
1

d

2Ad21V2 , P2 j512P2~ j11! , ~17!

where

d5Dv24~2 j11!ER /\ ~18!

is the detuning from the two-photon resonance. For sm
values ofV, ^v& lab(t) changes very little during the first ha
period (24ER /\<d,0) and makes an abrupt jump o
2\k/m as the resonanced50 is encountered. This corre
sponds to a BO with the maximal amplitude in velocity
\k/m. For larger values ofV, which corresponds to stronge
binding of the atoms in the periodic potential, the increase
^v& lab(t) approaches a linear behavior ind or in time,
namely, the amplitude of the BOs vanishes. Obviously t
simple model cannot be extended to arbitrarily strong c
pling, because the approximation of having only two m
mentum states involved at a time breaks down. In that c
we have solved numerically the Schro¨dinger equation in-
volving a large set of momentum states. Note that for a
value of the lattice potential these results are identica
those obtained with the Bloch approach presented in Sec
The full equivalence between the two descriptions is dem
strated in the Appendix. A similar quantum-optics approa
has been independently developed for atomic three-level
two-level systems@33#.

To compare the experimental results to the simple tw
state model@Eq. ~17!# we have plotted, in Fig. 9, the heigh
of the peak atu2\k& for the first Bloch period as a functio
of the detuning and for different values ofV, i.e., of the
potential depthU0. We find that the experimental data can
well fitted by Eq.~17!, but with Rabi frequencies about 12%
smaller than those deduced from the measured intens
This slight discrepancy may be attributed to an error in
solute power calibration, as well as to the transverse sp
of the atomic cloud in the Gaussian profile of the laser bea
during the;20 ms interaction time.
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B. Dressed-atom picture

Another interesting viewpoint can be given with th
dressed-atom approach@34#, in which the state of the system
is described byup,N1 ,N2&, wherep is the momentum of the
atom, N1 is the number of photons in the laser wave
frequencyv1, andN2 the number of photons in the lase
wave of frequencyv2. With redistribution processes, th
state up,N1 ,N2& is coupled to the state
up62 j\k,N17 j ,N26 j &. For our initial conditionp50 and
N15N25N0, with a momentum spreaddp!\k, the system
evolves in the space subtended by the sta
u j &5u2 j\k,N02 j ,N01 j &. Without the coupling between
the atom and the laser waves, the energy of stateu j & for a
frequency differencev12v25Dv

Ej~d!54 j 2ER1N0\~v11v2!2 j\Dv. ~19!

The effect of a weak coupling (U0!ER) is significant only
when two statesu j & are degenerate: the crossings in Fig.
become avoided crossings. By adiabatically switching on
beams in our experiment, we prepare the system in an ei
state. Then, when the frequency differencev12v2 is slowly
increased~assuming for simplicity thatv11v2 remains con-
stant!, the system follows adiabatically the evolution of th
eigenstate, leading to a series of momentum changes. If
initial frequency difference is zero, the momentum of t
atoms is periodically increased by 2\k at each of the first-
order anticrossings in Fig. 10~a!: this is the signature in the
laboratory frame of Bloch oscillations in the fundamen
band. With an initial frequency difference of 6ER /\, we
prepare the atoms with a momentum 1.5\k in the standing-
wave frame@Fig. 10~b!#. During the frequency chirp, the

FIG. 9. Probability of finding the atom in momentum sta
2\k as a function of the detuning from the two-photon resona
d for various effective Rabi frequencies. Solid lines are results fr
the two-state model of adiabatic rapid passage between mome
states @cf. Eq. ~17!#. ~a! U051.4ER , ~b! U052.3ER , ~c!
U054.4ER .
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55 2997BLOCH OSCILLATIONS OF ATOMS, ADIABATIC . . .
momentum of the atoms is first increased by 4\k at the
anticrossing which corresponds to a frequency difference
8ER /\ and which is a four-photon process. Then the m
mentum is decreased by 2\k at a frequency difference o
12\k by a first-order anticrossing. This evolution corr
sponds to the Bloch oscillations in the first excited band.

FIG. 10. Bloch oscillations in the dressed atom basis. T
straight lines represent the eigenenergies of the system atom1laser
fields as a function of the frequency difference between the
counterpropagating waves in the absence of coupling. The effe
a weak coupling is to lift the degeneracy at the line crossings an
produce new eigenenergies.~a! For U05ER , only the first-order
anticrossing at 4ER /\ is visible. When the difference frequency
increased from 0, atoms at t50 with up50& may follow adiabati-
cally the lower-energy curve and thus gain a momentum of 2\k
when the frequency difference is 4ER . After a time tB the fre-
quency difference is 8ER . This corresponds to one Bloch oscilla
tion in the fundamental band. This process can be repeated pe
cally whenever the frequency difference equals 4@ j 22( j21)2#,
where j is an integer greater than 1. This results in a coher
momentum transfer to the atoms in the laboratory frame and, he
to an acceleration of the atomic cloud.~b! U055ER . The first-
order anticrossing and a higher-order anticrossing at 8ER /\ are
significant. If the atoms are prepared att50 in the upper-energy
branch~for instance with a frequency difference of 6ER), the first
anticrossing at a frequency difference of 8ER transfers14\k of
momentum to the atoms. The second anticrossing at 12ER reduces
the atom momentum by 2\k resulting in a total transfer of 2\k
after one Bloch period. This is the equivalent of the Bloch osci
tions in the first excited band.
of
-

V. PREPARATION OF ULTRACOLD ATOMIC BEAMS

Using the moving periodic potential of the detuned las
beams a large number of photon momenta can be transfe
to the atoms coherently, accelerating them without any d
sipation or heating. With this technique, we are able to p
duce an atomic beam with very small~i.e., subrecoil! mo-
mentum spread in the beam direction. This may fi
applications in precision experiments, where very well d
fined velocities are desirable, for instance, in atomic fount
clocks@35# or in atom transport and interferometry. For pra
tical applications the most important figure of merit is t
maximal acceleration under which the atoms stay bound
the potential. This determines the maximal velocity that c
be reached in a given interaction time for atoms starting
rest.

Classically, a periodic potentialU0sin
2kzwould be tilted

under the influence of the inertial force2ma. Acceleration
is possible up to a critical valueacl5U0k/m, from where on
there exist no more local potential minima that can bind
particles. In a quantum treatment the requirement for ac
eration is that the atoms stay in the fundamental band an
not perform transitions to higher-energy bands. In the ba
structure of the potentialU0sin

2kz, which is in our experi-
ments smaller than;20ER , the widths of the band gap
between thenth and the (n11)th band diminish withn.
Since the probability for interband transitions increases
ponentially with diminishing width of the band gap, an ato
that has passed the first and largest band gap, and has
the transfer from the fundamental to the first excited ba
will also make the transitions to higher bands and fina
reach the continuum@36#. When the quasimomentum scan
the Brillouin zone, the critical moment for interband trans
tions is at the zone boundaryq5k, where the first excited
band approaches the fundamental band the most. This is
countered once during each Bloch period. We suppos
transition rate per Bloch period given by a Landau-Zen
formula @37#

r5exp~2ac /a!, ~20!

where the critical accelerationac is proportional to the
square of the band gap between the fundamental and the
excited band, which in the limit of weak binding is propo
tional to the potential depthU0. Here we have

ac /a5pV2/2Dv̇. ~21!

We determined these transition rates experimentally by
celerating atoms, initially cooled to a subrecoil momentu
spread, for a fixed timet05ntB and by measuring the frac
tion of atoms that reached the final velocityv5at0 for dif-
ferent values ofa andU0. Typical transition rates were in
the range 2–20 % and followed well the exponential beh
ior expected after the Landau-Zener formula. As an exam
of the data we show in Fig. 11 the initial momentum dist
bution and that obtained after a transfer of 30\k in 1.4 ms
(a576 m/s2) in a potentialU059.5ER , leading to a total
efficiency of 60% or a transition rater50.033.

The extrapolated values for the critical accelerationac are
plotted in Fig. 12 as a function ofU0. The critical accelera-
tion is measured in units ofa05\2k3/m2, which is equal to
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2998 55PEIK, BEN DAHAN, BOUCHOULE, CASTIN, AND SALOMON
91.6 m/s2 for the cesium atom. For the range of potent
depths investigated here (U0,10ER) the relation between
ac andU0 is well fitted by

ac
a0

50.037SU0

ER
D 2. ~22!

Our numerical value of 0.037 is in reasonable agreem
with the valuep/64'0.049 derived from Eq.~21!, consider-
ing our 30% laser intensity uncertainty.

The greatest momentum transfer we could measure in
experiment was 112\k, being limited by the laser powe
available for the optical potential and by the geometry of o
detection system, which was designed to probe atoms ne
at rest and close to the position of the MOT. Numeric
band-structure calculations indicate that the proportiona

FIG. 11. Determination of the critical acceleration by coher
acceleration of atoms with a subrecoil momentum spread of\k/4.
U059.5ER and the acceleration is 76 m/s

2. Dotted line: initial dis-
tribution. Solid line: 30 photon recoils are transfered after 1.4 ms
acceleration. From these data we deduce a total transfer effici
of 60% and a Landau-Zener loss rate per Bloch period of 0.03

FIG. 12. Critical acceleration as a function of laser intens
Solid line: fit with ac /a050.037(U0 /ER)

2. The critical accelera-
tion depends quadratically on the potential depthU0 for
U0<10ER . a05\2k3/m2591.6 m/s2 for cesium.
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betweenU0 and the band gap holds up toU0'15ER . At this
value ofU0 for cesium an acceleration of 70.4 m/s2 leads to
a Bloch period of 0.1 ms and a transition rater5231025,
so that during a 10 ms interaction time, 200\k can be trans-
ferred to 99.8% of the atoms, leading to a final velocity
0.7 m/s. This acceleration method is particularly simple a
may find interesting applications in atomic fountains large
used in high-precision measurements. Note that due to
scaling ofa0 with k3/m2, significantly higher velocities are
possible with lighter atoms and shorter wavelengths. T
simple method might also be an interesting alternative to
atom interferometer method for measuring the photon re
and thush/m in frequency units@38#.

In the case of strong binding~i.e., forU0.20ER) the first
band gap continues to increase, but slower than linearly w
U0. Here the Landau-Zener theory is not applicable a
more because the lowest bands become essentially flat~inde-
pendent ofq). The notion of a level crossing at the zon
boundary has no meaning any longer and higher-order le
crossings cannot be ignored.

This technique of acceleration by a moving periodic p
tential cannot only be applied to atoms cooled to subre
energies, but also to ensembles of atoms having a la
momentum spread. In the Bloch picture, the atoms will
spread over several Brillouin zones, or energy bands, of
periodic potential. During the adiabatic turn on of the pote
tial, only atoms with an initial momentum in the rang
2\k,p,\k are prepared in the fundamental energy ba
For large values of the acceleration, only these atoms
fulfill the adiabaticity condition for BO and will undergo
Bloch oscillations. They will be efficiently accelerated in th
laboratory frame. After the acceleration phase, one expec
peak of atoms around the final velocity having the height
the initial distribution aroundp50 and with a width of
2\k. Figure 13 shows the experimental result for an init
momentum distribution having a rms momentum spread
about 5\k, obtained by cooling the atoms in optical mola

t

f
cy

.

FIG. 13. Acceleration of a molasses momentum distribut
with U058.3ER anda53.5 m/s250.015ac : from a distribution of
full width ;10\k ~dotted line!, only a peak having a width of
2\k is efficiently transfered to higher momenta~here 12\k). Note
also the22\k shift of the positive side of the momentum distribu
tion whereas the momenta opposed to the direction of the acce
tion remained unchanged after the acceleration~see text!.
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55 2999BLOCH OSCILLATIONS OF ATOMS, ADIABATIC . . .
ses. A momentum transfer of 12\k was performed in a po
tential of depthU058.3ER and using an acceleration of 3.
m/s2 or 0.015ac . Note that this simple selection method pr
duces an atomic beam with a longitudinal momentum spr
of only ;2\k, narrower than that attainable with polariz
tion gradient cooling methods.

This figure presents another interesting feature. At fi
glance, one would expect also a hole of width;2\k in the
molasses distribution corresponding to the atoms efficie
accelerated. Actually this is not the case. Consider first
negative side of the two momentum distributions. Belo
2\k the two distributions coincide, indicating that the a
celeration phase has not affected these atoms. The a
with an initial momentum outside of the first Brillouin zon
and withp<2\k, i.e., opposed to the direction of acceler
tion, are prepared in excited bands during the adiabatic
on of the potential. During the acceleration phase the a
batic criterion for BO is not fulfilled for these bands and t
atoms are passing diabatically to higher bands and the
the continuum. They are essentially unperturbed by the o
cal potential. On the other hand, the atoms in the posi
wing of the velocity distribution withp>\k are faster than
the moving potential at the beginning of the accelerat
phase. Their quasimomentum descend in the band struc
When they encounter the crossing between the fundame
and the first excited band they pass it adiabatically, i.e., t
loose 2\k in the laboratory frame. After this momentum
transfer, the atoms evolve similarly to the ones initially ha
ing a negative velocity: they are no longer perturbed by
potential. This22\k shift is clearly visible on the positive
side of the momentum distribution in Fig. 13.

In the picture of adiabatic rapid passage between mom
tum states in the laboratory frame, the atoms withupu,\k
will experience the normal sequence of ARP and their m
mentum will be increased by 12\k. Atoms with an initial
momentum lower than2\k will never encounter the reso
nance condition for ARP. They are left unchanged during
acceleration phase. On the other hand, atoms with an in
momentum greater than\k will experience one ARP when
the resonance condition is fulfilled. This ARP decreases t
momentum by 2\k and in the subsequent evolution the
evolve like the atoms having initially a negative momentu
they no longer interact with the chirped wave.

VI. SUMMARY

In this paper, we have shown that atoms in a light latt
constitute a good model system for the study of quant
effects usually described in solids, such as Bloch osci
tions. Thanks to our ability to prepare atoms with a sm
momentum spread and to the possibility to easily switch
and off light fields in a controlled way, we have been able
directly observe the momentum distribution of Bloch sta
and Bloch oscillations in the time domain for the first tw
energy bands. We have given a quantum-optics interpr
tion of these phenomena in terms of adiabatic rapid pass
between momentum states. Applications to atomic beam
herent manipulation, atom transport, and high-precision m
surement ofh/m have been outlined.
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APPENDIX

Several Hamiltonians are used in this paper to analyze
atomic motion in the accelerated optical standing wave. T
first one corresponds to the reference frame of the labora

H lab~ t !5
p2

2m
1U0sin

2Fkx2
1

2
„f1~ t !2f2~ t !…G , ~A1!

where

f1~ t !2f2~ t !5E
0

t

dtDv~t!, ~A2!

5k~at222v0t ! ~A3!

is the phase difference between the two laser running wa
The sign ofv0 is chosen in accordance with Sec. III B. Th
potential in Eq.~A1! corresponds to the light shift induce
by a laser field proportional to exp$ i @kx2f1(t)#%
2exp$i@2kx2f2(t)#%.

The second Hamiltonian holds in the accelerated fra
and is time independent,

Hacc5
p2

2m
1U0sin

2kx1max. ~A4!

We identify, in this Appendix, the unitary transformatio
U(t) linking these two Hamiltonians, i.e., we solve the equ
tion

Hacc5U~ t !H lab~ t !U~ t !†1 i\S ddt U~ t ! DU~ t !†. ~A5!

Intuitively the effect ofU(t) is to perform a translation in
position space ofa(t)5at2/22v0t and a translation in mo-
mentum space ofb(t)5m(at2v0), corresponding to the
classical change of coordinates defining the accelera
frame. This motivates the ansatz

U~ t !5eia~ t !p/\e2 ib~ t !x/\eig~ t !/\, ~A6!

whereg(t) is to be determined.
From Eq.~A6! we immediately get

U~ t !xU~ t !†5eia~ t !p/\xe2 ia~ t !p/\, ~A7!

5x1a~ t !, ~A8!

U~ t !pU~ t !†5e2 ib~ t !x/\peib~ t !x/\, ~A9!

5p1b~ t !. ~A10!
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The inertial term@last term of Eq.~A5!# is obtained as fol-
lows:

i\S ddt U~ t ! DU~ t !†52ȧ~ t !p1ḃ~ t !U~ t !xU~ t !†2ġ~ t !,

~A11!

52~at2v0!p1max1
1

2
ma2t2

2mav0t2ġ~ t !. ~A12!

For the choiceg(t)5ma2t3/32mav0t
21mv0

2t/2 one can
then easily check that the relation~A5! holds.

A third type of transformation may be considered to un
the various points of view of this paper. It merely consists
a translation of Eq.~A1! in position space followed by a
global change of phase

U~ t !5eia~ t !p/\e2 ih~ t !/\. ~A13!

For the choiceh(t)[0 this unitary transformation leads to
d

tt.

e

d

nd

C

on

.

n
ic
as

d

HQO~ t !5
p2

2m
2~at2v0!p1U0sin

2kx, ~A14!

5
p2

2m
2Dv~ t !p/2k1U0sin

2kx, ~A15!

which, up to the additive constant termN0\(v11v2), has
the same spectrum as the one obtained in the dressed-
approach, i.e., in the ‘‘quantum-optics’’ point of view. Fo
the other choice,h(t)5ma2t3/62mav0t

2/21mv0
2t/2 this

unitary transformation leads to

HSSP~ t !5
@p2m~at2v0!#

2

2m
1U0sin

2kx, ~A16!

5
@p1\q~ t !#2

2m
1U0sin

2kx, ~A17!

which is exactly the Hamiltonian of Eq.~7! for the periodic
part of the wave functionuu(t)&, i.e., in the ‘‘solid-state
physics’’ point of view.
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