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Motivation: why precise mQ?

Higgs decay ⇠ mb(MH)2
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Yukawa unification [Baer et al ’00]
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B ! K(⇤)``
<latexit sha1_base64="dtQfQF6ST0TUqzSmX7N58sUwRtA="></latexit> (pQCD contributions on FFs depend on mq)
B ! D(⇤)`⌫

<latexit sha1_base64="vW2dPKzl24DF9J9drgV/bcdNe/E="></latexit>



Motivation: why precise mQ?

m(⌥(1S)) = 2Mb � C↵2Mb + · · ·

Z
ds

sn+1
Rq(s) ⇠

✓
1

mq

◆2n

Υ-spectroscopy

lattice:  HPQCD ’14

QCD Sum Rules

mb(10GeV) = 3617(25)MeV

mc(3GeV) = 986(6)MeV

Pere Masjuan

[Ayala et al ’14]
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Motivation: why precise mQ?

Pere Masjuan

mc(mc)MeV method reference

1223 ± 33 N3LO quarkonium Peset et al, 1806.05197
1273 ± 10 lattice (Nf = 4) + HQET Fermilab-MILC-TUMQCD 1802.04248

1335 ± 43+40
�11 HERA DIS xFitter, 1605.01946

1246 ± 23 quarkonium 1S Kiyo et al, 1510.07072
1288 ± 20 1st moment SR J/ , ,R Dehnadi et al, 1504.07638

1271.5 ± 9.5 lattice (Nf = 4), PS current HPQCD, 1408.4169
1348 ± 46 lattice (2+1+1), MD ETM, 1403.4504
1274 ± 36 lattice (Nf = 2), fD ALPHA, 1312.7693
1240 ± 50 cc̄ X-section DIS Alekhin et al, 1310.3059
1260 ± 65 cc̄ X-section NLO fit HI and ZEUS, 1211.1182
1262 ± 17 SR J/ , (2S � 6S ) Narison, 1105.5070
1260 ± 36 lattice (2+1), fD PACS-CS, 1104.4600
1278 ± 9 SR J/ , ,R Bodenstain et al, 1102.3835

1282 ± 24 1st moment SR J/ , ,R Dehnadi et al, 1102.2264
1280 ± 70 lattice + pQCD in static potential Laschka et al, 1102.0945
1279 ± 13 1st moment SR J/ , ,R Chetyrkin et al, 1010.6157

1.2750.025
�0.035GeV PDG average PDG 2018

• ��3 from errors on experimental moments on threshold region

• �res from experimental error on resonance parameters (�e
R)

• �th is error due truncation of Cn coe�cients

• �(↵(Mz) is experimental error on ↵(Mz) and running (⇠ 1 + 1)

• � Cond is the impact of condensate

• SideBand is the impact of fitting below threshold or using pQCD

1
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Motivation: why precise mQ?
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mb(mb) method reference

4186 ± 37 N3LO quarkonium Peset et al, 1806.05197
4195 ± 14 lattice (Nf = 4) + HQET Fermilab-MILC-TUMQCD 1802.04248
4197 ± 22 N2LO pQCD, M⌥ Kiyo et al, 1510.07072
4176 ± 23 SR ⌥(1S � 4S ), R Dehnadi et al, 1504.07638
4183 ± 37 B decays Alberti et al, 1411.6560
4203+16

�34 N3LO pQCD, M⌥ Beneke et al, 1411.3132
4174 ± 24 lattice (Nf = 4), PS current HPQCD, 1408.4169
4201 ± 43 N3LO pQCD, M⌥ Ayala et al, 1407.2128

4070 ± 170 ZEUS Coll. Abramowicz et al, 1405.6915
4169 ± 9 SR ⌥(1S � 6S ) Penin, Zerf, 1401.7035
4247 ± 34 SR, fB Lucha et al, 1305.7099
4166 ± 43 lattice + pQCD, M⌥, MBs HPQCD, 1302.3739
4235 ± 55 SR ⌥(1S � 6S ), R Hoang et al, 1209.0450
4171 ± 9 SR ⌥(1S � 6S ), R Bodenstain et al, 1111.5742
4177 ± 11 SR ⌥(1S � 6S ) Narison, 1105.5070
4180 ± 50 lattice + pQCD in static potential Laschka et al, 1102.0945
4163 ± 16 2nd moment SR ⌥(1S � 6S ), R Chetyrkin et al, 1010.6157
4.18+0.04

�0.03 PDG average PDG 2018

n Data �c
3 = 1.22(10) �c

3 = 1.22
0 6.283(156) 6.213(108) 6.221
1 3.446(74) 3.422(62) 3.425
2 1.921(36) 1.921(36) 1.922
3 1.089(18) 1.099(21) 1.099
4 0.627(10) 0.640(13) 0.639
5 0.366(6) 0.379(8) 0.379

��3 �res �th �↵s(Mz) � Cond SideBand final
1 5 6 2 3 2 1.275(10) GeV

��3 �res �th �↵s(Mz) � Cond SideBand final
5 3 5 2 2 5 4195(10) MeV

2
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QCD Sum Rules

6 46. Plots of cross sections and related quantities

σ and R in e+e− Collisions
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Figure 46.6: World data on the total cross section of e+e− → hadrons and the ratio R(s) = σ(e+e− → hadrons, s)/σ(e+e− → µ+µ−, s).
σ(e+e− → hadrons, s) is the experimental cross section corrected for initial state radiation and electron-positron vertex loops, σ(e+e− →
µ+µ−, s) = 4πα2(s)/3s. Data errors are total below 2 GeV and statistical above 2 GeV. The curves are an educative guide: the broken one
(green) is a naive quark-parton model prediction, and the solid one (red) is 3-loop pQCD prediction (see “Quantum Chromodynamics” section of
this Review, Eq. (9.7) or, for more details, K. G. Chetyrkin et al., Nucl. Phys. B586, 56 (2000) (Erratum ibid. B634, 413 (2002)). Breit-Wigner
parameterizations of J/ψ, ψ(2S), and Υ(nS), n = 1, 2, 3, 4 are also shown. The full list of references to the original data and the details of
the R ratio extraction from them can be found in [arXiv:hep-ph/0312114]. Corresponding computer-readable data files are available at
http://pdg.lbl.gov/current/xsect/. (Courtesy of the COMPAS (Protvino) and HEPDATA (Durham) Groups, May 2010.)

�(e+e� ! µ+µ�) = 4⇡↵em(s)
2/3sR(s) =

�(e+e� ! hadrons)

�(e+e� ! µ+µ�)

[PDG]
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QCD Sum Rules

12⇡2 ⇧̂q(0)� ⇧̂q(�t)

t
=

Z 1

4m2
q

ds

s

Rq(s)

s+ t

Mn :=
12⇡2

n!

dn

dtn
⇧̂q(t)

����
t=0

=

Z 1

4m2
q

ds

sn+1
Rq(s)

R(s) = 12⇡Im[⇧(s+ i✏)]

⇧̂q(s) MS

⇧q(s)        is the correlator of two heavy-quark vector currents which can be calculated in 
pQCD order by order and satisfies a Dispersion Relation:

in

For t→0

Using the optical theorem: [SVZ,’79]

Pere Masjuan ICTP-SAIFR, 30th September 2019



can be Taylor expanded:

⇧q(t) = Q2
q

3

16⇡2

X

n�0

C̄n

✓
t

4m̂2
q

◆n

⇧̂q(s)

QCD Sum Rules
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MpQCD
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9

4
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QCD Sum Rules
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n +O
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↵̂ = ↵̂(mq)

[Maier et al, ’08]
[Chetyrkin, Steinhauser’06]

[Melnikov, Ritberger’03]
[Kiyo et al ’09]

[Hoang et al ’09]
[Greynat et al ’09]
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QCD Sum Rules

Rq(s) = RRes
q (s) +Rth

q (s) +Rcont
q (s)
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Background

Rbackground = Ruds +Ruds(cb) +Rsing +RQED

Light flavor 
contribution in 
charm region

Using pQCD below threshold, calculate R, and extrapolate
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Background

Rbackground = Ruds +Ruds(cb) +Rsing +RQED

Light flavor 
contribution in 
charm region
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Background

Rbackground = Ruds +Ruds(cb) +Rsing +RQED

Light flavor 
contribution in 
charm region
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Background

Rbackground = Ruds +Ruds(cb) +Rsing +RQED

Light flavor 
contribution in 
charm region

+
secondary 
production

+
singlet contribution

+
2loop QED
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BES06 BES09 CLEO09
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Non-perturbative effects

Mnonp
n (µ2) =

12⇡2Q2
q

(4m̂2
q)

n+2
Cond an

 
1 +

↵s(m̂2
q)

⇡
bn

!

Non-perturbative effects due to gluon condensates to the moments are:

an , bn are numbers, and [Dominguez et al ’14]

[Chetyrkin et al ’12]

from fits to tau data

Mnonp
n (m̂c)

Mth
n

⇠ 0.5%� 2% �m̂c(m̂c) ⇠ 2MeV � 8MeV

Cond =h↵s

⇡
G2i = (5± 5) · 10�3GeV4
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QCD Sum Rules
Our approach is different

• We try to avoid local duality: consider global duality 

• Then, we do not use experimental data on threshold region, only 

resonances below threshold

• Exp data in threshold only for error estimation

• How you do it then? Use two different moment equations to 

determine the continuum requiring self-consistency: 

• extract the quark mass

22Pere Masjuan ICTP-SAIFR, 30th September 2019



Charm



QCD Sum Rules

For a global duality:

12⇡2 ⇧̂q(0)� ⇧̂q(�t)

t
=

Z 1

4m2
q

ds

s

Rq(s)

s+ t

⇧̂q(s) MSin

t ! 1 define the M0 [Erler, Luo ’03]

Our approach
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QCD Sum Rules

For a global duality:

12⇡2 ⇧̂q(0)� ⇧̂q(�t)

t
=

Z 1

4m2
q

ds

s

Rq(s)

s+ t

⇧̂q(s) MSin

t ! 1 define the M0

lim
t!1

⇧̂q(�t) ⇠ log(t)

Z 1

4m2
q

ds

s
Rq(s) ⇠ log(1)

(but has a divergent part)

Fortunately, divergence given by the zero-mass limit of R(s), can be easily subtracted

[Erler, Luo ’03]

Our approach

25Pere Masjuan
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�q
1(s) = 1 +

↵s(s)
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QCD Sum Rules

[Chetyrkin, Harlander,  Kühn, ‘00]

Our approach
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zero-mass limit of R(s)

nq active flavors
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X
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3Q2
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1Z
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ds
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3Q2
q
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1Z

m̂2
q

ds

s
�q
1(s)

= �5

3
+
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⇡
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2

�

+

✓
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⇡
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3
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QCD Sum Rules

Zeroth Sum Rule:

↵̂s = ↵s(m̂
2
q)

Our approach
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Table 1 Resonance data [8] used in the analysis. The uncertainties from
the resonance masses are negligible for our purpose

R MR [GeV] !e
R [keV]

J/" 3.096916 5.55 (14)

"(2S) 3.686109 2.36 (4)

We invoke global quark–hadron duality, and we assume
that continuum production can be described on average by
the simple ansatz [5],

Rcont
q (s) = 3Q2

qλ
q
1(s)

√

1 −
4 m̂2

q(2M)

s′

[

1 + λ
q
3

2 m̂2
q(2M)

s′

]

,

(5)

where s′ := s + 4(m̂2
q(2M) − M2), and M is taken as

the mass of the lightest pseudoscalar charmed meson, i.e.,
M = MD0 = 1864.84 MeV [8]. λ

q
3 is a free parameter to

be determined. Rcont
q (s) interpolates smoothly between the

threshold and the onset of open heavy-quark pair production
and coincides asymptotically with the prediction of pQCD
for massless quarks.

Using the results of Refs. [10,11] and Rq(s) =
∑

resonances
RRes
q (s)+Rcont

q (s), the sum rule forM0 obtained from Eq. (1)
in the limit t → ∞ and dividing by 3Q2

q reads explicitly

∑

resonances

9π!e
R

3Q2
qMRα2

em(MR)
+

∞∫

4M2

ds
s

(
Rcont
q (s)

3Q2
q

− λ
q
1(s)

)

−
4M2∫

m̂2
q

ds
s

λ
q
1(s) = −5

3
+ α̂s

π

[
4ζ(3) − 7

2

]

+
(

α̂s

π

)2 [
2429

48
ζ(3) − 25

3
ζ(5) − 2543

48

+ nq

(
677
216

− 19
9

ζ(3)
)]

+
(

α̂s

π

)3

A3,

= −1.667 + 1.308
α̂s

π
+ 1.595

(
α̂s

π

)2

− 8.427
(

α̂s

π

)3

,

(6)

where α̂s = α̂s(m̂q) and the third-order coefficient A3 is
available in numerical form [12,13],

A3 = −9.863 + 0.399 nq− 0.010 n2
q . (7)

In the last line of Eq. (6) we show numerical values for the
case of charm quarks, i.e. nq= 4, exhibiting a marked break-
down of convergence of the perturbative expansion. Notice
that the continuum Rcont

q (s) contributes with the lower inte-
gration limit 4M2, while the subtraction term λ

q
1(s) is inte-

grated starting from m̂2
q. We reiterate that this definition of

Table 2 The coefficients C (i)
n for the perturbative expansion of the

QCD moments, Eqs. (8, 9), as used in this work. The first line for n =1
is taken from Ref. [14], the coefficients for n = 2, 3 from [18] and the
last ones for n = 4, 5 from Ref. [21]

n C (0)
n C (1)

n C (2)
n C (3)

n

1 1.0667 2.5547 2.4967 −5.6404

2 0.4571 1.1096 2.7770 −3.4937

3 0.2709 0.5194 1.6388 −2.8395

4 0.1847 0.2031 0.7956 −3.722 ± 0.500

5 0.1364 0.0106 0.2781 −4.425 ± 1.200

M0 does not involve the unphysical constant '̂q(0) sepa-
rately, but only the difference '̂q(0) − '̂q(−t).

Equation (6) contains two unknowns, the quark mass
m̂q(m̂q) and the parameter λ

q
3 entering in our prescription

for Rcont
q (s). The zeroth sum rule is the most sensitive to

the continuum region and therefore to λ
q
3 , while the other

moments mostly determine the quark mass.
Theory predictions for the higher moments in perturbative

QCD can be cast into the form

MpQCD
n = 9

4
Q2

q

(
1

2m̂q(m̂q)

)2n

Ĉn (8)

with

Ĉn = C (0)
n +

(
α̂s

π
+

3Q2
qαem

4π

)

C (1)
n +

(
α̂s

π

)2

C (2)
n

+
(

α̂s

π

)3

C (3)
n +O(α̂4

s ). (9)

The Ĉn are known up to O(α̂3
s ) for n ≤ 3 [14–18], and up

to O(α̂2
s ) for the rest [19,20]. For the convenience of the

reader we collect the numerical values of the coefficients
C (i)
n required for our analysis in Table 2. Since we evaluate

the moments up to O(α̂3
s ) we use the predictions for n > 3

provided in Ref. [21]. The QED contribution to the QCD
moments proportional to αem/π is very small2 and it is suf-
ficient to include the first-order term.

In general, vacuum expectation values of higher-dimen-
sional operators in the OPE contribute to the moments of
the current correlator as well. These condensates may be
important for a high-precision determination of heavy-quark
masses, in particular in the case of the charm quark. The
leading term involves the dimension-4 gluon condensate [2],

Mcond
n =

12π2Q2
q

(4m̂2
q)

n+2

〈
α̂s

π
G2

〉
an

(
1 + α̂s(m̂q)

π
bn

)
. (10)

2 Not taking into account the QED contribution would decrease the
value of m̂c(m̂c) by about 0.5 MeV.
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Rcont
q

3Q2
q

�
1Z

m̂2
q

ds

s
�q
1(s)

QCD Sum Rules

Zeroth Sum Rule:

↵̂s = ↵s(m̂
2
q)

The coe�cients C
(i)
n are known up to O(↵3

s) for n  3 [13–16] and up to
O(↵2

s) for the rest [17, 18]. Since we need all the moments up to O(↵3
s) we

use the predictions for n > 3 provided in Ref. [19].
We use Eq. (6), i.e. the sum rule for M0, and the theory prediction for

the second (sixth [may want to change this?]) moment for charm (bottom)
M

pQCD
n=2,6 , Eq. (8), in

M
pQCD
n =

Z 1

4m2
q

ds

sn+1
Rq(s) (10)

to determine values for the heavy quark mass m̂q(m̂q) and the constant �q
3.

The other moments are then fixed and can be used to check the consistency
of our approach. No experimental data other than the resonance param-
eters are used in this approach. Numerical results are shown in Table 2.
Moments Mn with n � 1 are evaluated using Eq. (2). We show separately
the contributions from the narrow resonances (column 2) and from the con-
tinuum part (column 3) evaluated using R

cont
q (s), Eq. (5). The sum of these

two contributions (column 4) can be compared with the theory prediction
(column 5) from Eq. (8).

The errors for the resonance contributions shown in Table 2 are exclu-
sively determined by the uncertainty of the electronic widths. In order to de-
termine an error for the continuum contributions we proceed in the following
way: instead of using Eqs. (6, 8, 10), we can use a comparison of experimen-
tal data with the second (sixth) moment for charm (bottom) production in
the restricted energy range of the threshold region, 2MD0 

p
s  4.8 GeV

for charm and 2M±
B 

p
s  11.24 GeV for bottom, to obatain an exper-

imental value1 for �
q
3, denoted �

q,exp
3 . Using this shifted value, we obtain

1Taking into account the experimental uncertainties, we can also determine an uncer-
tainty ��q

3. We have not used this error, however, in our analysis. . . . but we should do
so!

R MR [GeV] �eR [keV] R MR [GeV] �eR [keV]

J/ 3.096916 5.55(14) ⌥(1S) 9.4603 1.340(18)

 (2S) 3.686109 2.36(4) ⌥(2S) 10.02326 0.612(11)

⌥(3S) 10.3552 0.443(8)

Table 1: Resonance data [6] used in the analysis. The uncertainties from
the resonance masses are negligible for our purpose.

4

[PDG]

Our approach

28Pere Masjuan ICTP-SAIFR, 30th September 2019



X

resonances

9⇡�e
R

3Q2
qMR↵̂2

em(MR)
+

1Z

4M2

ds

s

Rcont
q

3Q2
q

�
1Z

m̂2
q

ds

s
�q
1(s)

QCD Sum Rules

Zeroth Sum Rule:

↵̂s = ↵s(m̂
2
q)

↵̂em(0) ⇠ 0.98↵̂em(MJ/ )

�↵̂em ! �mc ⇠ 12MeV

Our approach

29Pere Masjuan ICTP-SAIFR, 30th September 2019



QCD Sum Rules

Rcont
q (s) = 3Q2

q�
q
1(s)

r
1�

4 m̂2
q(2M)

s0

"
1 + �q

3

2 m̂2
q(2M)

s0

#

s0 = s+ 4(m̂2
q(2M)�M2)

Zeroth Sum Rule: invoke global quark-hadron duality

Two parameters to determine: mq ,�
q
3

[Erler, Luo ’03]

Simpler version of analytic reconstruction [Greynat, PM, Peris’12]

Our approach: ansatz
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Rcont
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Two parameters to determine: mq ,�
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3
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X

resonances

9⇡�e
R

M2n+1
R ↵̂2

em(MR)
+

Z 1

4M2
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sn+1
Rq(s)

n � 1

We need two equations: zeroth moment + nth moment

[Erler, Luo ’03]

Simpler version of analytic reconstruction [Greynat, PM, Peris’12]
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Rcont
q (s) = 3Q2

q�
q
1(s)

r
1�

4 m̂2
q(2M)

s0

"
1 + �q

3

2 m̂2
q(2M)

s0

#

s0 = s+ 4(m̂2
q(2M)�M2)

Two parameters to determine: mq ,�
q
3

We use Zeroth + 2nd moments
(no experimental data on R(s) so far)

[Erler, Luo ’03]

Simpler version of analytic reconstruction [Greynat, PM, Peris’12]
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Table 3 The coefficients an and
bn needed to calculate the
contribution from the
dimension-4 gluon condensate
to the QCD moments, Eq. (10).
The numbers are taken from
Refs. [22– 24]

n an bn

0 − 2
15

605
162

1 − 32
105

32099
12960

2 − 32
63

59
56

3 − 512
693 − 20579

42525

4 − 1280
1287 − 100360567

47628000

5 − 8192
6435 − 459884251

121080960

Table 4 Results for the lowest moments, Mn , defined in Eq. (6) for
n = 0 (multiplied by 3Q2

q ) and Eq. (2) for n ≥ 1 and including
the contribution from the gluon condensate, Eq. (10) (multiplied by
10n GeV2n). The first error for the continuum part is obtained from
shifting the central value λc3 = 1.23 (determined from the zeroth and
the second moment) to λ

c,exp
3 = 1.34(17) (determined from fixing the

zeroth moment by experimental data; see the next section). The second
error is propagated from the experimental uncertainties of data in the
threshold region, "λ

c,exp
3 = ± 0.17. The third error is due to the uncer-

tainty of the gluon condensate. The errors for the sum of the resonance
and continuum parts (denoted ‘Total’ in column 4) combine all errors
in quadrature. The last column shows the theoretical predictions using
Eq. (8) for m̂c(m̂c) = 1.272 GeV and α̂s(MZ ) = 0.1182 [26] with the
truncation error determined from Eq. (12)

n Resonances Continuum Total Theory

0 1.231 (24) −3.229(+28)(43)(1) −1.999(56) Input (11)

1 1.184 (24) 0.966(+11)(17)(4) 2.150(33) 2.169(16)

2 1.161 (25) 0.336(+5)(8)(9) 1.497(28) Input (25)

3 1.157 (26) 0.165(+3)(4)(16) 1.322(31) 1.301(39)

4 1.167 (27) 0.103(+2)(2)(26) 1.270(38) 1.220(60)

5 1.188 (28) 0.080(+1)(1)(38) 1.268(47) 1.175(95)

The coefficients an and bn can be found in Refs. [22– 24] and
are collected in Table 3. We will use Cexp

G := ⟨ α̂s
π G2⟩exp =

0.005 GeV4 as our central value and assume a 100% uncer-
tainty, "G = 0.005 GeV4, taken from the recent analy-
sis [25].

In the following we will use this formalism for a deter-
mination of the charm quark mass and specify the notation
accordingly, using the index c instead of q where appropriate.
One can use

MpQCD
n +Mcond

n =
∫ ∞

4m̂2
c

ds
sn+1 Rc(s)

=
∫ ∞

4m̂2
c

ds
sn+1 [R

Res
c (s)+ Rcont

c (s)] (11)

for two different n to determine values for the heavy-quark
mass m̂c(m̂c) and the constant λc3. The other moments are
then fixed and can be used to check the consistency of our
approach. No experimental data other than the resonance
parameters in Table 1 are necessary. Numerical results choos-
ing n = 0 and n = 2 in Eq. (11) are shown in Table 4.
We show separately the contributions from the narrow res-

onances (column 2) and from the continuum part (column
3), evaluated using Rcont

c (s) in Eq. (5), including the con-
densate contribution from Eq. (10). The sum of these two
contributions (column 4) can be compared with the theory
prediction (column 5) from Eq. (8). The second column in
Table 4 accounts for the narrow vector resonances below the
heavy-quark threshold, in the charm sector the first two char-
monium resonances, J/% and %(2S). The higher resonances
are included in the continuum. The errors for the resonance
contributions shown in Table 4 are exclusively determined by
the uncertainty of the electronic widths from Table 1, taken
to be uncorrelated.3

In order to determine an error for the continuum contri-
butions (column 3) we proceed in the following way: we
compare experimental data with the zeroth moment in the
restricted energy range of the threshold region, 2MD0 ≤√
s ≤ 4.8 GeV, to obtain an experimental value for λc3,

denoted λ
c,exp
3 (details will be described below in Sect. 3).

Here we fix m̂c(m̂c) = 1.272 GeV. Then we can also deter-
mine an error, "λ

c,exp
3 , from the experimental uncertainty of

the data in this threshold region. The shift in the moments
resulting from the different values for λc3 (either from two
moments combined with resonance data only, or from the
comparison of the zeroth moment with continuum data in
the threshold region) turns out to be small. Strictly speak-
ing this shift is a one-sided error, but to be conservative we
include it as an additional error in the results of Table 4. Note
that non-perturbative effects not included in our expressions
for the moments, as for example omitted higher-dimensional
condensates, would become visible in the comparison of the
values of λ

c,exp
3 determined from data with λc3 obtained from

moments. Since we include this difference as a contribu-
tion to the uncertainty budget of the charm mass, we do not
include an additional uncertainty due to the truncation of the
OPE. More details of our determination of λ

c,exp
3 are given

in the next section.
Finally, we assign a truncation error to the theory pre-

diction of the moments. Following the method proposed in
Ref. [5] we consider the largest group theoretical factor in
the next uncalculated perturbative order as a way to estimate
these errors,

"M(i)
n = ± Q2

q NCCFC
i−1
A

(
α̂s(m̂q )

π

)i ( 1
2m̂q (m̂q )

)2n

,

(12)

3 The error coming from the electronic partial widths is completely
dominated by the J/%; the %(2S) contributes only about ± 0.002 to
the error of the moments. All errors are combined in quadrature. Had
we assumed them to be completely correlated, the errors would have
been slightly increased, by about 0.004, 0.004, 0.003, 0.002, 0.002 for
the first to the fifth moment, respectively.
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Fig. 4 Data for the ratio R(s) for e+e− → hadrons in the charm
threshold region: Crystal Ball CB86 (green) [28]; BES00, 02, 06, 09
(black, blue, cyan, and red) [29– 32], and CLEO09 (orange) [33]. The
full (red) curve is our parametrization of Rcont

c (s) with λc3 = 1.23 and
m̂c(m̂c) = 1.272 GeV. The inner plot is a zoom into the energy range
2MD0 ≤ √

s ≤ 3.83 GeV

range by numerical integration over the data. In Table 7 we
show the results for the zeroth, first, and second moments
with data taken from Refs. [28,30,31,33]. We display the sep-
arate contributions from each individual collaboration split
into five different energy intervals. These intervals have been
chosen in such a way that none of the published data had to
be split up into smaller segments than originally reported by

the collaborations. The first errors are statistical and the sec-
ond systematic. The statistical errors are uncorrelated. The
systematic errors are taken uncorrelated among different col-
laborations, but completely correlated for data from the same
collaboration. The last part in Table 7 (labeled ‘Total’) shows
the average of the contributions from the different collabo-
rations in each energy interval. The averaging procedure fol-
lows Ref. [36]. This prescription takes the relative weights of
statistical and systematic errors from each collaboration into
account. The breakdown of the total error "tot into statisti-
cal ("stat) and systematic ("sys) contributions can then be
calculated in terms of the statistical ("Ci

stat) and systematic
("Ci

sys) errors of collaboration i contributing to the given
interval as [36]

("stat)
2 =

∑

i

("Ci
stat)

2

⎛

⎝ "tot√
("Ci

stat)
2 + ("Ci

sys)
2

⎞

⎠
4

,

(14)

("sys)
2 =

∑

i

("Ci
sys)

2

⎛

⎝ "tot√
("Ci

stat)
2 + ("Ci

sys)
2

⎞

⎠
4

.

(15)

The final averaged result for the energy range between
2MD0 and

√
s = 4.8 GeV is given in Table 8 up to the fifth

moment. The errors shown there are the combined statistical

Fig. 5 Same as Fig. 4 at different orders of α̂s . For the full (red) curve
we have used λc3 determined from the pair of the moments M0 and M2
at the respective order indicated in the plots with errors as described in

the text, while for the blue bandwe have used λ
c,exp
3 determined from

data and their uncertainties at each order in α̂s

123

mc(mc) = 1.272GeV
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3 = 1.23
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Table 6 Values and breakdown
of the uncertainties of m̂c(m̂c)
(in MeV) and λc3 determined
from different pairs of the
moments. The line denoted
‘Total’ gives the quadratic sum
of the errors from λc3, the
resonances, the gluon
condensate and the pQCD
truncation. Numerical values for
the uncertainties from α̂s and
CG = ⟨ α̂s

π G2⟩ (in units of
GeV4) are shown in separate
lines. In the line labeled
‘Electroweak fit’ we use
$α̂s(Mz) = 0.0016 [26], in the
last line denoted ‘Lattice’, we
use $α̂s(Mz) = 0.0012 [8]. See
Fig. 2 for a graphical
representation

$m̂c(m̂c) (M0,M1) (M0,M2) (M0,M3) (M0,M4) (M0,M5)

m̂c(m̂c) 1280.9 1272.4 1269.1 1265.8 1262.2

λc3 1.154 1.230 1.262 1.291 1.323

λ
c,exp
3 1.35(17) 1.34(17) 1.34(17) 1.33(17) 1.32(17)

Resonances 5.8 4.5 3.9 3.3 2.8

Truncation 6.3 5.9 7.2 8.9 10.5

λc3 − λ
c,exp
3 +6.4 +1.5 +0.3 +0.1 +0.1

$λ
c,exp
3 4.7 1.7 0.7 0.3 0.2

103 × $G − 0.25$G − 0.37$G − 0.54$G − 0.73$G − 0.88$G

(− 1.3) (− 1.9) (− 2.7) (− 3.7) (− 4.4)

Total ±11.7 ±8.0 ±8.7 ±10.2 ±11.7

103 × $α̂s(Mz) +3.6$α̂s +2.6$α̂s +1.6$α̂s +0.6$α̂s − 0.4$α̂s

Electroweak fit (+5.8) (+4.2) (+2.6) (+1.0) (− 0.6)

Lattice (+4.3) (+3.1) (+1.9) (+0.7) (− 0.5)

Fig. 2 m̂c(m̂c) using different combinations of the moments and the
corresponding uncertainties.Blue represents the full error, red is the one
from the resonance region, green from the truncation errors of the the-
oretical moments, cyan from the error in λc3 (which is the symmetrized
combination of the shift and the experimental error on λc3), orange
from the gluon condensate and purple from the uncertainty induced
by $α̂s(MZ ) = 0.0016. Notice that all determinations are mutually
consistent within our error estimates

Crystal Ball [28], BES [29– 32], and CLEO [33]. The inset
zooms into the region above threshold in the energy range of
the %(3770) resonance, 2MD0 ≤ √

s ≤ 3.83 GeV, with data
points from BES [30,31]. The full red curve in this figure
is obtained from our parametrization of Rcont

c (s) in Eq. (5),
with λc3 = 1.23 and m̂c(m̂c) in Eq. (13).

As described in the previous section, we can use data
directly to obtain an experimental value λ

c,exp
3 . A comparison

of our ansatz Eq. (5) using either this experimental parameter
or the one determined via pairs of the moments as explained
above is shown in Fig. 5. Here we compare the resulting
parametrizations of the charm continuum with data based on
a determination of either λc3 or λ

c,exp
3 performed at different

orders of pQCD. The red bands in Fig. 5 use λc3 and m̂c(m̂c)

obtained at each order in α̂s while the blue bands use the same

Fig. 3 Error budget for m̂c(m̂c) determined from the combination of
M0 and M2 at different orders in α̂s . The color coding is as in Fig. 2

value for m̂c(m̂c), but λ
c,exp
3 instead, obtained using Eq. (16)

at each order in α̂s . We observe that the differences when
going from O(α̂s) to O(α̂2

s ) and from O(α̂2
s ) to O(α̂3

s ) are of
very similar size. This can be traced back to the slow conver-
gence of the coefficients in λc1(s) of Eq. (3). It is interesting
to note that this does not lead to large changes in the values of
m̂c(m̂c) as is evident from Fig. 3. Note that we do not assign
an extra error to Rbackground(s) since any uncertainty in this
quantity is relegated to $λ

c,exp
3 .

We now have a closer look at the determination of the
moments from data in the energy range 2MD0 ≤ √

s ≤
4.8 GeV. After light-quark background subtraction, we calcu-
late the contributions to the moments in the considered energy
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R

M2n+1
R ↵̂2

em(MR)
+

Z 1

4M2

ds
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Rq(s)

The coe�cients C
(i)
n are known up to O(↵3

s) for n  3 [13–16] and up to
O(↵2

s) for the rest [17, 18]. Since we need all the moments up to O(↵3
s) we

use the predictions for n > 3 provided in Ref. [19].
We use Eq. (6), i.e. the sum rule for M0, and the theory prediction for

the second (sixth [may want to change this?]) moment for charm (bottom)
M

pQCD
n=2,6 , Eq. (8), in

M
pQCD
n =

Z 1

4m2
q

ds

sn+1
Rq(s) (10)

to determine values for the heavy quark mass m̂q(m̂q) and the constant �q
3.

The other moments are then fixed and can be used to check the consistency
of our approach. No experimental data other than the resonance param-
eters are used in this approach. Numerical results are shown in Table 2.
Moments Mn with n � 1 are evaluated using Eq. (2). We show separately
the contributions from the narrow resonances (column 2) and from the con-
tinuum part (column 3) evaluated using R

cont
q (s), Eq. (5). The sum of these

two contributions (column 4) can be compared with the theory prediction
(column 5) from Eq. (8).

The errors for the resonance contributions shown in Table 2 are exclu-
sively determined by the uncertainty of the electronic widths. In order to de-
termine an error for the continuum contributions we proceed in the following
way: instead of using Eqs. (6, 8, 10), we can use a comparison of experimen-
tal data with the second (sixth) moment for charm (bottom) production in
the restricted energy range of the threshold region, 2MD0 

p
s  4.8 GeV

for charm and 2M±
B 

p
s  11.24 GeV for bottom, to obatain an exper-

imental value1 for �
q
3, denoted �

q,exp
3 . Using this shifted value, we obtain

1Taking into account the experimental uncertainties, we can also determine an uncer-
tainty ��q

3. We have not used this error, however, in our analysis. . . . but we should do
so!

R MR [GeV] �eR [keV] R MR [GeV] �eR [keV]

J/ 3.096916 5.55(14) ⌥(1S) 9.4603 1.340(18)

 (2S) 3.686109 2.36(4) ⌥(2S) 10.02326 0.612(11)

⌥(3S) 10.3552 0.443(8)

Table 1: Resonance data [6] used in the analysis. The uncertainties from
the resonance masses are negligible for our purpose.

4

from 6 MeV to 3 MeV
(0th+1st) (0th+5th)

(completely dominated by J/Ψ)
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Table 5 Ratios of the truncation
errors !M(k)

n from Eq. (12) and
the known contribution to the
moments M(k)

n at order O(α̂k
s )

(see Eq. (8)). In the last column,
m̂c(m̂c) = 1.272 GeV has been
used. The ratios are often much
greater than unity, showing that
our estimated truncation errors
are conservative

n !M(2)
n∣∣∣M(2)

n

∣∣∣
!M(3)

n∣∣∣M(3)
n

∣∣∣
!M(4)

n∣∣∣M(3)
n

∣∣∣

0 1.88 3.03 1.11

1 2.14 2.84 1.04

2 1.92 4.58 1.67

3 3.25 5.63 2.06

4 6.70 4.30 1.57

5 19.18 3.62 1.32

Fig. 1 Theoretical moments, Eq. (8), multiplied by 10n GeV2n , for the
charm quark using m̂c(m̂c) = 1.272 GeV at different orders of α̂s . Blue
squares show results of Eq. (8) up to O(α̂s), red circles up to O(α̂2

s ),
and green triangles up to O(α̂3

s ). The error bars show the truncation
errors given in Eq. (12) at the given order

(NC = CA = 3, CF = 4/3). At order O(α̂4
s ), this corre-

sponds to an uncertainty of ±48(α̂s/π)
4 for Ĉ (4)

n in Eq. (8).
Applying this prescription to the known O(α̂3

s ) terms, we
observe that the resulting errors are quite conservative: the
error estimate from this approach for m̂c(m̂c) is more conser-
vative by a factor given in the last column of Table 5 compared
to the alternative to base the error estimate on the last known
term in the perturbative expansion. We have convinced our-
selves that this carries over to the errors for the charm mass:
the above prescription is more conservative than the often
used alternative approach to vary the renormalization scale
within a conventional factor of four.

For the moments with n > 3 (which, however, will not
enter into our final result) taken from Ref. [21] we have to
include additional uncertainties specific to the method used to
obtain predictions for Mn . These errors are small, but they
are included for completeness. An overview of our theory
errors for the moments up to n = 5 is shown in Fig. 1.

The charm mass and the continuum parameter λc3 can,
in principle, be determined from any combination of two
moments. The zeroth moment, however, provides the highest
sensitivity. The results for combinations of the zeroth with
one higher moment are summarized in Table 6, including the
breakdown of the uncertainties due to their different sources.

We include the difference between the two possibilities to
determine λc3 as described above as an estimate of the error
due to the method, in particular the truncation of the OPE.
In Fig. 3 we also show the error budget at different orders
of α̂s as obtained from the combination of the moments M0
and M2. It is remarkable that the parametric uncertainty due
to the input value of α̂s(MZ ) increases at the last step from
O(α̂2

s ) to O(α̂3
s ) (see the last, purple error bars), while the

central value for m̂c(m̂c) remains stable. A closer look at
the underlying formulas reveals that this is due to the bad
convergence of the right-hand side of Eq. (6). It is therefore
unlikely that knowledge of the next terms in the perturbative
series will lead to a reduction of the error on the charm mass.
Our final result for the charm quark mass,

m̂c(m̂c) = (1272 + 2616!α̂s ± 8) MeV, (13)

is based on (M0,M2)where we explicitly exhibit its depen-
dence on α̂s relative to our adopted central value,4 i.e.,
!α̂s = α̂s(Mz) − 0.1182.

3 Continuum data

Our final result for the charm quark mass given above in
Eq. (13) is obtained from an analysis of sum rule moments
without using experimental data from the continuum region.
Instead, the continuum is described by the parameter λc3, and
determined simultaneously with m̂c within our formalism.
In this section we show that Eq. (5) indeed reproduces the
experimental moments well (even though our ansatz must
obviously fail to describe the underlying cross-section data
locally).

In order to do so, we have to add the background from
light-quark contributions [6,23,34,35], Rbackground(s) =
Ruds(s)+ Ruds(cb)(s)+ Rsinglet(s)+ RQED(s) to our model
for the charm continuum. The first part, Ruds(s), is given
by Eq. (3) with nq = 3. Contributions from virtual or sec-
ondary heavy quarks, Ruds(cb)(s), appear first at O(α̂2

s ) and
are known up toO(α̂3

s ) in approximate form [34]. In addition,
at order O(α̂3

s ) one has to take into account the singlet con-
tribution Rsinglet(s) [34] which is found to be numerically
small, −0.55(α̂s/π)

3 [23], but included for completeness.
Finally, also corrections due to QED have been taken into
account through RQED(s) [6].

In Fig. 4 we show the resulting R ratio, R(s) = Rcont
c (s)+

Rbackground(s), compared with experimental e+e− annihila-
tion data for final state hadrons. The data are compiled from

4 This central value corresponds to α̂s(m̂c(m̂c)) = 0.383, where we
have used 4-loop running of α̂s including the b quark threshold effect
using m̂b(m̂b) = 4.2 GeV. We have cross-checked our implementation
of the running of the strong coupling constant against Rundec [27] and
found agreement at the per-mille level.
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Table 7 Contributions to the charm moments (×10nGeV2n) from dif-
ferent energy intervals (given in GeV) and experimental collaborations
(CB86 [28], BES02 [30], BES06 [31], CLEO09 [33]). The first errors

are statistical and the second systematic. The last lines show the aver-
aged results

Collab. n [2MD0 , 3.872] [3.872, 3.97] [3.97, 4.26] [4.26, 4.496] [4.496, 4.8]

CB86 0 – 0.0339(22)(24) 0.2456(25)(172) 0.1543(27)(108) –

1 – 0.0220(14)(15) 0.1459(16)(102) 0.0801(14)(56) –

2 – 0.0143(9)(10) 0.0868 (9)(61) 0.0416(7)(29) –

BES02 0 0.0334(24)(17) 0.0362(29)(18) 0.2362(41)(118) 0.1399(38)(70) 0.1705(63)(85)

1 0.0232(17)(12) 0.0235(19)(12) 0.1401(24)(70) 0.0726(20)(36) 0.0788(30)(39)

2 0.0161(12)(8) 0.0152(13)(8) 0.0832(15)(42) 0.0378(10)(19) 0.0365(14)(18)

BES06 0 0.0311(16)(15) – – – –

1 0.0217(11)(11) – – – –

2 0.0151(8)(7) – – – –

CLEO09 0 – – 0.2591(22)(52) – –

1 – – 0.1539(13)(31) – –

2 – – 0.0915(8)(18) – –

Total 0 0.0319(14)(11) 0.0350(18)(15) 0.2545(18)(46) 0.1448(27)(59) 0.1705(63)(85)

1 0.0222(9)(8) 0.0227(12)(10) 0.1511(11)(27) 0.0752(14)(31) 0.0788(30)(39)

2 0.0155(6)(6) 0.0147(8)(6) 0.0899(6)(16) 0.0391(7)(16) 0.0365(14)(18)

Table 8 Contributions to the charm moments (×10nGeV2n) from the
energy range 2MD0 ≤ √

s ≤ 4.8 GeV. For the results in the column
labeled ‘Data’, light-quark contributions have been subtracted using
the pQCD prediction at order O(α̂3

s ). These entries are obtained from
the data displayed in Table 7, taking into account the correlation of
systematic errors within each experiment. The third column uses m̂c =
1.272 GeV and λ

c,exp
3 determined by the zeroth experimental moment

(see text for details). The last column shows the theoretical prediction
for the moments using m̂c = 1.272 GeV and λc3 = 1.23, not including
condensates

n Data λc3 = 1.34(17) λc3 = 1.23

0 0.6367(195) 0.6367(195) 0.6239

1 0.3500(102) 0.3509(111) 0.3436

2 0.1957(54) 0.1970(65) 0.1928

3 0.1111(29) 0.1127(38) 0.1102

4 0.0641(16) 0.0657(23) 0.0642

5 0.0375(9) 0.0389(14) 0.0380

and systematic ones. The third column shows the theoreti-
cal moments, again restricted to the region 2MD0 ≤ √

s ≤
4.8 GeV, using m̂c = 1.272 GeV as input, and choosing the
parameter λc3 to match the zeroth experimental moment,
∫ (4.8 GeV)2

(2MD0 )2

ds
s
Rcont
c (s)

∣∣∣
m̂c=1.272 GeV

= MData
0 = 0.6367(195),

(16)

which gives the value λ
c,exp
3 = 1.34(17). Finally, the fourth

column shows the theoretical calculation of the moments in
the threshold region for m̂c = 1.272 GeV and using the pre-
vious value λc3 = 1.23 found above. The agreement between

Table 9 Contributions to the charm moments (×10nGeV2n) from the
energy range 2MD0 ≤ √

s ≤ 3.83 GeV. For the results in the column
labeled ‘Data’, light-quark contributions have been subtracted using
the pQCD prediction at order O(α̂3

s ). ‘BW’ refers to the Breit–Wigner
expression in Eq. (17). The last column shows the theoretical prediction
for the moment using m̂c = 1.272 GeV and λc3 = 1.23, not including
condensates

n Data #(3770)
∣∣
BW λc3 = 1.23

0 0.0268(14) 0.0291(20) 0.0339

1 0.0188(10) 0.0204(14) 0.0236

2 0.0132(7) 0.0143(10) 0.0165

3 0.0092(5) 0.0101(7) 0.0115

4 0.0065(3) 0.0071(5) 0.0080

5 0.0045(2) 0.0050(3) 0.0056

these three columns is remarkable and shows that the data in
this restricted energy range is well described by Rcont

c (s) in
Eq. (5).

In the analysis of the previous section only the two nar-
row resonances below the heavy-quark threshold, i.e., the
J/# and #(2S), have been treated separately, while the
other charmonium states were included in the continuum.
We now study the effect of treating also the #(3770) reso-
nance separately and include it based on the narrow-width
approximation.

Table 9 shows a comparison of charm moments in the
closer vicinity of the #(3770) resonance. In the column
labeled ‘Data’, the moments have been calculated as above,
i.e. directly from data, but now restricted to the energy range
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Table 7 Contributions to the charm moments (×10nGeV2n) from dif-
ferent energy intervals (given in GeV) and experimental collaborations
(CB86 [28], BES02 [30], BES06 [31], CLEO09 [33]). The first errors

are statistical and the second systematic. The last lines show the aver-
aged results

Collab. n [2MD0 , 3.872] [3.872, 3.97] [3.97, 4.26] [4.26, 4.496] [4.496, 4.8]

CB86 0 – 0.0339(22)(24) 0.2456(25)(172) 0.1543(27)(108) –

1 – 0.0220(14)(15) 0.1459(16)(102) 0.0801(14)(56) –

2 – 0.0143(9)(10) 0.0868 (9)(61) 0.0416(7)(29) –

BES02 0 0.0334(24)(17) 0.0362(29)(18) 0.2362(41)(118) 0.1399(38)(70) 0.1705(63)(85)

1 0.0232(17)(12) 0.0235(19)(12) 0.1401(24)(70) 0.0726(20)(36) 0.0788(30)(39)

2 0.0161(12)(8) 0.0152(13)(8) 0.0832(15)(42) 0.0378(10)(19) 0.0365(14)(18)

BES06 0 0.0311(16)(15) – – – –

1 0.0217(11)(11) – – – –

2 0.0151(8)(7) – – – –

CLEO09 0 – – 0.2591(22)(52) – –

1 – – 0.1539(13)(31) – –

2 – – 0.0915(8)(18) – –

Total 0 0.0319(14)(11) 0.0350(18)(15) 0.2545(18)(46) 0.1448(27)(59) 0.1705(63)(85)

1 0.0222(9)(8) 0.0227(12)(10) 0.1511(11)(27) 0.0752(14)(31) 0.0788(30)(39)

2 0.0155(6)(6) 0.0147(8)(6) 0.0899(6)(16) 0.0391(7)(16) 0.0365(14)(18)

Table 8 Contributions to the charm moments (×10nGeV2n) from the
energy range 2MD0 ≤ √

s ≤ 4.8 GeV. For the results in the column
labeled ‘Data’, light-quark contributions have been subtracted using
the pQCD prediction at order O(α̂3

s ). These entries are obtained from
the data displayed in Table 7, taking into account the correlation of
systematic errors within each experiment. The third column uses m̂c =
1.272 GeV and λ

c,exp
3 determined by the zeroth experimental moment

(see text for details). The last column shows the theoretical prediction
for the moments using m̂c = 1.272 GeV and λc3 = 1.23, not including
condensates

n Data λc3 = 1.34(17) λc3 = 1.23

0 0.6367(195) 0.6367(195) 0.6239

1 0.3500(102) 0.3509(111) 0.3436

2 0.1957(54) 0.1970(65) 0.1928

3 0.1111(29) 0.1127(38) 0.1102

4 0.0641(16) 0.0657(23) 0.0642

5 0.0375(9) 0.0389(14) 0.0380

and systematic ones. The third column shows the theoreti-
cal moments, again restricted to the region 2MD0 ≤ √

s ≤
4.8 GeV, using m̂c = 1.272 GeV as input, and choosing the
parameter λc3 to match the zeroth experimental moment,
∫ (4.8 GeV)2

(2MD0 )2

ds
s
Rcont
c (s)

∣∣∣
m̂c=1.272 GeV

= MData
0 = 0.6367(195),

(16)

which gives the value λ
c,exp
3 = 1.34(17). Finally, the fourth

column shows the theoretical calculation of the moments in
the threshold region for m̂c = 1.272 GeV and using the pre-
vious value λc3 = 1.23 found above. The agreement between

Table 9 Contributions to the charm moments (×10nGeV2n) from the
energy range 2MD0 ≤ √

s ≤ 3.83 GeV. For the results in the column
labeled ‘Data’, light-quark contributions have been subtracted using
the pQCD prediction at order O(α̂3

s ). ‘BW’ refers to the Breit–Wigner
expression in Eq. (17). The last column shows the theoretical prediction
for the moment using m̂c = 1.272 GeV and λc3 = 1.23, not including
condensates

n Data #(3770)
∣∣
BW λc3 = 1.23

0 0.0268(14) 0.0291(20) 0.0339

1 0.0188(10) 0.0204(14) 0.0236

2 0.0132(7) 0.0143(10) 0.0165

3 0.0092(5) 0.0101(7) 0.0115

4 0.0065(3) 0.0071(5) 0.0080

5 0.0045(2) 0.0050(3) 0.0056

these three columns is remarkable and shows that the data in
this restricted energy range is well described by Rcont

c (s) in
Eq. (5).

In the analysis of the previous section only the two nar-
row resonances below the heavy-quark threshold, i.e., the
J/# and #(2S), have been treated separately, while the
other charmonium states were included in the continuum.
We now study the effect of treating also the #(3770) reso-
nance separately and include it based on the narrow-width
approximation.

Table 9 shows a comparison of charm moments in the
closer vicinity of the #(3770) resonance. In the column
labeled ‘Data’, the moments have been calculated as above,
i.e. directly from data, but now restricted to the energy range
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Table 7 Contributions to the charm moments (×10nGeV2n) from dif-
ferent energy intervals (given in GeV) and experimental collaborations
(CB86 [28], BES02 [30], BES06 [31], CLEO09 [33]). The first errors

are statistical and the second systematic. The last lines show the aver-
aged results

Collab. n [2MD0 , 3.872] [3.872, 3.97] [3.97, 4.26] [4.26, 4.496] [4.496, 4.8]

CB86 0 – 0.0339(22)(24) 0.2456(25)(172) 0.1543(27)(108) –

1 – 0.0220(14)(15) 0.1459(16)(102) 0.0801(14)(56) –

2 – 0.0143(9)(10) 0.0868 (9)(61) 0.0416(7)(29) –

BES02 0 0.0334(24)(17) 0.0362(29)(18) 0.2362(41)(118) 0.1399(38)(70) 0.1705(63)(85)

1 0.0232(17)(12) 0.0235(19)(12) 0.1401(24)(70) 0.0726(20)(36) 0.0788(30)(39)

2 0.0161(12)(8) 0.0152(13)(8) 0.0832(15)(42) 0.0378(10)(19) 0.0365(14)(18)

BES06 0 0.0311(16)(15) – – – –

1 0.0217(11)(11) – – – –

2 0.0151(8)(7) – – – –

CLEO09 0 – – 0.2591(22)(52) – –

1 – – 0.1539(13)(31) – –

2 – – 0.0915(8)(18) – –

Total 0 0.0319(14)(11) 0.0350(18)(15) 0.2545(18)(46) 0.1448(27)(59) 0.1705(63)(85)

1 0.0222(9)(8) 0.0227(12)(10) 0.1511(11)(27) 0.0752(14)(31) 0.0788(30)(39)

2 0.0155(6)(6) 0.0147(8)(6) 0.0899(6)(16) 0.0391(7)(16) 0.0365(14)(18)

Table 8 Contributions to the charm moments (×10nGeV2n) from the
energy range 2MD0 ≤ √

s ≤ 4.8 GeV. For the results in the column
labeled ‘Data’, light-quark contributions have been subtracted using
the pQCD prediction at order O(α̂3

s ). These entries are obtained from
the data displayed in Table 7, taking into account the correlation of
systematic errors within each experiment. The third column uses m̂c =
1.272 GeV and λ

c,exp
3 determined by the zeroth experimental moment

(see text for details). The last column shows the theoretical prediction
for the moments using m̂c = 1.272 GeV and λc3 = 1.23, not including
condensates

n Data λc3 = 1.34(17) λc3 = 1.23

0 0.6367(195) 0.6367(195) 0.6239

1 0.3500(102) 0.3509(111) 0.3436

2 0.1957(54) 0.1970(65) 0.1928

3 0.1111(29) 0.1127(38) 0.1102

4 0.0641(16) 0.0657(23) 0.0642

5 0.0375(9) 0.0389(14) 0.0380

and systematic ones. The third column shows the theoreti-
cal moments, again restricted to the region 2MD0 ≤ √

s ≤
4.8 GeV, using m̂c = 1.272 GeV as input, and choosing the
parameter λc3 to match the zeroth experimental moment,
∫ (4.8 GeV)2

(2MD0 )2

ds
s
Rcont
c (s)

∣∣∣
m̂c=1.272 GeV

= MData
0 = 0.6367(195),

(16)

which gives the value λ
c,exp
3 = 1.34(17). Finally, the fourth

column shows the theoretical calculation of the moments in
the threshold region for m̂c = 1.272 GeV and using the pre-
vious value λc3 = 1.23 found above. The agreement between

Table 9 Contributions to the charm moments (×10nGeV2n) from the
energy range 2MD0 ≤ √

s ≤ 3.83 GeV. For the results in the column
labeled ‘Data’, light-quark contributions have been subtracted using
the pQCD prediction at order O(α̂3

s ). ‘BW’ refers to the Breit–Wigner
expression in Eq. (17). The last column shows the theoretical prediction
for the moment using m̂c = 1.272 GeV and λc3 = 1.23, not including
condensates

n Data #(3770)
∣∣
BW λc3 = 1.23

0 0.0268(14) 0.0291(20) 0.0339

1 0.0188(10) 0.0204(14) 0.0236

2 0.0132(7) 0.0143(10) 0.0165

3 0.0092(5) 0.0101(7) 0.0115

4 0.0065(3) 0.0071(5) 0.0080

5 0.0045(2) 0.0050(3) 0.0056

these three columns is remarkable and shows that the data in
this restricted energy range is well described by Rcont

c (s) in
Eq. (5).

In the analysis of the previous section only the two nar-
row resonances below the heavy-quark threshold, i.e., the
J/# and #(2S), have been treated separately, while the
other charmonium states were included in the continuum.
We now study the effect of treating also the #(3770) reso-
nance separately and include it based on the narrow-width
approximation.

Table 9 shows a comparison of charm moments in the
closer vicinity of the #(3770) resonance. In the column
labeled ‘Data’, the moments have been calculated as above,
i.e. directly from data, but now restricted to the energy range
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Table 7 Contributions to the charm moments (×10nGeV2n) from dif-
ferent energy intervals (given in GeV) and experimental collaborations
(CB86 [28], BES02 [30], BES06 [31], CLEO09 [33]). The first errors

are statistical and the second systematic. The last lines show the aver-
aged results

Collab. n [2MD0 , 3.872] [3.872, 3.97] [3.97, 4.26] [4.26, 4.496] [4.496, 4.8]

CB86 0 – 0.0339(22)(24) 0.2456(25)(172) 0.1543(27)(108) –

1 – 0.0220(14)(15) 0.1459(16)(102) 0.0801(14)(56) –

2 – 0.0143(9)(10) 0.0868 (9)(61) 0.0416(7)(29) –

BES02 0 0.0334(24)(17) 0.0362(29)(18) 0.2362(41)(118) 0.1399(38)(70) 0.1705(63)(85)

1 0.0232(17)(12) 0.0235(19)(12) 0.1401(24)(70) 0.0726(20)(36) 0.0788(30)(39)

2 0.0161(12)(8) 0.0152(13)(8) 0.0832(15)(42) 0.0378(10)(19) 0.0365(14)(18)

BES06 0 0.0311(16)(15) – – – –

1 0.0217(11)(11) – – – –

2 0.0151(8)(7) – – – –

CLEO09 0 – – 0.2591(22)(52) – –

1 – – 0.1539(13)(31) – –

2 – – 0.0915(8)(18) – –

Total 0 0.0319(14)(11) 0.0350(18)(15) 0.2545(18)(46) 0.1448(27)(59) 0.1705(63)(85)

1 0.0222(9)(8) 0.0227(12)(10) 0.1511(11)(27) 0.0752(14)(31) 0.0788(30)(39)

2 0.0155(6)(6) 0.0147(8)(6) 0.0899(6)(16) 0.0391(7)(16) 0.0365(14)(18)

Table 8 Contributions to the charm moments (×10nGeV2n) from the
energy range 2MD0 ≤ √

s ≤ 4.8 GeV. For the results in the column
labeled ‘Data’, light-quark contributions have been subtracted using
the pQCD prediction at order O(α̂3

s ). These entries are obtained from
the data displayed in Table 7, taking into account the correlation of
systematic errors within each experiment. The third column uses m̂c =
1.272 GeV and λ

c,exp
3 determined by the zeroth experimental moment

(see text for details). The last column shows the theoretical prediction
for the moments using m̂c = 1.272 GeV and λc3 = 1.23, not including
condensates

n Data λc3 = 1.34(17) λc3 = 1.23

0 0.6367(195) 0.6367(195) 0.6239

1 0.3500(102) 0.3509(111) 0.3436

2 0.1957(54) 0.1970(65) 0.1928

3 0.1111(29) 0.1127(38) 0.1102

4 0.0641(16) 0.0657(23) 0.0642

5 0.0375(9) 0.0389(14) 0.0380

and systematic ones. The third column shows the theoreti-
cal moments, again restricted to the region 2MD0 ≤ √

s ≤
4.8 GeV, using m̂c = 1.272 GeV as input, and choosing the
parameter λc3 to match the zeroth experimental moment,
∫ (4.8 GeV)2

(2MD0 )2

ds
s
Rcont
c (s)

∣∣∣
m̂c=1.272 GeV

= MData
0 = 0.6367(195),

(16)

which gives the value λ
c,exp
3 = 1.34(17). Finally, the fourth

column shows the theoretical calculation of the moments in
the threshold region for m̂c = 1.272 GeV and using the pre-
vious value λc3 = 1.23 found above. The agreement between

Table 9 Contributions to the charm moments (×10nGeV2n) from the
energy range 2MD0 ≤ √

s ≤ 3.83 GeV. For the results in the column
labeled ‘Data’, light-quark contributions have been subtracted using
the pQCD prediction at order O(α̂3

s ). ‘BW’ refers to the Breit–Wigner
expression in Eq. (17). The last column shows the theoretical prediction
for the moment using m̂c = 1.272 GeV and λc3 = 1.23, not including
condensates

n Data #(3770)
∣∣
BW λc3 = 1.23

0 0.0268(14) 0.0291(20) 0.0339

1 0.0188(10) 0.0204(14) 0.0236

2 0.0132(7) 0.0143(10) 0.0165

3 0.0092(5) 0.0101(7) 0.0115

4 0.0065(3) 0.0071(5) 0.0080

5 0.0045(2) 0.0050(3) 0.0056

these three columns is remarkable and shows that the data in
this restricted energy range is well described by Rcont

c (s) in
Eq. (5).

In the analysis of the previous section only the two nar-
row resonances below the heavy-quark threshold, i.e., the
J/# and #(2S), have been treated separately, while the
other charmonium states were included in the continuum.
We now study the effect of treating also the #(3770) reso-
nance separately and include it based on the narrow-width
approximation.

Table 9 shows a comparison of charm moments in the
closer vicinity of the #(3770) resonance. In the column
labeled ‘Data’, the moments have been calculated as above,
i.e. directly from data, but now restricted to the energy range
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Condensates:

Mnonp
n (µ2) =

12⇡2Q2
q

(4m̂2
q)

n+2
Cond an

 
1 +

↵s(m̂2
q)

⇡
bn

!

Non-perturbative effects due to gluon condensates to the moments are:

an , bn are numbers, and [Dominguez et al ’14]

[Chetyrkin et al ’12]

(0th+1st) (0th+5th)

(but this is only the first condensate)
Parametric error:

Our approach: error budget

Cond =h↵s

⇡
G2i = (5± 5) · 10�3GeV4

�h↵s

⇡
G2i = 5 · 10�3GeV4 from 1 MeV to 4 MeV

�mc(mc)[MeV] = �0.5 · 103 MeV

GeV4�h↵s

⇡
G2i
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�↵s(Mz) ↵s(Mz) = 0.1182(16) from PDG16

from 6 MeV to 1 MeV

(0th+1st)

(0th+5th)

�↵s(Mz) = 0.0016

Parametric error:

Our approach: error budget

�mc(mc)[MeV] = 3.6 · 103�↵s(Mz)

�mc(mc)[MeV] = �0.4 · 103�↵s(Mz)
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Table 6 Values and breakdown
of the uncertainties of m̂c(m̂c)
(in MeV) and λc3 determined
from different pairs of the
moments. The line denoted
‘Total’ gives the quadratic sum
of the errors from λc3, the
resonances, the gluon
condensate and the pQCD
truncation. Numerical values for
the uncertainties from α̂s and
CG = ⟨ α̂s

π G2⟩ (in units of
GeV4) are shown in separate
lines. In the line labeled
‘Electroweak fit’ we use
$α̂s(Mz) = 0.0016 [26], in the
last line denoted ‘Lattice’, we
use $α̂s(Mz) = 0.0012 [8]. See
Fig. 2 for a graphical
representation

$m̂c(m̂c) (M0,M1) (M0,M2) (M0,M3) (M0,M4) (M0,M5)

m̂c(m̂c) 1280.9 1272.4 1269.1 1265.8 1262.2

λc3 1.154 1.230 1.262 1.291 1.323

λ
c,exp
3 1.35(17) 1.34(17) 1.34(17) 1.33(17) 1.32(17)

Resonances 5.8 4.5 3.9 3.3 2.8

Truncation 6.3 5.9 7.2 8.9 10.5

λc3 − λ
c,exp
3 +6.4 +1.5 +0.3 +0.1 +0.1

$λ
c,exp
3 4.7 1.7 0.7 0.3 0.2

103 × $G − 0.25$G − 0.37$G − 0.54$G − 0.73$G − 0.88$G

(− 1.3) (− 1.9) (− 2.7) (− 3.7) (− 4.4)

Total ±11.7 ±8.0 ±8.7 ±10.2 ±11.7

103 × $α̂s(Mz) +3.6$α̂s +2.6$α̂s +1.6$α̂s +0.6$α̂s − 0.4$α̂s

Electroweak fit (+5.8) (+4.2) (+2.6) (+1.0) (− 0.6)

Lattice (+4.3) (+3.1) (+1.9) (+0.7) (− 0.5)

Fig. 2 m̂c(m̂c) using different combinations of the moments and the
corresponding uncertainties.Blue represents the full error, red is the one
from the resonance region, green from the truncation errors of the the-
oretical moments, cyan from the error in λc3 (which is the symmetrized
combination of the shift and the experimental error on λc3), orange
from the gluon condensate and purple from the uncertainty induced
by $α̂s(MZ ) = 0.0016. Notice that all determinations are mutually
consistent within our error estimates

Crystal Ball [28], BES [29– 32], and CLEO [33]. The inset
zooms into the region above threshold in the energy range of
the %(3770) resonance, 2MD0 ≤ √

s ≤ 3.83 GeV, with data
points from BES [30,31]. The full red curve in this figure
is obtained from our parametrization of Rcont

c (s) in Eq. (5),
with λc3 = 1.23 and m̂c(m̂c) in Eq. (13).

As described in the previous section, we can use data
directly to obtain an experimental value λ

c,exp
3 . A comparison

of our ansatz Eq. (5) using either this experimental parameter
or the one determined via pairs of the moments as explained
above is shown in Fig. 5. Here we compare the resulting
parametrizations of the charm continuum with data based on
a determination of either λc3 or λ

c,exp
3 performed at different

orders of pQCD. The red bands in Fig. 5 use λc3 and m̂c(m̂c)

obtained at each order in α̂s while the blue bands use the same

Fig. 3 Error budget for m̂c(m̂c) determined from the combination of
M0 and M2 at different orders in α̂s . The color coding is as in Fig. 2

value for m̂c(m̂c), but λ
c,exp
3 instead, obtained using Eq. (16)

at each order in α̂s . We observe that the differences when
going from O(α̂s) to O(α̂2

s ) and from O(α̂2
s ) to O(α̂3

s ) are of
very similar size. This can be traced back to the slow conver-
gence of the coefficients in λc1(s) of Eq. (3). It is interesting
to note that this does not lead to large changes in the values of
m̂c(m̂c) as is evident from Fig. 3. Note that we do not assign
an extra error to Rbackground(s) since any uncertainty in this
quantity is relegated to $λ

c,exp
3 .

We now have a closer look at the determination of the
moments from data in the energy range 2MD0 ≤ √

s ≤
4.8 GeV. After light-quark background subtraction, we calcu-
late the contributions to the moments in the considered energy
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Table 5 Ratios of the truncation
errors !M(k)

n from Eq. (12) and
the known contribution to the
moments M(k)

n at order O(α̂k
s )

(see Eq. (8)). In the last column,
m̂c(m̂c) = 1.272 GeV has been
used. The ratios are often much
greater than unity, showing that
our estimated truncation errors
are conservative

n !M(2)
n∣∣∣M(2)

n

∣∣∣
!M(3)

n∣∣∣M(3)
n

∣∣∣
!M(4)

n∣∣∣M(3)
n

∣∣∣

0 1.88 3.03 1.11

1 2.14 2.84 1.04

2 1.92 4.58 1.67

3 3.25 5.63 2.06

4 6.70 4.30 1.57

5 19.18 3.62 1.32

Fig. 1 Theoretical moments, Eq. (8), multiplied by 10n GeV2n , for the
charm quark using m̂c(m̂c) = 1.272 GeV at different orders of α̂s . Blue
squares show results of Eq. (8) up to O(α̂s), red circles up to O(α̂2

s ),
and green triangles up to O(α̂3

s ). The error bars show the truncation
errors given in Eq. (12) at the given order

(NC = CA = 3, CF = 4/3). At order O(α̂4
s ), this corre-

sponds to an uncertainty of ±48(α̂s/π)
4 for Ĉ (4)

n in Eq. (8).
Applying this prescription to the known O(α̂3

s ) terms, we
observe that the resulting errors are quite conservative: the
error estimate from this approach for m̂c(m̂c) is more conser-
vative by a factor given in the last column of Table 5 compared
to the alternative to base the error estimate on the last known
term in the perturbative expansion. We have convinced our-
selves that this carries over to the errors for the charm mass:
the above prescription is more conservative than the often
used alternative approach to vary the renormalization scale
within a conventional factor of four.

For the moments with n > 3 (which, however, will not
enter into our final result) taken from Ref. [21] we have to
include additional uncertainties specific to the method used to
obtain predictions for Mn . These errors are small, but they
are included for completeness. An overview of our theory
errors for the moments up to n = 5 is shown in Fig. 1.

The charm mass and the continuum parameter λc3 can,
in principle, be determined from any combination of two
moments. The zeroth moment, however, provides the highest
sensitivity. The results for combinations of the zeroth with
one higher moment are summarized in Table 6, including the
breakdown of the uncertainties due to their different sources.

We include the difference between the two possibilities to
determine λc3 as described above as an estimate of the error
due to the method, in particular the truncation of the OPE.
In Fig. 3 we also show the error budget at different orders
of α̂s as obtained from the combination of the moments M0
and M2. It is remarkable that the parametric uncertainty due
to the input value of α̂s(MZ ) increases at the last step from
O(α̂2

s ) to O(α̂3
s ) (see the last, purple error bars), while the

central value for m̂c(m̂c) remains stable. A closer look at
the underlying formulas reveals that this is due to the bad
convergence of the right-hand side of Eq. (6). It is therefore
unlikely that knowledge of the next terms in the perturbative
series will lead to a reduction of the error on the charm mass.
Our final result for the charm quark mass,

m̂c(m̂c) = (1272 + 2616!α̂s ± 8) MeV, (13)

is based on (M0,M2)where we explicitly exhibit its depen-
dence on α̂s relative to our adopted central value,4 i.e.,
!α̂s = α̂s(Mz) − 0.1182.

3 Continuum data

Our final result for the charm quark mass given above in
Eq. (13) is obtained from an analysis of sum rule moments
without using experimental data from the continuum region.
Instead, the continuum is described by the parameter λc3, and
determined simultaneously with m̂c within our formalism.
In this section we show that Eq. (5) indeed reproduces the
experimental moments well (even though our ansatz must
obviously fail to describe the underlying cross-section data
locally).

In order to do so, we have to add the background from
light-quark contributions [6,23,34,35], Rbackground(s) =
Ruds(s)+ Ruds(cb)(s)+ Rsinglet(s)+ RQED(s) to our model
for the charm continuum. The first part, Ruds(s), is given
by Eq. (3) with nq = 3. Contributions from virtual or sec-
ondary heavy quarks, Ruds(cb)(s), appear first at O(α̂2

s ) and
are known up toO(α̂3

s ) in approximate form [34]. In addition,
at order O(α̂3

s ) one has to take into account the singlet con-
tribution Rsinglet(s) [34] which is found to be numerically
small, −0.55(α̂s/π)

3 [23], but included for completeness.
Finally, also corrections due to QED have been taken into
account through RQED(s) [6].

In Fig. 4 we show the resulting R ratio, R(s) = Rcont
c (s)+

Rbackground(s), compared with experimental e+e− annihila-
tion data for final state hadrons. The data are compiled from

4 This central value corresponds to α̂s(m̂c(m̂c)) = 0.383, where we
have used 4-loop running of α̂s including the b quark threshold effect
using m̂b(m̂b) = 4.2 GeV. We have cross-checked our implementation
of the running of the strong coupling constant against Rundec [27] and
found agreement at the per-mille level.
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Table 5 Ratios of the truncation
errors !M(k)

n from Eq. (12) and
the known contribution to the
moments M(k)

n at order O(α̂k
s )

(see Eq. (8)). In the last column,
m̂c(m̂c) = 1.272 GeV has been
used. The ratios are often much
greater than unity, showing that
our estimated truncation errors
are conservative

n !M(2)
n∣∣∣M(2)
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∣∣∣
!M(3)

n∣∣∣M(3)
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∣∣∣
!M(4)

n∣∣∣M(3)
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0 1.88 3.03 1.11

1 2.14 2.84 1.04

2 1.92 4.58 1.67

3 3.25 5.63 2.06

4 6.70 4.30 1.57

5 19.18 3.62 1.32

Fig. 1 Theoretical moments, Eq. (8), multiplied by 10n GeV2n , for the
charm quark using m̂c(m̂c) = 1.272 GeV at different orders of α̂s . Blue
squares show results of Eq. (8) up to O(α̂s), red circles up to O(α̂2

s ),
and green triangles up to O(α̂3

s ). The error bars show the truncation
errors given in Eq. (12) at the given order

(NC = CA = 3, CF = 4/3). At order O(α̂4
s ), this corre-

sponds to an uncertainty of ±48(α̂s/π)
4 for Ĉ (4)

n in Eq. (8).
Applying this prescription to the known O(α̂3

s ) terms, we
observe that the resulting errors are quite conservative: the
error estimate from this approach for m̂c(m̂c) is more conser-
vative by a factor given in the last column of Table 5 compared
to the alternative to base the error estimate on the last known
term in the perturbative expansion. We have convinced our-
selves that this carries over to the errors for the charm mass:
the above prescription is more conservative than the often
used alternative approach to vary the renormalization scale
within a conventional factor of four.

For the moments with n > 3 (which, however, will not
enter into our final result) taken from Ref. [21] we have to
include additional uncertainties specific to the method used to
obtain predictions for Mn . These errors are small, but they
are included for completeness. An overview of our theory
errors for the moments up to n = 5 is shown in Fig. 1.

The charm mass and the continuum parameter λc3 can,
in principle, be determined from any combination of two
moments. The zeroth moment, however, provides the highest
sensitivity. The results for combinations of the zeroth with
one higher moment are summarized in Table 6, including the
breakdown of the uncertainties due to their different sources.

We include the difference between the two possibilities to
determine λc3 as described above as an estimate of the error
due to the method, in particular the truncation of the OPE.
In Fig. 3 we also show the error budget at different orders
of α̂s as obtained from the combination of the moments M0
and M2. It is remarkable that the parametric uncertainty due
to the input value of α̂s(MZ ) increases at the last step from
O(α̂2

s ) to O(α̂3
s ) (see the last, purple error bars), while the

central value for m̂c(m̂c) remains stable. A closer look at
the underlying formulas reveals that this is due to the bad
convergence of the right-hand side of Eq. (6). It is therefore
unlikely that knowledge of the next terms in the perturbative
series will lead to a reduction of the error on the charm mass.
Our final result for the charm quark mass,

m̂c(m̂c) = (1272 + 2616!α̂s ± 8) MeV, (13)

is based on (M0,M2)where we explicitly exhibit its depen-
dence on α̂s relative to our adopted central value,4 i.e.,
!α̂s = α̂s(Mz) − 0.1182.

3 Continuum data

Our final result for the charm quark mass given above in
Eq. (13) is obtained from an analysis of sum rule moments
without using experimental data from the continuum region.
Instead, the continuum is described by the parameter λc3, and
determined simultaneously with m̂c within our formalism.
In this section we show that Eq. (5) indeed reproduces the
experimental moments well (even though our ansatz must
obviously fail to describe the underlying cross-section data
locally).

In order to do so, we have to add the background from
light-quark contributions [6,23,34,35], Rbackground(s) =
Ruds(s)+ Ruds(cb)(s)+ Rsinglet(s)+ RQED(s) to our model
for the charm continuum. The first part, Ruds(s), is given
by Eq. (3) with nq = 3. Contributions from virtual or sec-
ondary heavy quarks, Ruds(cb)(s), appear first at O(α̂2

s ) and
are known up toO(α̂3

s ) in approximate form [34]. In addition,
at order O(α̂3

s ) one has to take into account the singlet con-
tribution Rsinglet(s) [34] which is found to be numerically
small, −0.55(α̂s/π)

3 [23], but included for completeness.
Finally, also corrections due to QED have been taken into
account through RQED(s) [6].

In Fig. 4 we show the resulting R ratio, R(s) = Rcont
c (s)+

Rbackground(s), compared with experimental e+e− annihila-
tion data for final state hadrons. The data are compiled from

4 This central value corresponds to α̂s(m̂c(m̂c)) = 0.383, where we
have used 4-loop running of α̂s including the b quark threshold effect
using m̂b(m̂b) = 4.2 GeV. We have cross-checked our implementation
of the running of the strong coupling constant against Rundec [27] and
found agreement at the per-mille level.
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Table 6 Values and breakdown
of the uncertainties of m̂c(m̂c)
(in MeV) and λc3 determined
from different pairs of the
moments. The line denoted
‘Total’ gives the quadratic sum
of the errors from λc3, the
resonances, the gluon
condensate and the pQCD
truncation. Numerical values for
the uncertainties from α̂s and
CG = ⟨ α̂s

π G2⟩ (in units of
GeV4) are shown in separate
lines. In the line labeled
‘Electroweak fit’ we use
$α̂s(Mz) = 0.0016 [26], in the
last line denoted ‘Lattice’, we
use $α̂s(Mz) = 0.0012 [8]. See
Fig. 2 for a graphical
representation

$m̂c(m̂c) (M0,M1) (M0,M2) (M0,M3) (M0,M4) (M0,M5)

m̂c(m̂c) 1280.9 1272.4 1269.1 1265.8 1262.2

λc3 1.154 1.230 1.262 1.291 1.323

λ
c,exp
3 1.35(17) 1.34(17) 1.34(17) 1.33(17) 1.32(17)

Resonances 5.8 4.5 3.9 3.3 2.8

Truncation 6.3 5.9 7.2 8.9 10.5

λc3 − λ
c,exp
3 +6.4 +1.5 +0.3 +0.1 +0.1

$λ
c,exp
3 4.7 1.7 0.7 0.3 0.2

103 × $G − 0.25$G − 0.37$G − 0.54$G − 0.73$G − 0.88$G

(− 1.3) (− 1.9) (− 2.7) (− 3.7) (− 4.4)

Total ±11.7 ±8.0 ±8.7 ±10.2 ±11.7

103 × $α̂s(Mz) +3.6$α̂s +2.6$α̂s +1.6$α̂s +0.6$α̂s − 0.4$α̂s

Electroweak fit (+5.8) (+4.2) (+2.6) (+1.0) (− 0.6)

Lattice (+4.3) (+3.1) (+1.9) (+0.7) (− 0.5)

Fig. 2 m̂c(m̂c) using different combinations of the moments and the
corresponding uncertainties.Blue represents the full error, red is the one
from the resonance region, green from the truncation errors of the the-
oretical moments, cyan from the error in λc3 (which is the symmetrized
combination of the shift and the experimental error on λc3), orange
from the gluon condensate and purple from the uncertainty induced
by $α̂s(MZ ) = 0.0016. Notice that all determinations are mutually
consistent within our error estimates

Crystal Ball [28], BES [29– 32], and CLEO [33]. The inset
zooms into the region above threshold in the energy range of
the %(3770) resonance, 2MD0 ≤ √

s ≤ 3.83 GeV, with data
points from BES [30,31]. The full red curve in this figure
is obtained from our parametrization of Rcont

c (s) in Eq. (5),
with λc3 = 1.23 and m̂c(m̂c) in Eq. (13).

As described in the previous section, we can use data
directly to obtain an experimental value λ

c,exp
3 . A comparison

of our ansatz Eq. (5) using either this experimental parameter
or the one determined via pairs of the moments as explained
above is shown in Fig. 5. Here we compare the resulting
parametrizations of the charm continuum with data based on
a determination of either λc3 or λ

c,exp
3 performed at different

orders of pQCD. The red bands in Fig. 5 use λc3 and m̂c(m̂c)

obtained at each order in α̂s while the blue bands use the same

Fig. 3 Error budget for m̂c(m̂c) determined from the combination of
M0 and M2 at different orders in α̂s . The color coding is as in Fig. 2

value for m̂c(m̂c), but λ
c,exp
3 instead, obtained using Eq. (16)

at each order in α̂s . We observe that the differences when
going from O(α̂s) to O(α̂2

s ) and from O(α̂2
s ) to O(α̂3

s ) are of
very similar size. This can be traced back to the slow conver-
gence of the coefficients in λc1(s) of Eq. (3). It is interesting
to note that this does not lead to large changes in the values of
m̂c(m̂c) as is evident from Fig. 3. Note that we do not assign
an extra error to Rbackground(s) since any uncertainty in this
quantity is relegated to $λ

c,exp
3 .

We now have a closer look at the determination of the
moments from data in the energy range 2MD0 ≤ √

s ≤
4.8 GeV. After light-quark background subtraction, we calcu-
late the contributions to the moments in the considered energy
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Table 6 Values and breakdown
of the uncertainties of m̂c(m̂c)
(in MeV) and λc3 determined
from different pairs of the
moments. The line denoted
‘Total’ gives the quadratic sum
of the errors from λc3, the
resonances, the gluon
condensate and the pQCD
truncation. Numerical values for
the uncertainties from α̂s and
CG = ⟨ α̂s

π G2⟩ (in units of
GeV4) are shown in separate
lines. In the line labeled
‘Electroweak fit’ we use
$α̂s(Mz) = 0.0016 [26], in the
last line denoted ‘Lattice’, we
use $α̂s(Mz) = 0.0012 [8]. See
Fig. 2 for a graphical
representation

$m̂c(m̂c) (M0,M1) (M0,M2) (M0,M3) (M0,M4) (M0,M5)

m̂c(m̂c) 1280.9 1272.4 1269.1 1265.8 1262.2

λc3 1.154 1.230 1.262 1.291 1.323

λ
c,exp
3 1.35(17) 1.34(17) 1.34(17) 1.33(17) 1.32(17)

Resonances 5.8 4.5 3.9 3.3 2.8

Truncation 6.3 5.9 7.2 8.9 10.5

λc3 − λ
c,exp
3 +6.4 +1.5 +0.3 +0.1 +0.1

$λ
c,exp
3 4.7 1.7 0.7 0.3 0.2

103 × $G − 0.25$G − 0.37$G − 0.54$G − 0.73$G − 0.88$G

(− 1.3) (− 1.9) (− 2.7) (− 3.7) (− 4.4)

Total ±11.7 ±8.0 ±8.7 ±10.2 ±11.7

103 × $α̂s(Mz) +3.6$α̂s +2.6$α̂s +1.6$α̂s +0.6$α̂s − 0.4$α̂s

Electroweak fit (+5.8) (+4.2) (+2.6) (+1.0) (− 0.6)

Lattice (+4.3) (+3.1) (+1.9) (+0.7) (− 0.5)

Fig. 2 m̂c(m̂c) using different combinations of the moments and the
corresponding uncertainties.Blue represents the full error, red is the one
from the resonance region, green from the truncation errors of the the-
oretical moments, cyan from the error in λc3 (which is the symmetrized
combination of the shift and the experimental error on λc3), orange
from the gluon condensate and purple from the uncertainty induced
by $α̂s(MZ ) = 0.0016. Notice that all determinations are mutually
consistent within our error estimates

Crystal Ball [28], BES [29– 32], and CLEO [33]. The inset
zooms into the region above threshold in the energy range of
the %(3770) resonance, 2MD0 ≤ √

s ≤ 3.83 GeV, with data
points from BES [30,31]. The full red curve in this figure
is obtained from our parametrization of Rcont

c (s) in Eq. (5),
with λc3 = 1.23 and m̂c(m̂c) in Eq. (13).

As described in the previous section, we can use data
directly to obtain an experimental value λ

c,exp
3 . A comparison

of our ansatz Eq. (5) using either this experimental parameter
or the one determined via pairs of the moments as explained
above is shown in Fig. 5. Here we compare the resulting
parametrizations of the charm continuum with data based on
a determination of either λc3 or λ

c,exp
3 performed at different

orders of pQCD. The red bands in Fig. 5 use λc3 and m̂c(m̂c)

obtained at each order in α̂s while the blue bands use the same

Fig. 3 Error budget for m̂c(m̂c) determined from the combination of
M0 and M2 at different orders in α̂s . The color coding is as in Fig. 2

value for m̂c(m̂c), but λ
c,exp
3 instead, obtained using Eq. (16)

at each order in α̂s . We observe that the differences when
going from O(α̂s) to O(α̂2

s ) and from O(α̂2
s ) to O(α̂3

s ) are of
very similar size. This can be traced back to the slow conver-
gence of the coefficients in λc1(s) of Eq. (3). It is interesting
to note that this does not lead to large changes in the values of
m̂c(m̂c) as is evident from Fig. 3. Note that we do not assign
an extra error to Rbackground(s) since any uncertainty in this
quantity is relegated to $λ

c,exp
3 .

We now have a closer look at the determination of the
moments from data in the energy range 2MD0 ≤ √

s ≤
4.8 GeV. After light-quark background subtraction, we calcu-
late the contributions to the moments in the considered energy
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Table 6 Values and breakdown
of the uncertainties of m̂c(m̂c)
(in MeV) and λc3 determined
from different pairs of the
moments. The line denoted
‘Total’ gives the quadratic sum
of the errors from λc3, the
resonances, the gluon
condensate and the pQCD
truncation. Numerical values for
the uncertainties from α̂s and
CG = ⟨ α̂s

π G2⟩ (in units of
GeV4) are shown in separate
lines. In the line labeled
‘Electroweak fit’ we use
$α̂s(Mz) = 0.0016 [26], in the
last line denoted ‘Lattice’, we
use $α̂s(Mz) = 0.0012 [8]. See
Fig. 2 for a graphical
representation

$m̂c(m̂c) (M0,M1) (M0,M2) (M0,M3) (M0,M4) (M0,M5)

m̂c(m̂c) 1280.9 1272.4 1269.1 1265.8 1262.2

λc3 1.154 1.230 1.262 1.291 1.323

λ
c,exp
3 1.35(17) 1.34(17) 1.34(17) 1.33(17) 1.32(17)

Resonances 5.8 4.5 3.9 3.3 2.8

Truncation 6.3 5.9 7.2 8.9 10.5

λc3 − λ
c,exp
3 +6.4 +1.5 +0.3 +0.1 +0.1

$λ
c,exp
3 4.7 1.7 0.7 0.3 0.2

103 × $G − 0.25$G − 0.37$G − 0.54$G − 0.73$G − 0.88$G

(− 1.3) (− 1.9) (− 2.7) (− 3.7) (− 4.4)

Total ±11.7 ±8.0 ±8.7 ±10.2 ±11.7

103 × $α̂s(Mz) +3.6$α̂s +2.6$α̂s +1.6$α̂s +0.6$α̂s − 0.4$α̂s

Electroweak fit (+5.8) (+4.2) (+2.6) (+1.0) (− 0.6)

Lattice (+4.3) (+3.1) (+1.9) (+0.7) (− 0.5)

Fig. 2 m̂c(m̂c) using different combinations of the moments and the
corresponding uncertainties.Blue represents the full error, red is the one
from the resonance region, green from the truncation errors of the the-
oretical moments, cyan from the error in λc3 (which is the symmetrized
combination of the shift and the experimental error on λc3), orange
from the gluon condensate and purple from the uncertainty induced
by $α̂s(MZ ) = 0.0016. Notice that all determinations are mutually
consistent within our error estimates

Crystal Ball [28], BES [29– 32], and CLEO [33]. The inset
zooms into the region above threshold in the energy range of
the %(3770) resonance, 2MD0 ≤ √

s ≤ 3.83 GeV, with data
points from BES [30,31]. The full red curve in this figure
is obtained from our parametrization of Rcont

c (s) in Eq. (5),
with λc3 = 1.23 and m̂c(m̂c) in Eq. (13).

As described in the previous section, we can use data
directly to obtain an experimental value λ

c,exp
3 . A comparison

of our ansatz Eq. (5) using either this experimental parameter
or the one determined via pairs of the moments as explained
above is shown in Fig. 5. Here we compare the resulting
parametrizations of the charm continuum with data based on
a determination of either λc3 or λ

c,exp
3 performed at different

orders of pQCD. The red bands in Fig. 5 use λc3 and m̂c(m̂c)

obtained at each order in α̂s while the blue bands use the same

Fig. 3 Error budget for m̂c(m̂c) determined from the combination of
M0 and M2 at different orders in α̂s . The color coding is as in Fig. 2

value for m̂c(m̂c), but λ
c,exp
3 instead, obtained using Eq. (16)

at each order in α̂s . We observe that the differences when
going from O(α̂s) to O(α̂2

s ) and from O(α̂2
s ) to O(α̂3

s ) are of
very similar size. This can be traced back to the slow conver-
gence of the coefficients in λc1(s) of Eq. (3). It is interesting
to note that this does not lead to large changes in the values of
m̂c(m̂c) as is evident from Fig. 3. Note that we do not assign
an extra error to Rbackground(s) since any uncertainty in this
quantity is relegated to $λ

c,exp
3 .

We now have a closer look at the determination of the
moments from data in the energy range 2MD0 ≤ √

s ≤
4.8 GeV. After light-quark background subtraction, we calcu-
late the contributions to the moments in the considered energy
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Comparison with 
RExp threshold data
Condensates
�↵s(Mz)

What pair/result to choose?

Large condensate effects
+

new condensates will matter

m̂c(m̂c) = 1.281(13)GeV

m̂c(m̂c) = 1.269(9)GeV

m̂c(m̂c) = 1.272(9)GeV
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Our approach: more than two moments?

Define a χ2 function:

background subtraction, should help to obtain a further reduction of the errors on the charm
quark mass. How ???

The discussion above has raised the question whether the specific prescription for the sub-
traction of the light-quark background in the charm sub-threshold region should be modified,
or whether an additional error should be assigned to this prescription. To check the impact
of this e↵ect, we have fitted the pQCD prediction including a free normalization factor to the
data. We found a normalization factor of 1.02± 0.01 and the moments changed to the values
given in Table 8. The charm mass is shifted by 1 MeV if this modified light-quark subtraction
is used instead of the prescription described above.

n Data �c
3 = 1.15(16) �c

3 = 1.22

0 0.6145(189) 0.6145(189) 0.6222

1 0.3375(98) 0.3382(108) 0.3426

2 0.1884(52) 0.1897(63) 0.1922

3 0.1069(28) 0.1084(37) 0.1099

4 0.0615(16) 0.0631(22) 0.0640

5 0.0359(9) 0.0373(14) 0.0379

Table 8: Contributions to the charm moments (⇥10n GeV2n) from the energy range 2MD0 
p
s  4.8 GeV evaluated after taking into account a 2% shift of the normalization of the

pQCD prediction to fit the data, to be compared with Table 6. m̂c(m̂c) = 1.274GeV and
�c
3 = 1.15(16), obtained after matching with the zeroth experimental moment.

4 Uncertainties and discussion

The approach described above in Section 2 requires to make a choice of a pair of moments from
which to determine a value for the charm mass. In this section we now want to investigate the
possibility to perform a fit using also more than two moments. In addition, the approach that
we discuss now will allow us to take into account uncertainties on the parameters entering the
moments in a rigorous way. More motivation ?

We define a �2 in the following way:

�2 =
1

2

X

n,m

�
Mn �M

pQCD
n

� �
C
�1
�nm �

Mm �M
pQCD
m

�
+ �2

c (13)

14

where Mn are the sum rule expressions for the moments defined in Eq. (2) and M
pQCD
n

the corresponding predictions from perturbative QCD, Eq. (7). We will consider di↵erent fit
scenarios where we include di↵erent sets of moments in the sum of Eq. (13). The coe�cients
(C�1)nm are the elements of a correlation matrix which we choose as

C =
1

2

X

n,m

⇢Abs(n�m)�M
(3)
n �M

(3)
m (14)

with the truncation error�M
(3)
m defined in Eq. (10). The factor ⇢Abs(n�m) allows us to include a

correlation between di↵erent moments. Here we consider ⇢Abs(n�m) = ⇢|n�m| a reasonable choice
but we will also consider cases without correlation, i.e. fits where we impose ⇢Abs(n�m) = 0 for
n 6= m. In particular, this latter option might be preferred for the correlations between the
zeroth and other moments. Justify! More on motivation ?

With the additional term �2
c in Eq. (13) we can impose restrictions on the variation of

parameters like the strong coupling constant, the resonance parameters, or non-perturbative
contributions to the moments. To be specific, we will use

�2
c =

 
�e
J/ (1S) � �e,exp

J/ (1S)

��e
J/ (1S)

!2

+

 
�e
 (2S) � �e,exp

 (2S)

��e
 (2S)

!2

+

✓
↵̂s(Mz)� ↵̂s(Mz)exp

�↵̂s(Mz)

◆2

+

✓
h
↵s
⇡ G2

i � h
↵s
⇡ G2

i
exp

�h
↵s
⇡ G2i

◆2

. (15)

The first two terms take into account that the electronic widths of the resonances, given
in Table 1, can vary within their 1�-errors. In the second term we use ↵̂s(Mz)exp = 0.1182,
�↵̂s(Mz) = 0.0016 [7] to take into account the experimental uncertainty of the strong coupling
constant.

Finally we want to investigate the influence of contributions beyond conventional per-
turbation theory. In general, vacuum expectation values of higher-dimensional operators in
the operator product expansion contribute to the moments of the current correlator. These
condensates may be important for a high-precision determination of heavy-quark masses, in
particular in the case of the charm quark. The leading term involves the dimension-4 gluon
condensate [2],

M
cond
n (µ2) =

12⇡2Q2
c

(4m̂2
c)

n+2
h
↵s

⇡
G2

i an

✓
1 +

↵s(m̄2
c)

⇡
bn

◆
. (16)

The coe�cients an and bn can be found in [29, 30]. In our fits we use the central value
h
↵s
⇡ G2

i
exp = 0.014 GeV4 with an uncertainty of �h

↵s
⇡ G2

i = 0.014 GeV4, taken from the recent
analysis [31].

15

ρ a correlation parameterC =
1

2

X

n,m

⇢Abs(n�m)�M(4)
n �M(4)

m
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Table 11 Fit results using the
first three (four) moments with
different scenarios for the
correlation between the
moments (see text)

Constraints (M0,M1,M2)ρ M0, (M1,M2)ρ M0, (M1,M2,M3)ρ
ρ −0.06 −0.05 0.32

m̂c(m̂c) [GeV] 1.275(8) 1.275(8) 1.271(7)

λc3 1.19(8) 1.19(8) 1.19(7)

#e
J/$ [keV] 5.55(14) 5.57(14) 5.57(14) 5.59(14)

#e
$(2S) [keV] 2.36(4) 2.36(4) 2.36(4) 2.36(4)

CG [GeV4] 0.005(5) 0.005(5) 0.005(5) 0.004(5)

α̂s(Mz) 0.1182(16) 0.1178(15) 0.1178(15) 0.1173(15)

+
[
α̂s(Mz) − α̂s(Mz)

exp

&α̂s(Mz)

]2

+
[
CG − Cexp

G

&G

]2

.

Thus, χ2 is a function of six parameters, m̂c(m̂c), λc3 and α̂s
for the continuum part of the moments, the electronic widths
#e
J/$ and #e

$(2S) for the resonance contributions, and CG .
In addition there is the correlation parameter ρ.

We now determine all or a subset of the parameters by
minimizing χ2. First, we observe that without correlations
between the moments, the minimal χ2 is small. This is likely
an indication that the theoretical moments are indeed corre-
lated. Taking into account correlations as described above,
we now determine the correlation parameter ρ from the
condition that χ2

min be equal to the number of degrees of
freedom for each considered fit scenario. Then we deter-
mine the allowed parameter ranges by solving the equation
χ2 = χ2

min + 1.
In Table 11 we collect the results of three typical fit sce-

narios based on the first three (four) moments. Columns 3,4,
and 5 are results of six-parameter fits. In the first case (col-
umn 3) we assume that all three moments are correlated as
described above. In the second case (column 4) we assume
that only the first and the second moments are correlated. For
the results in column 5 we have also included the moment
M3. In this case the uncertainty is slightly smaller, but we
have more confidence in lower moments which are less sen-
sitive to the condensates. Moreover, in this scenario the cor-
relation is larger. The errors are obtained by projecting the
contour χ2 = χ2

min + 1 onto each of the six parameters con-
sidered. We observe that the results for the charm mass as well
as for the continuum parameter λc3 are stable. The other four
parameters are shifted away from their experimental values
only slightly and stay well within their uncertainties. We have
performed additional fits in modified scenarios, e.g., using the
first three and four moments without correlations. We observe
only small shifts in the fitted charm mass of not more than
4 MeV, which is well within our quoted uncertainty. Also fits
with only two moments are stable and the results for m̂c and
λc3 agree within errors. A few typical examples are shown in
Table 12 where no correlation is assumed.

Table 12 Fit results using pairs of the moments without correlation

M0, M1 M0, M2 M0, M3

m̂c(m̂c) [GeV] 1.281(9) 1.272(7) 1.269(5)

λc3 1.15(5) 1.23(6) 1.26(8)

Table 13 Error budget for the fit scenario M0, (M1,M2)ρ from
one-parameter fits for the parameter displayed in each line and using
the other parameters fixed at their values given in column 4 of Table 11.
The last column compares this with our main result determined from
the pair (M0,M2) in Table 6

&m̂c(m̂c) [MeV] &m̂c(m̂c) [MeV]

Central value 1274.5 1272.4

&#e
J/$ 5.9 4.5

&#e
$(2S) 1.4 0.4

Truncation − 5.9

&λc3 3.0 2.3

Condensates 1.1 1.9

&α̂s(MZ ) 5.4 4.2

Total 8.7 9.0

Table 13 contains the error budget for the uncertainty of
the charm mass in the fit scenario using the moments for
n= 0, 1, and 2 with a correlation between M1 and M2. The
errors are from one-parameter fits with all other parameters
fixed at their best fit values, given in the fourth column of
Table 11.

5 Comparison with previous work

Our result agrees within errors with the previous analysis [5]
where m̂c(m̂c) = 1.289+0.040

−0.045 GeV was found. We traced the
moderate numerical difference to the following individual
shifts:

• The resonance parameters have been updated in recent
years. In particular, the value of #e

J/$ changed from
5.26(37)keV to 5.55(14)keV. The larger electronic
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Table 11 Fit results using the
first three (four) moments with
different scenarios for the
correlation between the
moments (see text)

Constraints (M0,M1,M2)ρ M0, (M1,M2)ρ M0, (M1,M2,M3)ρ
ρ −0.06 −0.05 0.32

m̂c(m̂c) [GeV] 1.275(8) 1.275(8) 1.271(7)

λc3 1.19(8) 1.19(8) 1.19(7)

#e
J/$ [keV] 5.55(14) 5.57(14) 5.57(14) 5.59(14)

#e
$(2S) [keV] 2.36(4) 2.36(4) 2.36(4) 2.36(4)

CG [GeV4] 0.005(5) 0.005(5) 0.005(5) 0.004(5)

α̂s(Mz) 0.1182(16) 0.1178(15) 0.1178(15) 0.1173(15)

+
[
α̂s(Mz) − α̂s(Mz)

exp

&α̂s(Mz)

]2

+
[
CG − Cexp

G

&G

]2

.

Thus, χ2 is a function of six parameters, m̂c(m̂c), λc3 and α̂s
for the continuum part of the moments, the electronic widths
#e
J/$ and #e

$(2S) for the resonance contributions, and CG .
In addition there is the correlation parameter ρ.

We now determine all or a subset of the parameters by
minimizing χ2. First, we observe that without correlations
between the moments, the minimal χ2 is small. This is likely
an indication that the theoretical moments are indeed corre-
lated. Taking into account correlations as described above,
we now determine the correlation parameter ρ from the
condition that χ2

min be equal to the number of degrees of
freedom for each considered fit scenario. Then we deter-
mine the allowed parameter ranges by solving the equation
χ2 = χ2

min + 1.
In Table 11 we collect the results of three typical fit sce-

narios based on the first three (four) moments. Columns 3,4,
and 5 are results of six-parameter fits. In the first case (col-
umn 3) we assume that all three moments are correlated as
described above. In the second case (column 4) we assume
that only the first and the second moments are correlated. For
the results in column 5 we have also included the moment
M3. In this case the uncertainty is slightly smaller, but we
have more confidence in lower moments which are less sen-
sitive to the condensates. Moreover, in this scenario the cor-
relation is larger. The errors are obtained by projecting the
contour χ2 = χ2

min + 1 onto each of the six parameters con-
sidered. We observe that the results for the charm mass as well
as for the continuum parameter λc3 are stable. The other four
parameters are shifted away from their experimental values
only slightly and stay well within their uncertainties. We have
performed additional fits in modified scenarios, e.g., using the
first three and four moments without correlations. We observe
only small shifts in the fitted charm mass of not more than
4 MeV, which is well within our quoted uncertainty. Also fits
with only two moments are stable and the results for m̂c and
λc3 agree within errors. A few typical examples are shown in
Table 12 where no correlation is assumed.

Table 12 Fit results using pairs of the moments without correlation

M0, M1 M0, M2 M0, M3

m̂c(m̂c) [GeV] 1.281(9) 1.272(7) 1.269(5)

λc3 1.15(5) 1.23(6) 1.26(8)

Table 13 Error budget for the fit scenario M0, (M1,M2)ρ from
one-parameter fits for the parameter displayed in each line and using
the other parameters fixed at their values given in column 4 of Table 11.
The last column compares this with our main result determined from
the pair (M0,M2) in Table 6

&m̂c(m̂c) [MeV] &m̂c(m̂c) [MeV]

Central value 1274.5 1272.4

&#e
J/$ 5.9 4.5

&#e
$(2S) 1.4 0.4

Truncation − 5.9

&λc3 3.0 2.3

Condensates 1.1 1.9

&α̂s(MZ ) 5.4 4.2

Total 8.7 9.0

Table 13 contains the error budget for the uncertainty of
the charm mass in the fit scenario using the moments for
n= 0, 1, and 2 with a correlation between M1 and M2. The
errors are from one-parameter fits with all other parameters
fixed at their best fit values, given in the fourth column of
Table 11.

5 Comparison with previous work

Our result agrees within errors with the previous analysis [5]
where m̂c(m̂c) = 1.289+0.040

−0.045 GeV was found. We traced the
moderate numerical difference to the following individual
shifts:

• The resonance parameters have been updated in recent
years. In particular, the value of #e

J/$ changed from
5.26(37)keV to 5.55(14)keV. The larger electronic

123

(0th + 2nd)

49Pere Masjuan ICTP-SAIFR, 30th September 2019



QCD Sum Rules
results for the charm quark mass

50Pere Masjuan

◆

◆

◆

◆

◆

■

■

■

●●

1.22 1.24 1.26 1.28 1.30

Bodenstein ('11)
Dehnadi ('15)

Kiyo ('16)
Chetyrkin ('17)
Narison ('18)

Chakraborty ('14)
Nakayama ('16)
Maezawa ('16)

This Work

m� c (m� c ) [GeV]

ICTP-SAIFR, 30th September 2019



Bottom



QCD Sum Rules
(preliminary)

52Pere Masjuan

zero-mass limit of R(s)

ICTP-SAIFR, 30th September 2019

+
m4

q

s2

 
�6 +


↵s(s)

⇡

�
(. . . ) +


↵s(s)

⇡

�2
(. . . )

!

<latexit sha1_base64="vHnpWZBXhPiEcXSsFB86oZYa4bg="></latexit>

+
m6

q

s3

✓
�8 +


↵s(s)

⇡

�
(. . . )

◆

<latexit sha1_base64="AXcM5AemDDm2ss8FfM99TEa+2oA="></latexit>



QCD Sum Rules

53Pere Masjuan

zero-mass limit of R(s)

For bottom:For charm:

(preliminary)

ICTP-SAIFR, 30th September 2019

+
m4

q

s2

 
�6 +


↵s(s)

⇡

�
(. . . ) +


↵s(s)

⇡

�2
(. . . )

!

<latexit sha1_base64="vHnpWZBXhPiEcXSsFB86oZYa4bg="></latexit>

+
m6

q

s3

✓
�8 +


↵s(s)

⇡

�
(. . . )

◆

<latexit sha1_base64="AXcM5AemDDm2ss8FfM99TEa+2oA="></latexit>



11 12 13 14 15

1.00

1.05

1.10

1.15

s (GeV)

R
b
(s
)

QCD Sum Rules

54Pere Masjuan

massive limit of R(s)
(preliminary)

Rcont
b (s) = 3Q2

b�
b,m
1 (s)

r
1�

4 m̂2
b(2M)

s0

"
1 + �b

3

 
2 m̂2

b(2M)

s0
+

✓
2 m̂2

b(2M)

s0

◆2
!#

<latexit sha1_base64="4nyj2OV4NIDNuYjPqbDUqxuyI2E="></latexit>

ICTP-SAIFR, 30th September 2019

3.8 4.0 4.2 4.4 4.6 4.8 5.0

1.00

1.05

1.10

1.15

s (GeV)

R
c
(s
)

charm threshold region bottom threshold region

mass-less pQCD
massive pQCD

mass-less pQCD
massive pQCD

�
1
(s
)

<latexit sha1_base64="vlcDcG/s6gsRfVMcLBfDCWjIblc="></latexit>

�
1
(s
)

<latexit sha1_base64="vlcDcG/s6gsRfVMcLBfDCWjIblc="></latexit>



QCD Sum Rules

55Pere Masjuan

(preliminary)

0th+1st 0th+2nd 0th+3rd 0th+4th 0th+5th 0th+6th 0th+7th
4.10

4.15

4.20

4.25

4.30

m�
b(
m�
b)
[G
eV

]

ICTP-SAIFR, 30th September 2019



QCD Sum Rules

56Pere Masjuan

(preliminary)

0th+1st 0th+2nd 0th+3rd 0th+4th 0th+5th 0th+6th 0th+7th
4.10

4.15

4.20

4.25

4.30

m�
b(
m�
b)
[G
eV

]

m̂b(m̂b) = 4.188(8)GeV
<latexit sha1_base64="cXFVu87buxepgF5T+2/cVtmbBDs="></latexit>

�b
3 = 1.16(46)

<latexit sha1_base64="kIE+pG2nAX398VXAjefmYuZMDOE="></latexit>

ICTP-SAIFR, 30th September 2019



QCD Sum Rules

57Pere Masjuan

(preliminary)

0th+1st 0th+2nd 0th+3rd 0th+4th 0th+5th 0th+6th 0th+7th
0.4

0.6

0.8

1.0

1.2

1.4

1.6

1.8

λ b

Comparison with 
RExp threshold data:
s y m m e t r i s e d 
asymmetric error

ICTP-SAIFR, 30th September 2019



QCD Sum Rules

58Pere Masjuan

Vacuum polarization

Radiative tails

ISR corrections

BW param for 

[Babar 2009, PRL 102, 012001]

(preliminary)

ICTP-SAIFR, 30th September 2019



QCD Sum Rules

59Pere Masjuan

Errors:
- Stat. error
- Sys. error
- BW inputs

[Babar 2009, PRL 102, 012001]

(preliminary)

Hoang et al     This work

ICTP-SAIFR, 30th September 2019



QCD Sum Rules

60Pere Masjuan

(preliminary)

10.6 10.7 10.8 10.9 11.0 11.1 11.2
0.0

0.1

0.2

0.3

0.4

0.5

0.6

s (GeV)

R
b
(s
)

m̂b(m̂b) = 4.188(8)GeV
<latexit sha1_base64="cXFVu87buxepgF5T+2/cVtmbBDs="></latexit>

pQCD (with mass corr.)

Exp zeroth moment + 6th moment

zeroth moment + 6th moment

ICTP-SAIFR, 30th September 2019



m̂b(m̂b) = 4.188(8)GeV
<latexit sha1_base64="cXFVu87buxepgF5T+2/cVtmbBDs="></latexit>

Conclusions and Outlook

• Using SR technique + zeroth moment (very sensitive to the continuum) + 

data on charm resonances below threshold + continuum exploiting self-

consistency among different moments:

• We confirm the result using SR + global fit using different moments (χ2)          

 Good agreement with other determinations based on SRs and lattice!

• Error sources are understood: seems a clear roadmap for improvements

• Next step: improve the bottom case (more subtle than expected)

Thanks!

m̂c(m̂c) = 1.272(9)GeV
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QCD Sum Rules
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Fig. 4 Data for the ratio R(s) for e+e− → hadrons in the charm
threshold region: Crystal Ball CB86 (green) [28]; BES00, 02, 06, 09
(black, blue, cyan, and red) [29– 32], and CLEO09 (orange) [33]. The
full (red) curve is our parametrization of Rcont

c (s) with λc3 = 1.23 and
m̂c(m̂c) = 1.272 GeV. The inner plot is a zoom into the energy range
2MD0 ≤ √

s ≤ 3.83 GeV

range by numerical integration over the data. In Table 7 we
show the results for the zeroth, first, and second moments
with data taken from Refs. [28,30,31,33]. We display the sep-
arate contributions from each individual collaboration split
into five different energy intervals. These intervals have been
chosen in such a way that none of the published data had to
be split up into smaller segments than originally reported by

the collaborations. The first errors are statistical and the sec-
ond systematic. The statistical errors are uncorrelated. The
systematic errors are taken uncorrelated among different col-
laborations, but completely correlated for data from the same
collaboration. The last part in Table 7 (labeled ‘Total’) shows
the average of the contributions from the different collabo-
rations in each energy interval. The averaging procedure fol-
lows Ref. [36]. This prescription takes the relative weights of
statistical and systematic errors from each collaboration into
account. The breakdown of the total error "tot into statisti-
cal ("stat) and systematic ("sys) contributions can then be
calculated in terms of the statistical ("Ci

stat) and systematic
("Ci

sys) errors of collaboration i contributing to the given
interval as [36]

("stat)
2 =

∑

i

("Ci
stat)

2

⎛

⎝ "tot√
("Ci

stat)
2 + ("Ci

sys)
2

⎞

⎠
4

,

(14)

("sys)
2 =

∑

i

("Ci
sys)

2

⎛

⎝ "tot√
("Ci

stat)
2 + ("Ci

sys)
2

⎞

⎠
4

.

(15)

The final averaged result for the energy range between
2MD0 and

√
s = 4.8 GeV is given in Table 8 up to the fifth

moment. The errors shown there are the combined statistical

Fig. 5 Same as Fig. 4 at different orders of α̂s . For the full (red) curve
we have used λc3 determined from the pair of the moments M0 and M2
at the respective order indicated in the plots with errors as described in

the text, while for the blue bandwe have used λ
c,exp
3 determined from

data and their uncertainties at each order in α̂s
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Consistency among moments
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pQCD (r.h.s.)
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threshold
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Validity of pQCD around threshold
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Role of Belle data
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