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‣ LHC incredibly successful at 7 , 8 & 13 TeV (Runs 1 and II)

‣ Everything SM like (including Higgs)

  

Gluon fusion status
● Leading Order: loop-induced

Triangle Box

Largest sensitivity to λ 
from interference

Large box-triangle 
cancellation at threshold

Glover, van der Bij 88

Mostly top contribution
(bottom effects <1%)

  

● Next-to-Leading Order approximations

 NLO in the Born-improved heavy mt limit (HTL)  +90%

 FTapprox: full mt dependence in real radiation   -10%

 1/mt expansion in virtual corrections   ±10%

● Full NLO corrections       -15% w.r.t. B-i NLO
Borowka, Greiner, Heinrich, Jones, Kerner, Schlenk, Schubert, Zirke 16;
Borowka, Greiner, Heinrich, Jones, Kerner, Schlenk, Zirke 16

Dawson, Dittmaier, Spira 98

Maltoni, Vryonidou, Zaro 14

Grigo, Hoff, Melnikov, Steinhauser 13; Grigo, Hoff, Steinhauser 15

New independent calculation,
see Julien Baglio’s talk

 Two-loop corrections computed numerically using sector decomposition

 Grid+interpolation for fast numerical evaluation

Heavy top limit / HEFT

Born improved:

2/16

arXiv:1212.5581

SM hh Production at the LHC

Production Mode Cross section 
(14 TeV)

ggF-hh 34 fb

VBF-hh ~2 fb

V-hh ~ 1 fb

tt-hh ~ 1 fb

Small in Standard Model.
 - hh production higher order in αEWK 
 - Reduced phase space: 2 heavy particles in final state.
 - Destructive interference among diagrams
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Figure 1: Feynman diagrams for double Higgs production via gluon fusion (an additional contribution comes
from the crossing of the box diagram). The last diagram contains the new non-linear Higgs interaction tt̄hh.

fermions in the spinorial (MCHM4 [27]) and fundamental (MCHM5 [28]) representations one gets

c = d3 =
p

1� ⇠ , c2 = �⇠

2
, MCHM4, spinorial representation , (6)

c = d3 =
1� 2⇠p
1� ⇠

, c2 = �2⇠ , MCHM5, fundamental representation . (7)

Equations (5), (6) and (7) account for the value of the Higgs couplings as due to the non-linearities

of the chiral Lagrangian. The exchange of new heavy particles can however give further corrections

to these expressions. In the following we will neglect these e↵ects since they are parametrically

subleading [37], although they can be numerically important when the top or bottom degree of

compositeness becomes large [38]. This is especially justified considering that in minimal composite

Higgs models with partial compositeness these additional corrections to the couplings do not a↵ect

the gg ! h rate because they are exactly canceled by the contribution from loops of heavy fermions,

as first observed in Refs. [39, 37] and explained in Ref. [38]. For double Higgs production we

expect this cancellation to occur only in the limit of vanishing momentum of the Higgs external

lines. In general, numerically important contributions might come from light top partners (light

custodians). In models with partial compositeness, where the dominant contribution to the Higgs

potential comes from top loops, the presence of light fermionic resonances is essential to obtain

a light Higgs [28, 40]. In particular, mh ' 120 � 130 GeV requires top partners around or below

1 TeV. It would be interesting to analyze in detail their e↵ects on double Higgs production.

3 Double Higgs production via gluon fusion

In the scenario we are considering, the leading-order contributions to the process gg ! hh come

from Feynman diagrams containing a top-quark loop. The three relevant diagrams are shown

in Fig. 1, and can be computed by using the results of Ref. [21]. We have implemented the

automatic computation of the matrix element as one of the processes of the ALPGEN MonteCarlo

generator [35]. The code will be made public with the next o�cial release of ALPGEN, and it allows
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Figure 1: Feynman diagrams for double Higgs production via gluon fusion (an additional contribution comes
from the crossing of the box diagram). The last diagram contains the new non-linear Higgs interaction tt̄hh.
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Example Diagrams
   ggF-hh:

λ

Reference 

13

pp

500 µb−1500 µb−1

80 µb−1

W

81 pb−1

35 pb−1

Z

81 pb−1

35 pb−1

t̄t t
t-chan

WW H

total

VBF

VH

tt̄H

Wt

2.0 fb−1

WZ ZZ t
s-chan

t̄tW t̄tZ

σ
[p

b
]

10−1

1

101

102

103

104

105

106

1011
Theory

LHC pp
√

s = 7 TeV

Data 4.5 − 4.9 fb−1

LHC pp
√

s = 8 TeV

Data 20.3 fb−1

LHC pp
√

s = 13 TeV

Data 0.08 − 13.3 fb−1

Standard Model Total Production Cross Section Measurements Status: August 2016

ATLAS Preliminary

Run 1,2
√

s = 7, 8, 13 TeV
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many jets
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‣Hierarchy, naturalness problems

But…. there should be Physics Beyond the Standard Model (BSM)

‣Lacks description of Quantum Gravity

13 orders of magnitude between lightest and heaviest particle

Gravity is ~40 orders of magnitude weaker than EM in atom

‣No candidate for Dark Matter !!  
    >20% of universe

There are(?) TH candidates, but search is DRIVEN BY EXPERIMENTS now

‣ Matter-antimatter asymmetry

Finer tuning in Higgs sector 

‣ ….
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Search for 
new states 
Resonances
“Descriptive TH”

Search for new
interactions 
Deviations from TH
“Precision TH”

SM

BSM

SM
BSM
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‣Need for precision ~ 1% EXP-TH accuracy (HIGGS very relevant)

Search for 
new states 
Resonances
“Descriptive TH”

Search for new
interactions 
Deviations from TH
“Precision TH”

SM

BSM

SM
BSM
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HL-LHC Projections 
(S2) TH uncertainties scaled down by factor 2, EXP scaled according to

 3

Precision Theory Challenges

0 0.02 0.04 0.06 0.08 0.1 0.12 0.14
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Uncertainty [%]

CMS and ATLAS
HL-LHC Projection

 per experiment-1 = 14 TeV, 3000 fbs
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Theory

2% 4%

0 0.05 0.1 0.15 0.2 0.25

Expected relative uncertainty

γZB

µµB
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ττB
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ZZB

γγB

19.1 

8.2 
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Uncertainty [%]
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HL-LHC Projection
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1902.00134

Precision becomes even more critical 
TH: Do we miss sources of uncertainty? (HTL, EW corr., PDF MHOU, Schemes, …) 
EXP: Do we use the most accurate results? (PS validation, Match/ Merge)

ℒ

TH errors 
may 

dominate
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ℒ
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may 

dominate

‣Precision becomes critical

‣TH: can we improve calculations? are we missing sources of uncertainty?
‣EXP: using the most accurate results?

‣HL-LHC projections ~20 years from now!
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1 Introduction

The Standard Model (SM) of strong and electroweak interactions has been successfully tested
to a great precision [1]. Nevertheless, it is commonly accepted that it constitutes merely an
effective theory which is applicable up to energies not exceeding a certain scale Λ. A field
theory valid above that scale should satisfy the following requirements:

(i) its gauge group should contain SU(3)C × SU(2)L × U(1)Y of the SM,

(ii) all the SM degrees of freedom should be incorporated either as fundamental or composite
fields,

(iii) at low-energies, it should reduce to the SM, provided no undiscovered but weakly coupled
light particles exist, like axions or sterile neutrinos.

In most of beyond-SM theories that have been considered to date, reduction to the SM at
low energies proceeds via decoupling of heavy particles with masses of order Λ or larger. Such
a decoupling at the perturbative level is described by the Appelquist-Carazzone theorem [2].
This inevitably leads to appearance of higher-dimensional operators in the SM Lagrangian that
are suppressed by powers of Λ

LSM = L(4)
SM +

1

Λ

∑

k

C(5)
k Q(5)

k +
1

Λ2

∑

k

C(6)
k Q(6)

k +O

(
1

Λ3

)
, (1.1)

where L(4)
SM is the usual “renormalizable” part of the SM Lagrangian. It contains dimension-two

and -four operators only.1 In the remaining terms, Q(n)
k denote dimension-n operators, and

C(n)
k stand for the corresponding dimensionless coupling constants (Wilson coefficients). Once

the underlying high-energy theory is specified, all the coefficients C(n)
k can be determined by

integrating out the heavy fields.
Our goal in this paper is to find a complete set of independent operators of dimension 5 and 6

that are built out of the SM fields and are consistent with the SM gauge symmetries. We do not
rely on the original analysis of such operators by Buchmüller and Wyler [3] but rather perform
the full classification once again from the outset. One of the reasons for repeating the analysis
is the fact that many linear combinations of operators listed in Ref. [3] vanish by the Equations
Of Motion (EOMs). Such operators are redundant, i.e. they give no contribution to on-shell
matrix elements, both in perturbation theory (to all orders) and beyond [4–9]. Although the
presence of several EOM-vanishing combinations in Ref. [3] has been already pointed out in
the literature [10–13], no updated complete list has been published to date. Our final operator
basis differs from Ref. [3] also in the four-fermion sector where the EOMs play no role.

The article is organized as follows. Our notation and conventions are specified in Sec. 2. The
complete operator list is presented in Sec. 3. Comparison with Ref. [3] is outlined in Sec. 4.
Details of establishing operator bases in the zero-, two- and four-fermion sectors are described
in Secs. 5, 6 and 7, respectively. We conclude in Sec. 8.

1 Canonical dimensions of operators are determined from the field contents alone, excluding possible dimen-

sionful coupling constants. The only dimension-two operator in L(4)
SM is ϕ†ϕ in the Higgs mass term.

1

X3 ϕ6 and ϕ4D2 ψ2ϕ3

QG fABCGAν
µ GBρ

ν GCµ
ρ Qϕ (ϕ†ϕ)3 Qeϕ (ϕ†ϕ)(l̄perϕ)

QG̃ fABCG̃Aν
µ GBρ

ν GCµ
ρ Qϕ! (ϕ†ϕ)!(ϕ†ϕ) Quϕ (ϕ†ϕ)(q̄purϕ̃)

QW εIJKW Iν
µ W Jρ

ν WKµ
ρ QϕD

(
ϕ†Dµϕ

)⋆ (
ϕ†Dµϕ

)
Qdϕ (ϕ†ϕ)(q̄pdrϕ)

QW̃ εIJKW̃ Iν
µ W Jρ

ν WKµ
ρ

X2ϕ2 ψ2Xϕ ψ2ϕ2D

QϕG ϕ†ϕGA
µνG

Aµν QeW (l̄pσµνer)τ IϕW I
µν Q(1)

ϕl (ϕ†i
↔

Dµ ϕ)(l̄pγµlr)

QϕG̃ ϕ†ϕ G̃A
µνG

Aµν QeB (l̄pσµνer)ϕBµν Q(3)
ϕl (ϕ†i

↔

D I
µ ϕ)(l̄pτ

Iγµlr)

QϕW ϕ†ϕW I
µνW

Iµν QuG (q̄pσµνTAur)ϕ̃GA
µν Qϕe (ϕ†i

↔

Dµ ϕ)(ēpγµer)

Q
ϕW̃

ϕ†ϕ W̃ I
µνW

Iµν QuW (q̄pσµνur)τ I ϕ̃W I
µν Q(1)

ϕq (ϕ†i
↔

Dµ ϕ)(q̄pγµqr)

QϕB ϕ†ϕBµνBµν QuB (q̄pσµνur)ϕ̃Bµν Q(3)
ϕq (ϕ†i

↔

D I
µ ϕ)(q̄pτ

Iγµqr)

QϕB̃ ϕ†ϕ B̃µνBµν QdG (q̄pσµνTAdr)ϕGA
µν Qϕu (ϕ†i

↔

Dµ ϕ)(ūpγµur)

QϕWB ϕ†τ IϕW I
µνB

µν QdW (q̄pσµνdr)τ IϕW I
µν Qϕd (ϕ†i

↔

Dµ ϕ)(d̄pγµdr)

QϕW̃B ϕ†τ Iϕ W̃ I
µνB

µν QdB (q̄pσµνdr)ϕBµν Qϕud i(ϕ̃†Dµϕ)(ūpγµdr)

Table 2: Dimension-six operators other than the four-fermion ones.

3 The complete set of dimension-five and -six operators

This Section is devoted to presenting our final results (derived in Secs. 5, 6 and 7) for the basis

of independent operators Q(5)
n and Q(6)

n . Their independence means that no linear combination
of them and their Hermitian conjugates is EOM-vanishing up to total derivatives.

Imposing the SM gauge symmetry constraints on Q(5)
n leaves out just a single operator [20],

up to Hermitian conjugation and flavour assignments. It reads

Qνν = εjkεmnϕ
jϕm(lkp)

TClnr ≡ (ϕ̃†lp)
TC(ϕ̃†lr), (3.1)

where C is the charge conjugation matrix.2 Qνν violates the lepton number L. After the
electroweak symmetry breaking, it generates neutrino masses and mixings. Neither L(4)

SM nor
the dimension-six terms can do the job. Thus, consistency of the SM (as defined by Eq. (1.1)
and Tab. 1) with observations crucially depends on this dimension-five term.

All the independent dimension-six operators that are allowed by the SM gauge symmetries
are listed in Tabs. 2 and 3. Their names in the left column of each block should be supplemented
with generation indices of the fermion fields whenever necessary, e.g., Q(1)

lq → Q(1)prst
lq . Dirac

indices are always contracted within the brackets, and not displayed. The same is true for the

2 In the Dirac representation C = iγ2γ0, with Bjorken and Drell [21] phase conventions.

3

59 operators without flavor structure

• Non-resonant BSM : no new particle observed (too heavy)
• Corrections due to the exchange of new heavy states can be 
parametrized by low-energy effective Lagrangian EFT

Add operators of dimension 6 : gauge invariant, respect basic
conservation laws (CP, L and B numbers), Custodial symmetry, etc

scale of new physics 

consistent approach:
better than using

anomalous couplings
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Outline

• EXP and TH : Precision is the name of the game

pQCD @ LHC
precision   perturbative   production



pQCD @ LHC                                                Daniel de Florian  8

 PDFs

 NLO

 NNLO and even N3LO

 Conclusions

Outline

• EXP and TH : Precision is the name of the game

pQCD @ LHC
precision   perturbative   production
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perturbative partonic cross-section

non-perturbative parton distributions

d� =
X

ab

Z
dxa

Z
dxb fa(xa, µ

2
F )fb(xb, µ

2
F ) ⇥ d�̂ab(xa, xb, Q

2,↵s(µ
2
R)) +O

✓✓
⇤

Q

◆m◆

‣ In the LHC era, QCD is everywhere!

a

b

H, �, Z,W

jet

‣ Require precision for perturbative and non-perturbative contribution

 9

fundamental QCD parameters
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d� =
X

ab

Z
dxa

Z
dxb fa(xa, µ

2
F )fb(xb, µ

2
F ) ⇥ d�̂ab(xa, xb, Q

2,↵s(µ
2
R))

 10

LO
pdfs obtained from a LO analysis  and 1 loop AP
Born level partonic cross section

    obtained from a LO analysis and evolved with 1 loop   αs (mq) β

NLO
pdfs obtained from a NLO analysis and 2 loop AP 

1-loop level partonic cross section

    obtained from a NLO analysis and evolved with 2 loop   αs (mq) β

NNLO
pdfs obtained from a NNLO analysis and 3 loop AP 

2-loop level partonic cross section

    obtained from a NNLO analysis and evolved with 3 loop   αs (mq) β



pQCD @ LHC                                                Daniel de Florian
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LO
pdfs obtained from a LO analysis  and 1 loop AP
Born level partonic cross section

    obtained from a LO analysis and evolved with 1 loop   αs (mq) β

NLO
pdfs obtained from a NLO analysis and 2 loop AP 

1-loop level partonic cross section

    obtained from a NLO analysis and evolved with 2 loop   αs (mq) β

NNLO
pdfs obtained from a NNLO analysis and 3 loop AP 

2-loop level partonic cross section

    obtained from a NNLO analysis and evolved with 3 loop   αs (mq) β

we first multiply it by a penalty factor that depends on the number of points. This is in turn
determined as the 99% confidence level factor from a two sided Student-t distribution. Indeed, if

the distribution of best-fit ↵(k)
s over replicas is Gaussian, then the di↵erence between the sampled

and true central value follows a Student-t distribution with Nrep � 1 degrees of freedom, zero
mean and scale parameter ��/

p
Nrep . A given confidence level around the mean is equal to

the standard deviation ��TCL,(Nrep�1), where TCL,N is the percentile at CL confidence level for
the two-sided confidence factor of the Student-t distribution with N degrees of freedom. Hence,
we choose a 99% confidence level, and we determine Nmin as the value yielding the minimum of
��T0.99,(Nrep�1). Also in this case, the dependence of results on the choice of selection criteria
can be studied a posteriori, and will be discussed in Sect. 3.2.

3 The strong coupling constant from NNPDF3.1

We now present the main result of this work, namely the determination of ↵s (mZ) based on the
methodology discussed in Sect. 2. We first present the best-fit result for ↵s and its experimental
uncertainty, determined through the correlated replica method. We then discuss methodological
and theoretical uncertainties. We finally collect our final result and briefly compare it to other
recent determinations from PDF fits and to the PDG average.

3.1 Best-fit results for ↵s and statistical uncertainty

We have determined ↵s (mZ) both at NLO and NNLO using the methodology and dataset of
the NNPDF3.1 global analysis [16]. The only di↵erence in the fit settings is the theoretical de-
scription of the inclusive jet production datasets at NNLO. Here we use exact NNLO theory [33]
for the ATLAS [34] and CMS [35] inclusive jet measurements at 7 TeV, and discard the other
jet datasets used in NNPDF3.1 for which the NNLO calculation is not available (note that, as in
NNPDF3.1, only ATLAS data in the central rapidity bin are included). To ensure a consistent
comparison, the input datasets of the NLO and NNLO fits are identical, up to small di↵erences
in the kinematical cuts as explained in [16].

Specifically, we determine ↵s by generating a set of 400 data replicas, and from them a set
of 400 c-replicas each with 21 values of ↵s, thus corresponding to a total of 8400 PDF replicas
correlated as discussed in Sect. 2.1. These c-replicas are generated for ↵s (mZ) ranging between
0.106 and 0.130, varied in steps of �↵s = 0.002 between 0.106 and 0.112 and between 0.128 and
0.130, and in steps of �↵s = 0.001 between 0.112 and 0.128, adding up to the total of 21 values.
From these we determine ↵s replicas, which form a representation of the probability distribution
of ↵s.

At NNLO we find
↵NNLO
s (mZ) = 0.11845± 0.00052 (0.4%) . (3.1)

This result is based on a total of Nrep = 379 c-replicas, selected from a starting set of 400 after
batch minimization of three batches, using the minimization and selection methods described in
Sect. 2.2. At NLO we find

↵NLO
s (mZ) = 0.12067± 0.00064 (0.5%). (3.2)

In this case, the sample includes Nrep = 108 c-replicas selected after batch minimization with
two batches. The smaller number of c-replicas selected at NLO is in part explained by the
requirement (see Sect. 2.2) that two batches have converged for the given ↵s value, which is of
course less severe when three batches are available, but the worse quality of the NLO fit also
plays a role since it causes more fits to be discarded by the post-selection criteria.

The uncertainty quoted in Eqs. (3.1) and (3.2) is that obtained using standard NNPDF
methodology, namely, taking the standard deviation over the ↵s replica sample. We have verified
that essentially the same results are obtained if instead we compute the 68% confidence interval.
The uncertainty is obtained in precisely the same way as our PDF uncertainty, to which it
is strongly correlated; it includes the propagated correlated uncertainty from the underlying
data, and uncertainties coming from possible ine�ciencies of the minimization procedure. This
uncertainty is what we refer to as the experimental uncertainty on ↵s (mZ). It will have to
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we first multiply it by a penalty factor that depends on the number of points. This is in turn
determined as the 99% confidence level factor from a two sided Student-t distribution. Indeed, if

the distribution of best-fit ↵(k)
s over replicas is Gaussian, then the di↵erence between the sampled

and true central value follows a Student-t distribution with Nrep � 1 degrees of freedom, zero
mean and scale parameter ��/

p
Nrep . A given confidence level around the mean is equal to

the standard deviation ��TCL,(Nrep�1), where TCL,N is the percentile at CL confidence level for
the two-sided confidence factor of the Student-t distribution with N degrees of freedom. Hence,
we choose a 99% confidence level, and we determine Nmin as the value yielding the minimum of
��T0.99,(Nrep�1). Also in this case, the dependence of results on the choice of selection criteria
can be studied a posteriori, and will be discussed in Sect. 3.2.

3 The strong coupling constant from NNPDF3.1

We now present the main result of this work, namely the determination of ↵s (mZ) based on the
methodology discussed in Sect. 2. We first present the best-fit result for ↵s and its experimental
uncertainty, determined through the correlated replica method. We then discuss methodological
and theoretical uncertainties. We finally collect our final result and briefly compare it to other
recent determinations from PDF fits and to the PDG average.

3.1 Best-fit results for ↵s and statistical uncertainty
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the NNPDF3.1 global analysis [16]. The only di↵erence in the fit settings is the theoretical de-
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comparison, the input datasets of the NLO and NNLO fits are identical, up to small di↵erences
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of ↵s.

At NNLO we find
↵NNLO
s (mZ) = 0.11845± 0.00052 (0.4%) . (3.1)

This result is based on a total of Nrep = 379 c-replicas, selected from a starting set of 400 after
batch minimization of three batches, using the minimization and selection methods described in
Sect. 2.2. At NLO we find

↵NLO
s (mZ) = 0.12067± 0.00064 (0.5%). (3.2)

In this case, the sample includes Nrep = 108 c-replicas selected after batch minimization with
two batches. The smaller number of c-replicas selected at NLO is in part explained by the
requirement (see Sect. 2.2) that two batches have converged for the given ↵s value, which is of
course less severe when three batches are available, but the worse quality of the NLO fit also
plays a role since it causes more fits to be discarded by the post-selection criteria.

The uncertainty quoted in Eqs. (3.1) and (3.2) is that obtained using standard NNPDF
methodology, namely, taking the standard deviation over the ↵s replica sample. We have verified
that essentially the same results are obtained if instead we compute the 68% confidence interval.
The uncertainty is obtained in precisely the same way as our PDF uncertainty, to which it
is strongly correlated; it includes the propagated correlated uncertainty from the underlying
data, and uncertainties coming from possible ine�ciencies of the minimization procedure. This
uncertainty is what we refer to as the experimental uncertainty on ↵s (mZ). It will have to
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αLO
s (mZ) ∼ 0.13
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Figure 3: Comparison of the gluon (upper plots) and up quark (lower plots) PDFs from the CT14,
MMHT14 and NNNPDF3.0 NNLO sets (left plots) and from the CT14, ABM12 and HERAPDF2.0
sets (lower plots). The comparison is performed at a scale of Q2 = 100 GeV2, and results are shown
normalized to the central value of CT14.

amount (around 10%). Here ABM12 agrees reasonably with CT14, except for x � 0.1, where
is substantially smaller.

3.2 PDF luminosities

It is also instructive to examine the parton-parton luminosities [104], which are more closely
related to the predictions for LHC cross-sections. The gluon-gluon and quark-antiquark lumi-
nosities, as a function of the invariant mass of the final state MX , for a center-of-mass energy
of 13 TeV are shown in Fig. 5, where we compare, on the left, the three global fits, NNPDF3.0,
CT14 and MMHT14, and, on the right, CT14 with the fits based on reduced datasets, HERA-
PDF2.0 and ABM12, using for the latter exactly the same settings as in the PDF comparison
plots. All results are shown normalized to the central value of CT14, as before. The corre-
sponding comparison for the quark-quark and gluon-quark PDF luminosities is then shown in
Fig. 6.

The luminosity uncertainty ranges tend to blow-up at low invariant masses (MX  50 GeV)
and high masses (MX � 500 GeV for gg, MX � 1 TeV for qq̄ and MX � 5 TeV for qq), that
is, in the regions that are relatively unconstrained in current global PDF fits. The region of
intermediate final-state invariant masses can be thought of as the domain for precision physics
measurements, where the PDF luminosity uncertainties are less than 5% (at 68% CL). There

17

Most “global” sets show reasonable agreement (others not so much)
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related to the predictions for LHC cross-sections. The gluon-gluon and quark-antiquark lumi-
nosities, as a function of the invariant mass of the final state MX , for a center-of-mass energy
of 13 TeV are shown in Fig. 5, where we compare, on the left, the three global fits, NNPDF3.0,
CT14 and MMHT14, and, on the right, CT14 with the fits based on reduced datasets, HERA-
PDF2.0 and ABM12, using for the latter exactly the same settings as in the PDF comparison
plots. All results are shown normalized to the central value of CT14, as before. The corre-
sponding comparison for the quark-quark and gluon-quark PDF luminosities is then shown in
Fig. 6.

The luminosity uncertainty ranges tend to blow-up at low invariant masses (MX  50 GeV)
and high masses (MX � 500 GeV for gg, MX � 1 TeV for qq̄ and MX � 5 TeV for qq), that
is, in the regions that are relatively unconstrained in current global PDF fits. The region of
intermediate final-state invariant masses can be thought of as the domain for precision physics
measurements, where the PDF luminosity uncertainties are less than 5% (at 68% CL). There
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Most “global” sets show reasonable agreement (others not so much)

PDF4LHC: combination of 3 global 
 in a single combined PDF set

     ~ a few hundred sets to produce uncertainty estimates 

optimized sets of Hessian eigenvectors
 or Monte Carlo replicas

Alternatively, PDF uncertainties in a Monte Carlo set can be computed from the 68%
confidence level. This is achieved by reordering the Nmem = 100 values for the cross-sections
in ascending order, so that we have

�(1)  �(2)  · · ·  �(Nmem�1)  �(Nmem) , (23)

and then the PDF uncertainty computed as the 68% CL interval of will be given by

�pdf� =
�(84) � �(16)

2
. (24)

This definition is suitable wherever departures from the Gaussian regime are sizable, since it
gives the correct statistical weight to outliers. In general, it can be useful to compare results
with the two expressions, Eq. (21) and Eq. (24), and whenever di↵erences are found, use
Eq. (24). In addition, in the non-Gaussian case the mean of the distribution Eq. (22) is not
necessarily the best choice for the central value of the cross-section, and we recommend to use
instead the midpoint of the 68% CL interval, that is

�̄ =
�(84) + �(16)

2
. (25)

Combined PDF+↵s uncertainties. Let us now turn to discuss the computation of the
combined PDF+↵s uncertainties. The PDF4LHC15 combined are based on the following value
of ↵s(m2

Z) and of its associated uncertainty,

↵s(m
2
Z) = 0.1180± 0.0015 , (26)

at the 68% confidence level, and both at NLO and at NNLO. This choice is consistent with
the current PDG average [107], and reflects recent developments towards the updated 2015
PDG average.4 It is then recommended that PDF+↵s uncertainties are determined by first
computing the PDF uncertainty for the central ↵s, using Eqs. (20), (21) or (24), then computing
predictions for the upper and lower values of ↵s, consistently using the corresponding PDF sets,
and finally adding results in quadrature.

Specifically, for the same cross-section � as before, the ↵s uncertainty can be computed as:

�↵s� =
�(↵s = 0.1195)� �(↵s = 0.1165)

2
, (27)

corresponding to an uncertainty �↵s = 0.0015 at the 68% confidence level. Note that Eq. (27)
is to be computed with the central values of the corresponding PDF4LHC15 sets only. Needless
to say, the same value of ↵s(m2

Z) should always be used in the partonic cross-sections and in
the PDFs. The combined PDF+↵s uncertainty is then computed as follows

�PDF+↵s� =
q

(�pdf�)2 + (�↵s�)2 . (28)

The result for any other value of �↵s, as compared to the baseline Eq. (26), can be obtained
from a trivial rescaling of Eq. (27) assuming linear error propagation. That is, if we assume a
di↵erent value for the uncertainty in ↵s,

�̃↵s = r · �̃↵s , �↵s = 0.0015 , (29)

4Preliminary results on the 2015 PDG average for ↵s(m
2
Z) have been presented in https://indico.cern.

ch/event/392530/contribution/1/attachments/1168353/1686119/alphas-CERN2015.pdf.
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PV: looks a bit too optimistic…

New 2019 sets (coming soon) seem to point towards larger uncertainties
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LO, NLO
NNLO, N3LO

PS
Resummation

The perturbative toolkit for precision at colliders
Everything starts with a
 fixed order calculation

EW Automation
LO, NLO

NNLO, N3LO…

d�̂ = ↵n
s d�̂(0) + ↵n+1

s d�̂(1) + ...

‣Partonic cross-section: expansion in ↵s(µ
2
R) ⌧ 1
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LO : number of tools to compute tree level amplitudes

๏ “Brute Force” Feynman Diagrams
๏ Recursive relations :  Berends-Giele, BCFW

Fully automated calculations for very large multiplicities
MADGRAPH, HELAC-PHEGAS, ALPGEN, SHERPA, ComHep, COMIX,...

Born Cross section

✓ Born level: simpler to integrate calculation to parton showers

In most cases, LO not enough for precision physics

σLO =

∫
m

|M(0)({pi})|
2Fm({pi})dΦm

 Measurement function Tree level matrix  element Phase space

S
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Why higher order corrections?
‣ Large Corrections : check PT
      shape and normalization ↵s ⇠ 0.1 slow convergence

� =�(0)(1 + 0.89 + 0.55 + 0.3 + ...)
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ŝ
−

M
2H

+
iM

H
Γ

H
,

C
✷

=
1,

F
△

→
23
,

F
✷
→

−
23
,

G
✷

→
0,

(15)

w
ith

th
e

trilin
ear

cou
p
lin

g
λ

H
H

H
=

3M
2H
/M

2Z
.

(ii)
M

S
S
M

:

T
h
e

cou
p
lin

gs
for

th
e

p
rocesses

gg
→

φ
1 φ

2
are

gen
erically

d
efi

n
ed

as
(φ

,φ
i

=
h
,H

,A
)

C
φ△

=
λ

φ
1 φ

2 φ
M

2Z

ŝ
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Why higher order corrections?
‣ Large Corrections : check PT
      shape and normalization ↵s ⇠ 0.1 slow convergence

‣ Extra radiation : more partons result in better TH/EXP matching

What NNLO might give you

✓ Reduced renormalisation scale dependence

✓ Event has more partons in the final state so perturbation theory can start to
reconstruct the shower
⇒ better matching of jet algorithm between theory and experiment

LO NLO NNLO
✓ Reduced power correction as higher perturbative powers of 1/ ln(Q/Λ) mimic

genuine power corrections like 1/Q
– p. 23

Description of jets, transverse momentum, etc
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‣ Accurate Theoretical Predictions         

⇥(p1, p2) =
�

a,b

⇥ 1

0
dx1

⇥ 1

0
dx2 fa/h1(x1, µ

2
F ) fb/h2(x2, µ

2
F ) � ⇤̂ab(x1p1, x2p2,�s(µ2

R), µ2
R, µ2

F )

µR

µF

Renormalization scale

Factorization scale

•(naive) estimate of size of 
  missing higher orders

Scale dependence considerably 
reduced at higher orders Anastasiou et al

Drell-Yan

sensible QCD “starts” at NLO
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‣ Opening of new channels

but      Luminosity O(↵2
s) ggO(↵0

s) but      Luminosity qq̄

๏ Diphoton production : main background to Higgs search

but      Luminosity O(↵s) qg

Sometimes new channels at higher order provide large corrections 
due to parton luminosity (pdf, non-perturbative-pertubative interplay)

Box (subset of NNLO) known to be as large as Born!production��
Dicus, Willenbrock
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  Enormous progress in getting NLO predictions for 
2�(4,5,6!) processes over the last years 

  Made possible by   
  Improved techniques for loop amplitudes 
  Crucial: a high level of automation 

Brookhaven Forum 2013 5 Aude Gehrmann-De Ridder 

NLO Multi-parton production  
One-loop calculations

✤ These developments of one-loop technology lead to  
a serious accomplishment -- NLO QCD predictions 
are now available for major collider processes,  
making rich phenomenology possible 

✤ multiple jets ( up to 4)

✤ a gauge boson and up to 5 (!) jets

✤ multiple gauge bosons in association with up to 
2 jets ( up to VV+2jets)

✤ top quarks in association with jets (up to two) 
and gauge photons (W,Z,photon)

✤ Higgs and up to two jets

  

Progress with NLO computations

● In the past three-four years, dramatic developments occurred in the field of next-to-leading 
order calculations for the LHC.  We were so successful, that the famous NLO wish-list has 
been officially closed by Joey Huston as of May 2012

NLO predictions are currently available  for 
major production channels: 

 1) multiple jets (up to 4 jets )

2)  a gauge boson and up to 5 jets

3) multiple gauge bosons in association with 
jets ( up to VV + 2j)

4)  top quarks in association with jets (up to 
two) and gauge bosons (W,Z, photon)

5) Higgs and jets

Bern, Dixon, Kosower, Berger, Forde, Maitre, Febres-Cordero, Bern, Dixon, Kosower, Berger, Forde, Maitre, Febres-Cordero, 
Gleisberg, Papadopoulos, Ossola, Pittau, Czakon, Worek, Gleisberg, Papadopoulos, Ossola, Pittau, Czakon, Worek, 
Bevilacqua, Ellis, Kunszt, Giele, Zanderighi, Melia, Rountsh, Bevilacqua, Ellis, Kunszt, Giele, Zanderighi, Melia, Rountsh, 
Denner, Dittmaier, Pozzorini, KallweitDenner, Dittmaier, Pozzorini, Kallweit

C
L
O
S
E
D

Wednesday, March 20, 13

K. Melnikov,  MITP, 2013 
 

13 2012:  NLO  W+5j [BlackHat, preliminary] [unitarity] 

G. Salam, La Thuile 2012 

The NLO revolution

Revolution in calculation of 1-loop amplitudes

‣Feynmanian approach  Improvements in decomposition and reduction

‣Unitarian approach  Use multi-particle cuts from generalized unitarity 

OPP Ossola, Papadopoulos, Pittau

decomposition at the integrand level
“algebraic problem”

‣Bottleneck was in the virtual contribution : large multiplicities
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‣ Final goal: Really automatic NLO calculations

zero cost for humans

• in a few years a number of codes 

‣ Automatic NLO calculation “conceptually” solved

HELAC-NLO, Rocket, BlackHat+SHERPA, GoSam+SHERPA/MADGRAPH,
NJet+SHERPA, Madgraph5-aMC@NLO, RECOLA, OpenLoops+SHERPA
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‣ Final goal: Really automatic NLO calculations

zero cost for humans

• in a few years a number of codes 

‣ Automatic NLO calculation “conceptually” solved

HELAC-NLO, Rocket, BlackHat+SHERPA, GoSam+SHERPA/MADGRAPH,
NJet+SHERPA, Madgraph5-aMC@NLO, RECOLA, OpenLoops+SHERPA

Example: pp→tt+j

How easy is NLO these days?

[Dittmaier, Uwer, Weinzierl (2007)]

(+ decays) [Schulze, Melnikov (2009)]

e.g. MadGraph5_aMC@NLO v2.1.1 
[Alwall et al. 1405.0301]
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import model loop_sm-no_b_mass

define p = g u u~ c c~ d d~ s s~ b b~

define j = g u u~ c c~ d d~ s s~ b b~

generate p p > t~ t j [QCD]

output my_pp_ttj

calculate_xs NLO

total cross section ~ 30 mins (20 cores)
generation time ~ 5 mins

Z
�++++

12⇤34⇤ =
2(Ds � 2)st2

h12ih23ih34ih41i
I12⇤34⇤[µ

2

11
] +O(✏)

Z
���++

12⇤34⇤ =
h12i3

h23ih34ih41i

�
2(Ds � 2)t I12⇤34⇤[µ

2

11
] + 4st I12⇤34⇤[µ11]� s2t I12⇤34⇤[1]

�
+O(✏)

Z
��+++

12⇤34⇤ =
1

[12]h23ih34i[41]h13i2

⇣
(Ds � 2)

⇣
2s2tu I12⇤34⇤

⇥
µ2

11

⇤

+
1

2
s3 I12⇤34⇤

⇥
µ11t

2 + 8
�
µ11x

2

13
+ µ11x21x13

�
+ 4 (µ12 + µ22) x

2

13

⇤

+ 2s2t I12⇤34⇤
⇥
�µ11x13 (s+ 2x13 + 4x21) + 4µ11x

2

13
+ 8µ11x21x13

⇤
+ 4st2 I12⇤34⇤

⇥
µ11x

2

13

⇤⌘

+ s3 (Ds � 6) I12⇤34⇤
⇥
µ22 (t� 2x13)

2
⇤
+ 8s2(s+ 2t) I12⇤34⇤ [µ12x13x21]

⌘
+O(✏)

A[P ]

5
(1+, 2+, 3+; 4+, 5+) =

i

h12ih23ih34ih45ih51i

⇣
c431I431[F1]

+ cT
431

I431
⇥
F1 (k1 + p5)

2
⇤
+ c331;M1I331;M1 [F1] + c331;M2I331;M2 [F1] + c331;5LI331;5L [F1]

+ c430
�
s23I430

⇥
F3 ((k1 + k2)

2 + s45)
⇤
+ I430

⇥
F3 ((k1 + k2)

2 + s45) 2(k1 · !123)
⇤�

+ c330;M1I330;M1

⇥
F3 ((k1 + k2)

2 + s45)
⇤
+ c330;M2I330;M2

⇥
F3 ((k1 + k2)

2 + s45)
⇤

+ ca
330;5L

I330;5L [F3 N1(k1, k2, 1, 2, 3, 4, 5)] + cb
330;5L

I330;5L [F3 N2(k1, k2, 1, 2, 3, 4, 5)]

+ cc
330;5L

I330;5L [F3 N2(k2, k1, 5, 4, 3, 2, 1)] + cd
330;5L

I330;5L
⇥
F3 (k1 + k2)

2
⇤⌘

import model loop_sm-no_b_mass

define p = g u u~ c c~ d d~ s s~ b b~

define j = g u u~ c c~ d d~ s s~ b b~

generate p p > t~ t j [QCD]

output my_pp_ttj

calculate_xs NLO

p
s = 14TeV pT,j > 20GeV kT alg. R = 1

Nf = 5 mt = 174GeV CTEQ6M

�NLO

pp!t̄tj
(µR = µF = mt) = 690(5)+�

Z
�++++

12⇤34⇤ =
2(Ds � 2)st2

h12ih23ih34ih41i
I12⇤34⇤[µ

2

11
] +O(✏)

Z
���++

12⇤34⇤ =
h12i3

h23ih34ih41i

�
2(Ds � 2)t I12⇤34⇤[µ

2

11
] + 4st I12⇤34⇤[µ11]� s2t I12⇤34⇤[1]

�
+O(✏)

Z
��+++

12⇤34⇤ =
1

[12]h23ih34i[41]h13i2

⇣
(Ds � 2)

⇣
2s2tu I12⇤34⇤

⇥
µ2

11

⇤

+
1

2
s3 I12⇤34⇤

⇥
µ11t

2 + 8
�
µ11x

2

13
+ µ11x21x13

�
+ 4 (µ12 + µ22) x

2

13

⇤

+ 2s2t I12⇤34⇤
⇥
�µ11x13 (s+ 2x13 + 4x21) + 4µ11x

2

13
+ 8µ11x21x13

⇤
+ 4st2 I12⇤34⇤

⇥
µ11x

2

13

⇤⌘

+ s3 (Ds � 6) I12⇤34⇤
⇥
µ22 (t� 2x13)

2
⇤
+ 8s2(s+ 2t) I12⇤34⇤ [µ12x13x21]

⌘
+O(✏)

A[P ]

5
(1+, 2+, 3+; 4+, 5+) =

i

h12ih23ih34ih45ih51i

⇣
c431I431[F1]

+ cT
431

I431
⇥
F1 (k1 + p5)

2
⇤
+ c331;M1I331;M1 [F1] + c331;M2I331;M2 [F1] + c331;5LI331;5L [F1]

+ c430
�
s23I430

⇥
F3 ((k1 + k2)

2 + s45)
⇤
+ I430

⇥
F3 ((k1 + k2)

2 + s45) 2(k1 · !123)
⇤�

+ c330;M1I330;M1

⇥
F3 ((k1 + k2)

2 + s45)
⇤
+ c330;M2I330;M2

⇥
F3 ((k1 + k2)

2 + s45)
⇤

+ ca
330;5L

I330;5L [F3 N1(k1, k2, 1, 2, 3, 4, 5)] + cb
330;5L

I330;5L [F3 N2(k1, k2, 1, 2, 3, 4, 5)]

+ cc
330;5L

I330;5L [F3 N2(k2, k1, 5, 4, 3, 2, 1)] + cd
330;5L

I330;5L
⇥
F3 (k1 + k2)

2
⇤⌘

import model loop_sm-no_b_mass

define p = g u u~ c c~ d d~ s s~ b b~

define j = g u u~ c c~ d d~ s s~ b b~

generate p p > t~ t j [QCD]

output my_pp_ttj

calculate_xs NLO

p
s = 14TeV pT,j > 20GeV kT alg. R = 1

Nf = 5 mt = 174GeV CTEQ6M

�NLO

pp!t̄tj
(µR = µF = mt) = 687(7)+23

�58
pb

Example: pp→tt+j

How easy is NLO these days?

[Dittmaier, Uwer, Weinzierl (2007)]

(+ decays) [Schulze, Melnikov (2009)]

e.g. MadGraph5_aMC@NLO v2.1.1 
[Alwall et al. 1405.0301]
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Example: pp→tt+j

How easy is NLO these days?

[Dittmaier, Uwer, Weinzierl (2007)]

(+ decays) [Schulze, Melnikov (2009)]

e.g. MadGraph5_aMC@NLO v2.1.1 
[Alwall et al. 1405.0301]
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2(Ds � 2)t I12⇤34⇤[µ

2

11
] + 4st I12⇤34⇤[µ11]� s2t I12⇤34⇤[1]

�
+O(✏)

Z
��+++

12⇤34⇤ =
1

[12]h23ih34i[41]h13i2

⇣
(Ds � 2)

⇣
2s2tu I12⇤34⇤

⇥
µ2

11

⇤

+
1

2
s3 I12⇤34⇤

⇥
µ11t

2 + 8
�
µ11x

2

13
+ µ11x21x13

�
+ 4 (µ12 + µ22) x

2

13

⇤

+ 2s2t I12⇤34⇤
⇥
�µ11x13 (s+ 2x13 + 4x21) + 4µ11x

2

13
+ 8µ11x21x13

⇤
+ 4st2 I12⇤34⇤

⇥
µ11x

2

13

⇤⌘

+ s3 (Ds � 6) I12⇤34⇤
⇥
µ22 (t� 2x13)

2
⇤
+ 8s2(s+ 2t) I12⇤34⇤ [µ12x13x21]

⌘
+O(✏)

A[P ]

5
(1+, 2+, 3+; 4+, 5+) =

i

h12ih23ih34ih45ih51i

⇣
c431I431[F1]

+ cT
431

I431
⇥
F1 (k1 + p5)

2
⇤
+ c331;M1I331;M1 [F1] + c331;M2I331;M2 [F1] + c331;5LI331;5L [F1]

+ c430
�
s23I430

⇥
F3 ((k1 + k2)

2 + s45)
⇤
+ I430

⇥
F3 ((k1 + k2)

2 + s45) 2(k1 · !123)
⇤�

+ c330;M1I330;M1

⇥
F3 ((k1 + k2)

2 + s45)
⇤
+ c330;M2I330;M2

⇥
F3 ((k1 + k2)

2 + s45)
⇤

+ ca
330;5L

I330;5L [F3 N1(k1, k2, 1, 2, 3, 4, 5)] + cb
330;5L

I330;5L [F3 N2(k1, k2, 1, 2, 3, 4, 5)]

+ cc
330;5L

I330;5L [F3 N2(k2, k1, 5, 4, 3, 2, 1)] + cd
330;5L

I330;5L
⇥
F3 (k1 + k2)

2
⇤⌘

import model loop_sm-no_b_mass

define p = g u u~ c c~ d d~ s s~ b b~

define j = g u u~ c c~ d d~ s s~ b b~

generate p p > t~ t j [QCD]

output my_pp_ttj

calculate_xs NLO

p
s = 14TeV pT,j > 20GeV kT alg. R = 1

Nf = 5 mt = 174GeV CTEQ6M

�NLO

pp!t̄tj
(µR = µF = mt) = 687(7)+23

�58
pb

How easy is NLO these days? 
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‣ Better stability

Multi-jet production
Njet+Sherpa (Badger, Biedermann, Uwer, Yundin) 

pp ! 5 jets atNLO

3

ds̄V
n

denotes the finite part of the virtual corrections, ds̄I
n

the
finite part of the integrated subtraction terms together with the
contribution from the factorization and dsRS

n+1 the real cor-
rections combined with the subtraction terms. For the com-
putation of ds̄I

n
and dsRS

n
we use Sherpa which provides a

numerical implementation of the Catani-Seymour subtraction
scheme. The required tree-level amplitudes are, as in the LO
case, computed with Comix as part of the Sherpa framework.

The necessary one-loop matrix elements for the virtual cor-
rections ds̄V

n
are evaluated with the publicly available NJET1

package [1]. NJET uses an on-shell generalized unitarity
framework [30–33] to compute multi-parton one-loop prim-
itive amplitudes from tree-level building blocks. An accu-
rate numerical implementation is achieved using the integrand
reduction procedure of OPP [34]. The algorithm is based
on the NGLUON library [11] following the description of D-
dimensional generalized unitarity presented in Refs. [35, 36]
and using Berends-Giele recursion [37] for efficient numer-
ical evaluation of tree-level amplitudes. For a more detailed
description of the employed methods and the usage of the pro-
gram, we refer to Refs. [1, 11]. The scalar loop integrals are
obtained via the QCDLOOP/FF PACKAGE [38, 39]. We note
that NJET is so far the only publicly available tool that is able
to compute all one-loop seven-point matrix-elements that con-
tribute to five-jet production in hadronic collisions. For refer-
ence numerical evaluations of the one-loop matrix elements at
a single phase-space point have been presented previously [1].

III. RESULTS FOR 5-JET PRODUCTION AT THE LHC AT
7 AND 8 TEV

A. Numerical setup

As mentioned earlier we use the Sherpa Monte-Carlo event
generator [26] to handle phase-space integration and gen-
eration of tree-level and Catani-Seymour dipole subtraction
terms using the colour dressed formalism implemented in
Comix [27, 28]. The virtual matrix elements are interfaced
using the Binoth Les Houches Accord [40, 41].

To combine partons into jets we use the anti-kt jet clustering
algorithm as implemented in FASTJET [42, 43]. Furthermore
asymmetric cuts on the jets ordered in transverse momenta,
pT , are applied to match the ATLAS multi-jet measurements
[7]:

p
j1
T
> 80 GeV, p

j�2
T

> 60 GeV, R = 0.4. (6)

The PDFs are accessed through the LHAPDF interface
[44] with all central values using NNPDF2.1 [45] for LO
(as(MZ) = 0.119) and NNPDF2.3 [46] for NLO (as(MZ) =
0.118) if not mentioned otherwise.

Generated events are stored in Root Ntuple format [47]
which allows for flexible analysis. Renormalization and fac-
torization dependence can be re-weighted at the analysis level

1 To download NJET visit the project home page at
https://bitbucket.org/njet/njet/.

as well as the choice of PDF set. Since the event generation
of high multiplicity processes at NLO is computationally in-
tensive analysis of PDF uncertainties and scale choices would
be prohibitive without this technique.

B. Numerical results

In this section we present the numerical results for total
cross sections and selected2 distributions at centre-of-mass
energies of 7 and 8 TeV. Within the setup described in the
previous section we have chosen the renormalization and fac-
torization scales to be equal µr = µ f = µ and use a dynamical
scale based on the total transverse momentum bHT of the final
state partons:

bHT =
Nparton

Â
i=1

p
parton
T,i . (7)

We then obtain the 5-jet cross section at 7 TeV,

µ s7TeV-LO
5 [nb] s7TeV-NLO

5 [nb]
bHT/2 0.699(0.004) 0.544(0.016)
bHT 0.419(0.002) 0.479(0.008)
bHT/4 1.228(0.006) 0.367(0.032)

where numerical integration errors are quoted in parentheses.
We show the values of the cross section at three values of the
renormalization scale, µ = x bHT/2 where x = 0.5,1,2. We ob-
serve significant reduction in the residual scale dependence
when including NLO corrections. Within the chosen scale
band, the LO predictions lie within a range of 0.810 nb while
at NLO the range is 0.177 nb. The analagous results at 8 TeV
are shown below.

µ s8TeV-LO
5 [nb] s8TeV-NLO

5 [nb]
bHT/2 1.044(0.006) 0.790(0.021)
bHT 0.631(0.004) 0.723(0.011)
bHT/4 1.814(0.010) 0.477(0.042)

In Fig. 1 the scale dependence of the leading order and next-
to-leading order cross section is illustrated. The dashed black
line indicates µ = bHT/2. The horizontal bands show the vari-
ation of the cross section for a scale variation between bHT/4
and bHT . The uncertainty due to scale variation is roughly
reduced by a factor of one third. Furthermore we see that
around µ = bHT/2 the NLO cross section is flat indicating that
µ = bHT/2 is a reasonable choice for the central scale. This is
further supported by the fact that for µ = bHT/2 the NLO cor-
rections are very small. It is also interesting to observe that

2 The complete set of results presented in this section together with ad-
ditional distributions for 7 and 8 TeV can be obtained from https://
bitbucket.org/njet/njet/wiki/Results/Physics.

5

µ s7TeV-NLO
2 [nb] s7TeV-NLO

3 [nb] s7TeV-NLO
4 [nb]

bHT /2 1175(3) 52.5(0.3) 5.65(0.07)
bHT 1046(2) 54.4(0.2) 5.36(0.04)
bHT /4 1295(4) 33.2(0.4) 3.72(0.12)

TABLE II. Results for two, three and four-jet production with the
same setup as in the five-jet case. All values in units of nb.

µ s7TeV-LO
6 [nb] s8TeV-LO

6 [nb]
bHT/2 0.0496(0.0005) 0.0844(0.0010)
bHT 0.0263(0.0003) 0.0452(0.0005)
bHT/4 0.0992(0.0011) 0.1673(0.0021)

where the NNPDF2.3 NLO PDF set with as = 0.118 has been
used. The jet rates have been measured recently by ATLAS
using the 7 TeV data set [7]. In Fig. 3 we show the data

102

103

104

105

106

�
(p
b)

NJet + Sherpa
pp! jets at 7 TeV

LO

NLO
ATLAS data
CERN-PH-EP-2011-098

2 3 4 5 6
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T
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y
/
da
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FIG. 3. Cross sections for 2-, 3-, 4-, 5- and 6-jet production in
leading and next-to-leading order as calculated with NJET as well
as results from ATLAS measurements [7]. All LO quantities use
NNPDF2.1 with as(MZ) = 0.119. NLO quantities use NNPDF2.3
with as(MZ) = 0.118, the 6-jet cross section is only avaiable LO
accuracy.

together with the theoretical predictions in leading and next-
to-leading order. In case of the six jet rate only LO results
are shown. In the lower plot the ratio of theoretical predic-
tions with respect to data is given. With exception of the two
jet cross section the inclusion of the NLO results improves
significantly the comparison with data. For the higher mul-
tiplicities where NLO predictions are available the ratio be-
tween theory and data is about 1.2�1.3. Given that inclusive

cross sections are intrinsically difficult to measure we con-
sider this agreement as remarkable good. In particular for
three-, four- and five-jet production the theoretical predictions
agree within the uncertainties with the data. One should also
keep in mind that a one per cent uncertainty of the collider en-
ergy may lead to sizeable changes in the cross sections. (For
example, the inclusive cross section for top-quark pair produc-
tion changes by about 3% when the energy is changed from
7 TeV to (7±0.07) TeV.) Instead of studying inclusive cross
sections it is useful to consider their ratios since many theo-
retical and experimental uncertainties (i.e. uncertainties due
to luminosity, scale dependence, PDF dependence etc.) may
cancel between numerator and denominator. In particular one
may consider

Rn =
s(n+1)-jet

sn-jet
. (9)

This quantity is in leading order proportional to the QCD cou-
pling as and can be used to determine the value of as from
jet rates. In Fig. 4 we show QCD predictions in NLO using

FIG. 4. Theoretical predictions for the jet ratios Rn compared with
recent ATLAS measurements [7]. Theoretical predictions are made
with the central values of the 4 listed PDF sets with NLO as running.
as(mZ) = 0.118 for NNPDF2.3, CT10 and ABM11 and as(mZ) =
0.120 for MSTW2008

different PDF sets together with the results from ATLAS. The
results obtained from NNPDF2.3 are also collected in Tab. III
where, in addition, the ratios at leading order (using the LO
setup with NNPDF2.1) are shown. In case of R3 and R4 per-
turbation theory seems to provide stable results. The leading
order and next-to-leading order values differ by less than 10%.
In addition NNPDF [46], CT10 [48] and MSTW08 [49] give
compatible predictions. ABM11 [50] gives slightly smaller

‣Still limitations in numerical accuracy for processes with many 
particles (>4) in final state

‣NLO in very good
  agreement with data!
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‣Not everything solved at NLO yet… but constant progress

Automated EW corrections

BSM (arbitrary, higher dimensional operators, etc)

results for inclusive and two-jet distributions have been available since the early 1990’s [3–

6]. The first complete next-to-NLO (NNLO) QCD predictions have appeared only very

recently [7]. As a rule of thumb based on the values of the respective coupling constants,

NNLO QCD e↵ects (O(↵4
S)) have the same numerical impact as the so-called NLO ones

in the electroweak (EW) theory (O(↵2
S↵)). Partial pure-weak contributions to the latter

had been computed in refs. [8, 9], and the complete weak results published in ref. [10].

The rationale for ignoring the NLO EW corrections of electromagnetic origin, which to the

best of our knowledge have not been calculated so far, is the possible enhancement of weak

contributions due to the growth of logarithmic terms of Sudakov origin in certain regions

of the phase space associated with large scales [11–14], in particular at high transverse mo-

menta. Incidentally, such Sudakov e↵ects can also be responsible for large violations of the

natural hierarchy of QCD and EW corrections, with NLO EW ones becoming significantly

larger than their NNLO QCD counterparts and competitive with the NLO QCD results.

Motivated by the previous considerations, in this paper we present the computation

of all the leading and next-to-leading order contributions to the dijet cross section in a

mixed QCD-EW coupling scenario. In other words, we compute all the terms in the

perturbative series that factorise the coupling-constant combinations ↵n
S↵

m, with n+m = 2

(leading order, LO) and n +m = 3 (NLO). Thus, we calculate here for the first time the

O(↵2
S↵) electromagnetic contribution, and the two NLO terms of O(↵S↵

2) and O(↵3). Our

computations are carried out in the MadGraph5 aMC@NLO framework [15] (MG5 aMC

henceforth), and are completely automated; this work therefore constitutes a further step

in the validation of the MG5 aMC code, in a case that requires the subtraction of QED

infrared singularities which is significantly more involved than that studied in ref. [16]. We

also take the opportunity to discuss issues that arise when one defines jets in the presence

of final-state photon and leptons.

This paper is organised as follows. In sect. 2 we outline the contents of our computation

and the general features of the framework in which it is performed. The problem of the

definition of jets in the context of higher-order EW calculations is discussed in sect. 3.

Phenomenological results for the LHC Run II are given in sect. 4. Finally, we present our

conclusions in sect. 5.

2 Calculation setup

A generic observable in two-jet hadroproduction can be written as follows:

⌃(LO)

jj (↵S,↵) = ↵
2

S ⌃2,0 + ↵S↵⌃2,1 + ↵
2⌃2,2

⌘ ⌃LO1
+ ⌃LO2

+ ⌃LO3
, (2.1)

⌃(NLO)

jj (↵S,↵) = ↵
3

S ⌃3,0 + ↵
2

S↵⌃3,1 + ↵S↵
2⌃3,2 + ↵

3⌃3,3

⌘ ⌃NLO1
+ ⌃NLO2

+ ⌃NLO3
+ ⌃NLO4

, (2.2)

at the LO and NLO respectively. The notation we adopt throughout this paper is fully

analogous to that of refs. [15–17]. We refer the reader, in particular, to ref. [17] for a detailed

discussion on the physical meaning of the terms that appear in eqs. (2.1) and (2.2), and

– 2 –

‣QCD dominant (except very large pT)
‣Coupling hierarchy ~ respected
‣Large cancellations in EW contributions

Sherpa+Recola

Loop induced Processes gg ! V V

‣Enhanced by gluon luminosity
‣Corrections for gg channel usually large (color, logs)

F. Caola, et al (2015-2016)
J. Campbell, K. Ellis, M. Czakon, S. Kirchner (2015)

~Automated! BSM@NLO+aMC@NLO
MadGolem

 Parton Showers @NLO
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THE NNLO STANDARD
NNLO hadron-collider calculations v. time
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pT_Z, Gehrmann-De Ridder, et al.
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ptw, Gehrmann et al. 
MATRIX at NNLO, Grazzini et al 

Explosion of calculations 
starting in 2014

2010

2012

2014

2016

2018

2008
20062004

2002

1990

Slide inspired in Gavin Salam’s talk
ZZ, G. Heinrich, et al.

VBF diif. J. Cruz-Martinez, et al.
from L. Cieri

The NNLO revolution
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Sector decomposition

Antennae subtraction

Sector-Improved residue subtraction

CoLorFul subtraction

Projection-to-Born

Anastasiou, Melnikov, Petriello; Binoth, Heinrich

Gehrmann, Gehrmann-de Ridder, Glover

Czakon, Boughezal, Melnikov, Petriello

Del Duca, Somogyi, Trocsanyi

Cacciari, Dreyer, Karlberg, Salam, Zanderighi

different approaches to deal with divergences

qT-subtraction

N-jettiness subtraction

Catani, Grazzini; Catani, Cieri, deF, Ferrera, Grazzini

Boughezal, Focke, Liu, Petriello; 
Gaunt, Stahlhofen, Tackmann, Walsh

Anatomy of a NNLO calculation e.g. pp to JJ

✓ double real radiation matrix elements dσ̂RR
NNLO

✓ implicit poles from double unresolved emission

✓ single radiation one-loop matrix elements dσ̂RV
NNLO

✓ explicit infrared poles from loop integral
✓ implicit poles from soft/collinear emission

✓ two-loop matrix elements dσ̂V V
NNLO

✓ explicit infrared poles from loop integral
✓ including square of one-loop amplitude

dσ̂NNLO ∼
∫

dΦ
m+2

dσ̂RR
NNLO +

∫

dΦ
m+1

dσ̂RV
NNLO +

∫

dΦm

dσ̂V V
NNLO

– p. 25
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Anatomy of a NNLO calculation e.g. pp to JJ

✓ double real radiation matrix elements dσ̂RR
NNLO

✓ implicit poles from double unresolved emission

✓ single radiation one-loop matrix elements dσ̂RV
NNLO

✓ explicit infrared poles from loop integral
✓ implicit poles from soft/collinear emission

✓ two-loop matrix elements dσ̂V V
NNLO

✓ explicit infrared poles from loop integral
✓ including square of one-loop amplitude

dσ̂NNLO ∼
∫

dΦ
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dσ̂RR
NNLO +

∫

dΦ
m+1

dσ̂RV
NNLO +

∫

dΦm

dσ̂V V
NNLO

– p. 25

‣ 2 loop ‣ 1 loop + single emission ‣ Double real emission
Degree of complexity at NNLO
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J.Currie et al (2017)

pp ! 2 jets
3
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FIG. 3: NLO/LO (blue), NNLO/NLO (red) and NNLO/LO
(purple) K-factors double di↵erential in mjj and |y⇤|. Bands
represent the scale variation of the numerator. NNLO PDFs
are used for all predictions.

the data across the entire kinematic range in mjj and
|y⇤|, with up to seven orders of magnitude variation in
the cross section. The total NNLO prediction shown in
Fig. 2 is the sum of LO, NLO and NNLO contributions.
We can understand the relative shift in the theoretical
prediction from each perturbative correction by examin-
ing the K-factors shown in Fig. 3. We observe moderate
NLO/LO corrections from +10% at low mjj and |y⇤| to
+50-70% at highmjj and high |y⇤|. The NNLO/NLOK-
factors are typically < 10% in magnitude and relatively
flat, although they alter the shape of the prediction at
low mjj and low |y⇤|.

To emphasize the size and shape of the NNLO correc-
tion, in Fig. 4 we show the distributions normalized to
the NLO prediction. On the same plot we show the pub-
lished ATLAS data, also normalized to the NLO theory
prediction. We observe good agreement with the NNLO
QCD prediction across the entire dynamical range in mjj

and |y⇤| and a significant improvement in the description
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FIG. 4: The NLO (blue) and NNLO (red) theory predictions
and ATLAS data normalized to the NLO central value. The
bands represent the variation of the theoretical scales in the
numerator by factors of 0.5 and 2. Electroweak e↵ects are
implemented as a multiplicative factor and shown separately
as the green dashed line.

of the data for low mjj and |y⇤|, where NLO does not
adequately capture the shape nor the normalization. We
include the electroweak e↵ects as a multiplicative factor,
as calculated in [12], and note that in the region where
they are non-negligible (|y⇤| < 0.5, mjj > 2 TeV) they
improve the description of the data.
We generally observe a large reduction in the scale vari-

ation and small NNLO corrections. An exception to this
conclusion is found at low mjj and |y⇤| < 1.0; in this
case we observe NNLO scale bands of similar size to the
NLO bands, and a negative correction of approximately
10% such that the NNLO and NLO scale bands do not
overlap. To understand this behaviour in more detail we
investigate specific bins of mjj and |y⇤| and study the
scale variation inside that bin, as shown in Fig. 5.
The left pane of Fig. 5 shows the scale variation in the

bin 370 GeV < mjj < 440 GeV and 0.0 < |y⇤| < 0.5,
which is the region where the NLO and NNLO scale

‣Moderate NNLO corrections (<10%)
‣Improve description of data for low Mjj/y* 
‣Invariant mass natural scale (better convergence)
‣Cures pathological NLO behavior for <pT>

µ = mjj

µ =
1

2
(pT1 + pT2)

‣NNLO scale dep. < EXP errors
‣NLO underestimates uncertainty 

‣ Leading color using antenna subtraction : NNLOJET (1 and 2 jets)
J.Currie, E.W.N. Glover, J.Pires (2016)
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FIG. 3: NLO/LO (blue), NNLO/NLO (red) and NNLO/LO
(purple) K-factors double di↵erential in mjj and |y⇤|. Bands
represent the scale variation of the numerator. NNLO PDFs
are used for all predictions.

the data across the entire kinematic range in mjj and
|y⇤|, with up to seven orders of magnitude variation in
the cross section. The total NNLO prediction shown in
Fig. 2 is the sum of LO, NLO and NNLO contributions.
We can understand the relative shift in the theoretical
prediction from each perturbative correction by examin-
ing the K-factors shown in Fig. 3. We observe moderate
NLO/LO corrections from +10% at low mjj and |y⇤| to
+50-70% at highmjj and high |y⇤|. The NNLO/NLOK-
factors are typically < 10% in magnitude and relatively
flat, although they alter the shape of the prediction at
low mjj and low |y⇤|.

To emphasize the size and shape of the NNLO correc-
tion, in Fig. 4 we show the distributions normalized to
the NLO prediction. On the same plot we show the pub-
lished ATLAS data, also normalized to the NLO theory
prediction. We observe good agreement with the NNLO
QCD prediction across the entire dynamical range in mjj

and |y⇤| and a significant improvement in the description
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FIG. 4: The NLO (blue) and NNLO (red) theory predictions
and ATLAS data normalized to the NLO central value. The
bands represent the variation of the theoretical scales in the
numerator by factors of 0.5 and 2. Electroweak e↵ects are
implemented as a multiplicative factor and shown separately
as the green dashed line.

of the data for low mjj and |y⇤|, where NLO does not
adequately capture the shape nor the normalization. We
include the electroweak e↵ects as a multiplicative factor,
as calculated in [12], and note that in the region where
they are non-negligible (|y⇤| < 0.5, mjj > 2 TeV) they
improve the description of the data.
We generally observe a large reduction in the scale vari-

ation and small NNLO corrections. An exception to this
conclusion is found at low mjj and |y⇤| < 1.0; in this
case we observe NNLO scale bands of similar size to the
NLO bands, and a negative correction of approximately
10% such that the NNLO and NLO scale bands do not
overlap. To understand this behaviour in more detail we
investigate specific bins of mjj and |y⇤| and study the
scale variation inside that bin, as shown in Fig. 5.
The left pane of Fig. 5 shows the scale variation in the

bin 370 GeV < mjj < 440 GeV and 0.0 < |y⇤| < 0.5,
which is the region where the NLO and NNLO scale
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N3LO

The new Frontier?
THE N3LO ERA

NNLO hadron-collider calculations v. time
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explosion of calculations  
in past 24 months

as of April 2017, let me know of omissions

2014 2015 2016 2017 2018

First calculations

Higgs (TH, app.) C. Anastasiou, C. Duhr, F. Dulat, F. Herzog and B. Mistlberger

Higgs (VBF) F. A. Dreyer and A. Karlberg

Higgs (Diff  in TH app.) F. Dulat, B. Mistlberger and A. Pelloni

Higgs, B. Mistlberger

Higgs (Diff. qT-subt)  
L. C, X. Chen, T. Gehrmann, E. W. N. Glover and A. Huss

NNLO hadron-collider calculations v. time
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explosion of calculations  
in past 24 months

as of April 2017, let me know of omissions

N3LO HADRON-COLLIDER CALCULATIONS VS. TIME 

from L. Cieri

DY, C.Duhr, F. Dulat, B Mistlberger
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Higgs at N3LO C. Anastasiou, C. Duhr, F. Dulat, F. Herzog, B. Mistlberger (2015)

Few facts about N3LO
• O(100000) interference diagrams (1000 at NNLO)

• 68273802 loop and phase space integrals (47000 at NNLO)

• about 1000 master integrals (26 at NNLO) 

68273802 loop and
 phase space integrals

‣Within (excellent) heavy top approximation

Impressive calculation : new techniques

Very relevant observable called for higher orders (slow convergence)

‣Observe stabilization of expansion
‣Small correction (2% at MH/2)
‣Scale variation at N3LO ~2%

µ/MH

LO NLO NNLO NNNLO

0.5 1.0 1.5 2.0
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LHC@ 13TeV
pp→h+X gluon fusion
MSTW08 68cl
μ=μR=μF

p
s = 13TeV

~100%

~30%

µ = µF = µR

13 TeV�

B. Mistlberger (2018)
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�23DRELL-YAN PRODUCTION

The probability to produce a             paire+ e�
<latexit sha1_base64="dXIOY4DkCWnKa4z2Bpu2Snf+4Ls=">AAAB8HicbVDLSgNBEOyNrxhfUY9eBoMgqGFXBD0GvXiMYB6SbMLspJMMmZ1dZmaFsOQrvHhQxKuf482/cZLsQaMFDUVVN91dQSy4Nq775eSWlldW1/LrhY3Nre2d4u5eXUeJYlhjkYhUM6AaBZdYM9wIbMYKaRgIbASjm6nfeESleSTvzThGP6QDyfucUWOlB+yctE+xc0a6xZJbdmcgf4mXkRJkqHaLn+1exJIQpWGCat3y3Nj4KVWGM4GTQjvRGFM2ogNsWSppiNpPZwdPyJFVeqQfKVvSkJn6cyKlodbjMLCdITVDvehNxf+8VmL6V37KZZwYlGy+qJ8IYiIy/Z70uEJmxNgSyhS3txI2pIoyYzMq2BC8xZf/kvp52XPL3t1FqXKdxZGHAziEY/DgEipwC1WoAYMQnuAFXh3lPDtvzvu8NedkM/vwC87HNzZkj1o=</latexit><latexit sha1_base64="dXIOY4DkCWnKa4z2Bpu2Snf+4Ls=">AAAB8HicbVDLSgNBEOyNrxhfUY9eBoMgqGFXBD0GvXiMYB6SbMLspJMMmZ1dZmaFsOQrvHhQxKuf482/cZLsQaMFDUVVN91dQSy4Nq775eSWlldW1/LrhY3Nre2d4u5eXUeJYlhjkYhUM6AaBZdYM9wIbMYKaRgIbASjm6nfeESleSTvzThGP6QDyfucUWOlB+yctE+xc0a6xZJbdmcgf4mXkRJkqHaLn+1exJIQpWGCat3y3Nj4KVWGM4GTQjvRGFM2ogNsWSppiNpPZwdPyJFVeqQfKVvSkJn6cyKlodbjMLCdITVDvehNxf+8VmL6V37KZZwYlGy+qJ8IYiIy/Z70uEJmxNgSyhS3txI2pIoyYzMq2BC8xZf/kvp52XPL3t1FqXKdxZGHAziEY/DgEipwC1WoAYMQnuAFXh3lPDtvzvu8NedkM/vwC87HNzZkj1o=</latexit><latexit sha1_base64="dXIOY4DkCWnKa4z2Bpu2Snf+4Ls=">AAAB8HicbVDLSgNBEOyNrxhfUY9eBoMgqGFXBD0GvXiMYB6SbMLspJMMmZ1dZmaFsOQrvHhQxKuf482/cZLsQaMFDUVVN91dQSy4Nq775eSWlldW1/LrhY3Nre2d4u5eXUeJYlhjkYhUM6AaBZdYM9wIbMYKaRgIbASjm6nfeESleSTvzThGP6QDyfucUWOlB+yctE+xc0a6xZJbdmcgf4mXkRJkqHaLn+1exJIQpWGCat3y3Nj4KVWGM4GTQjvRGFM2ogNsWSppiNpPZwdPyJFVeqQfKVvSkJn6cyKlodbjMLCdITVDvehNxf+8VmL6V37KZZwYlGy+qJ8IYiIy/Z70uEJmxNgSyhS3txI2pIoyYzMq2BC8xZf/kvp52XPL3t1FqXKdxZGHAziEY/DgEipwC1WoAYMQnuAFXh3lPDtvzvu8NedkM/vwC87HNzZkj1o=</latexit><latexit sha1_base64="dXIOY4DkCWnKa4z2Bpu2Snf+4Ls=">AAAB8HicbVDLSgNBEOyNrxhfUY9eBoMgqGFXBD0GvXiMYB6SbMLspJMMmZ1dZmaFsOQrvHhQxKuf482/cZLsQaMFDUVVN91dQSy4Nq775eSWlldW1/LrhY3Nre2d4u5eXUeJYlhjkYhUM6AaBZdYM9wIbMYKaRgIbASjm6nfeESleSTvzThGP6QDyfucUWOlB+yctE+xc0a6xZJbdmcgf4mXkRJkqHaLn+1exJIQpWGCat3y3Nj4KVWGM4GTQjvRGFM2ogNsWSppiNpPZwdPyJFVeqQfKVvSkJn6cyKlodbjMLCdITVDvehNxf+8VmL6V37KZZwYlGy+qJ8IYiIy/Z70uEJmxNgSyhS3txI2pIoyYzMq2BC8xZf/kvp52XPL3t1FqXKdxZGHAziEY/DgEipwC1WoAYMQnuAFXh3lPDtvzvu8NedkM/vwC87HNzZkj1o=</latexit>

▸ Currently only photon exchange. 

▸ Interesting perturbative development! 

▸ N3LO outside of NNLO scale band.

[Duhr,Dulat,BM]
Preliminary

�� ���

���� ����

�� �� �� �� �� �� �� �� �� ��� ��� ��� ��� ��� ���
����

��

����

� [���]

σ
/σ
�
��
�

���
���������_����_��
� � → γ*+� ( �+�-+�)
μ�����=�

�23DRELL-YAN PRODUCTION

The probability to produce a             paire+ e�
<latexit sha1_base64="dXIOY4DkCWnKa4z2Bpu2Snf+4Ls=">AAAB8HicbVDLSgNBEOyNrxhfUY9eBoMgqGFXBD0GvXiMYB6SbMLspJMMmZ1dZmaFsOQrvHhQxKuf482/cZLsQaMFDUVVN91dQSy4Nq775eSWlldW1/LrhY3Nre2d4u5eXUeJYlhjkYhUM6AaBZdYM9wIbMYKaRgIbASjm6nfeESleSTvzThGP6QDyfucUWOlB+yctE+xc0a6xZJbdmcgf4mXkRJkqHaLn+1exJIQpWGCat3y3Nj4KVWGM4GTQjvRGFM2ogNsWSppiNpPZwdPyJFVeqQfKVvSkJn6cyKlodbjMLCdITVDvehNxf+8VmL6V37KZZwYlGy+qJ8IYiIy/Z70uEJmxNgSyhS3txI2pIoyYzMq2BC8xZf/kvp52XPL3t1FqXKdxZGHAziEY/DgEipwC1WoAYMQnuAFXh3lPDtvzvu8NedkM/vwC87HNzZkj1o=</latexit><latexit sha1_base64="dXIOY4DkCWnKa4z2Bpu2Snf+4Ls=">AAAB8HicbVDLSgNBEOyNrxhfUY9eBoMgqGFXBD0GvXiMYB6SbMLspJMMmZ1dZmaFsOQrvHhQxKuf482/cZLsQaMFDUVVN91dQSy4Nq775eSWlldW1/LrhY3Nre2d4u5eXUeJYlhjkYhUM6AaBZdYM9wIbMYKaRgIbASjm6nfeESleSTvzThGP6QDyfucUWOlB+yctE+xc0a6xZJbdmcgf4mXkRJkqHaLn+1exJIQpWGCat3y3Nj4KVWGM4GTQjvRGFM2ogNsWSppiNpPZwdPyJFVeqQfKVvSkJn6cyKlodbjMLCdITVDvehNxf+8VmL6V37KZZwYlGy+qJ8IYiIy/Z70uEJmxNgSyhS3txI2pIoyYzMq2BC8xZf/kvp52XPL3t1FqXKdxZGHAziEY/DgEipwC1WoAYMQnuAFXh3lPDtvzvu8NedkM/vwC87HNzZkj1o=</latexit><latexit sha1_base64="dXIOY4DkCWnKa4z2Bpu2Snf+4Ls=">AAAB8HicbVDLSgNBEOyNrxhfUY9eBoMgqGFXBD0GvXiMYB6SbMLspJMMmZ1dZmaFsOQrvHhQxKuf482/cZLsQaMFDUVVN91dQSy4Nq775eSWlldW1/LrhY3Nre2d4u5eXUeJYlhjkYhUM6AaBZdYM9wIbMYKaRgIbASjm6nfeESleSTvzThGP6QDyfucUWOlB+yctE+xc0a6xZJbdmcgf4mXkRJkqHaLn+1exJIQpWGCat3y3Nj4KVWGM4GTQjvRGFM2ogNsWSppiNpPZwdPyJFVeqQfKVvSkJn6cyKlodbjMLCdITVDvehNxf+8VmL6V37KZZwYlGy+qJ8IYiIy/Z70uEJmxNgSyhS3txI2pIoyYzMq2BC8xZf/kvp52XPL3t1FqXKdxZGHAziEY/DgEipwC1WoAYMQnuAFXh3lPDtvzvu8NedkM/vwC87HNzZkj1o=</latexit><latexit sha1_base64="dXIOY4DkCWnKa4z2Bpu2Snf+4Ls=">AAAB8HicbVDLSgNBEOyNrxhfUY9eBoMgqGFXBD0GvXiMYB6SbMLspJMMmZ1dZmaFsOQrvHhQxKuf482/cZLsQaMFDUVVN91dQSy4Nq775eSWlldW1/LrhY3Nre2d4u5eXUeJYlhjkYhUM6AaBZdYM9wIbMYKaRgIbASjm6nfeESleSTvzThGP6QDyfucUWOlB+yctE+xc0a6xZJbdmcgf4mXkRJkqHaLn+1exJIQpWGCat3y3Nj4KVWGM4GTQjvRGFM2ogNsWSppiNpPZwdPyJFVeqQfKVvSkJn6cyKlodbjMLCdITVDvehNxf+8VmL6V37KZZwYlGy+qJ8IYiIy/Z70uEJmxNgSyhS3txI2pIoyYzMq2BC8xZf/kvp52XPL3t1FqXKdxZGHAziEY/DgEipwC1WoAYMQnuAFXh3lPDtvzvu8NedkM/vwC87HNzZkj1o=</latexit>

▸ Currently only photon exchange. 

▸ Interesting perturbative development! 

▸ N3LO outside of NNLO scale band.
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Q=60 GeV

�38DRELL-YAN PRODUCTION
PDF - Theory uncertainty
Currently no N3LO PDFs

[1602.00695]

�(↵S order),PDF order
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[Duhr,Dulat,BM]
Preliminary

CONCLUSIONS

▸ N3LO corrections clearly are a step towards more precise 
theoretical predictions. 

▸ Today: Bottom quark fusion and Drell-Yan production 

▸ Higher precision requires even more careful estimates of 
residual uncertainties. 

▸ Setting scales and / or using them for uncertainty estimates is 
tricky.

Thank you!

�40

C. Duhr, F. Dulat, B. Mistlberger (2019)
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�23DRELL-YAN PRODUCTION

The probability to produce a             paire+ e�
<latexit sha1_base64="dXIOY4DkCWnKa4z2Bpu2Snf+4Ls=">AAAB8HicbVDLSgNBEOyNrxhfUY9eBoMgqGFXBD0GvXiMYB6SbMLspJMMmZ1dZmaFsOQrvHhQxKuf482/cZLsQaMFDUVVN91dQSy4Nq775eSWlldW1/LrhY3Nre2d4u5eXUeJYlhjkYhUM6AaBZdYM9wIbMYKaRgIbASjm6nfeESleSTvzThGP6QDyfucUWOlB+yctE+xc0a6xZJbdmcgf4mXkRJkqHaLn+1exJIQpWGCat3y3Nj4KVWGM4GTQjvRGFM2ogNsWSppiNpPZwdPyJFVeqQfKVvSkJn6cyKlodbjMLCdITVDvehNxf+8VmL6V37KZZwYlGy+qJ8IYiIy/Z70uEJmxNgSyhS3txI2pIoyYzMq2BC8xZf/kvp52XPL3t1FqXKdxZGHAziEY/DgEipwC1WoAYMQnuAFXh3lPDtvzvu8NedkM/vwC87HNzZkj1o=</latexit><latexit sha1_base64="dXIOY4DkCWnKa4z2Bpu2Snf+4Ls=">AAAB8HicbVDLSgNBEOyNrxhfUY9eBoMgqGFXBD0GvXiMYB6SbMLspJMMmZ1dZmaFsOQrvHhQxKuf482/cZLsQaMFDUVVN91dQSy4Nq775eSWlldW1/LrhY3Nre2d4u5eXUeJYlhjkYhUM6AaBZdYM9wIbMYKaRgIbASjm6nfeESleSTvzThGP6QDyfucUWOlB+yctE+xc0a6xZJbdmcgf4mXkRJkqHaLn+1exJIQpWGCat3y3Nj4KVWGM4GTQjvRGFM2ogNsWSppiNpPZwdPyJFVeqQfKVvSkJn6cyKlodbjMLCdITVDvehNxf+8VmL6V37KZZwYlGy+qJ8IYiIy/Z70uEJmxNgSyhS3txI2pIoyYzMq2BC8xZf/kvp52XPL3t1FqXKdxZGHAziEY/DgEipwC1WoAYMQnuAFXh3lPDtvzvu8NedkM/vwC87HNzZkj1o=</latexit><latexit sha1_base64="dXIOY4DkCWnKa4z2Bpu2Snf+4Ls=">AAAB8HicbVDLSgNBEOyNrxhfUY9eBoMgqGFXBD0GvXiMYB6SbMLspJMMmZ1dZmaFsOQrvHhQxKuf482/cZLsQaMFDUVVN91dQSy4Nq775eSWlldW1/LrhY3Nre2d4u5eXUeJYlhjkYhUM6AaBZdYM9wIbMYKaRgIbASjm6nfeESleSTvzThGP6QDyfucUWOlB+yctE+xc0a6xZJbdmcgf4mXkRJkqHaLn+1exJIQpWGCat3y3Nj4KVWGM4GTQjvRGFM2ogNsWSppiNpPZwdPyJFVeqQfKVvSkJn6cyKlodbjMLCdITVDvehNxf+8VmL6V37KZZwYlGy+qJ8IYiIy/Z70uEJmxNgSyhS3txI2pIoyYzMq2BC8xZf/kvp52XPL3t1FqXKdxZGHAziEY/DgEipwC1WoAYMQnuAFXh3lPDtvzvu8NedkM/vwC87HNzZkj1o=</latexit><latexit sha1_base64="dXIOY4DkCWnKa4z2Bpu2Snf+4Ls=">AAAB8HicbVDLSgNBEOyNrxhfUY9eBoMgqGFXBD0GvXiMYB6SbMLspJMMmZ1dZmaFsOQrvHhQxKuf482/cZLsQaMFDUVVN91dQSy4Nq775eSWlldW1/LrhY3Nre2d4u5eXUeJYlhjkYhUM6AaBZdYM9wIbMYKaRgIbASjm6nfeESleSTvzThGP6QDyfucUWOlB+yctE+xc0a6xZJbdmcgf4mXkRJkqHaLn+1exJIQpWGCat3y3Nj4KVWGM4GTQjvRGFM2ogNsWSppiNpPZwdPyJFVeqQfKVvSkJn6cyKlodbjMLCdITVDvehNxf+8VmL6V37KZZwYlGy+qJ8IYiIy/Z70uEJmxNgSyhS3txI2pIoyYzMq2BC8xZf/kvp52XPL3t1FqXKdxZGHAziEY/DgEipwC1WoAYMQnuAFXh3lPDtvzvu8NedkM/vwC87HNzZkj1o=</latexit>

▸ Currently only photon exchange. 

▸ Interesting perturbative development! 

▸ N3LO outside of NNLO scale band.

[Duhr,Dulat,BM]
Preliminary

�� ���

���� ����

�� �� �� �� �� �� �� �� �� ��� ��� ��� ��� ��� ���
����

��

����

� [���]

σ
/σ
�
��
�

���
���������_����_��
� � → γ*+� ( �+�-+�)
μ�����=�

�23DRELL-YAN PRODUCTION

The probability to produce a             paire+ e�
<latexit sha1_base64="dXIOY4DkCWnKa4z2Bpu2Snf+4Ls=">AAAB8HicbVDLSgNBEOyNrxhfUY9eBoMgqGFXBD0GvXiMYB6SbMLspJMMmZ1dZmaFsOQrvHhQxKuf482/cZLsQaMFDUVVN91dQSy4Nq775eSWlldW1/LrhY3Nre2d4u5eXUeJYlhjkYhUM6AaBZdYM9wIbMYKaRgIbASjm6nfeESleSTvzThGP6QDyfucUWOlB+yctE+xc0a6xZJbdmcgf4mXkRJkqHaLn+1exJIQpWGCat3y3Nj4KVWGM4GTQjvRGFM2ogNsWSppiNpPZwdPyJFVeqQfKVvSkJn6cyKlodbjMLCdITVDvehNxf+8VmL6V37KZZwYlGy+qJ8IYiIy/Z70uEJmxNgSyhS3txI2pIoyYzMq2BC8xZf/kvp52XPL3t1FqXKdxZGHAziEY/DgEipwC1WoAYMQnuAFXh3lPDtvzvu8NedkM/vwC87HNzZkj1o=</latexit><latexit sha1_base64="dXIOY4DkCWnKa4z2Bpu2Snf+4Ls=">AAAB8HicbVDLSgNBEOyNrxhfUY9eBoMgqGFXBD0GvXiMYB6SbMLspJMMmZ1dZmaFsOQrvHhQxKuf482/cZLsQaMFDUVVN91dQSy4Nq775eSWlldW1/LrhY3Nre2d4u5eXUeJYlhjkYhUM6AaBZdYM9wIbMYKaRgIbASjm6nfeESleSTvzThGP6QDyfucUWOlB+yctE+xc0a6xZJbdmcgf4mXkRJkqHaLn+1exJIQpWGCat3y3Nj4KVWGM4GTQjvRGFM2ogNsWSppiNpPZwdPyJFVeqQfKVvSkJn6cyKlodbjMLCdITVDvehNxf+8VmL6V37KZZwYlGy+qJ8IYiIy/Z70uEJmxNgSyhS3txI2pIoyYzMq2BC8xZf/kvp52XPL3t1FqXKdxZGHAziEY/DgEipwC1WoAYMQnuAFXh3lPDtvzvu8NedkM/vwC87HNzZkj1o=</latexit><latexit sha1_base64="dXIOY4DkCWnKa4z2Bpu2Snf+4Ls=">AAAB8HicbVDLSgNBEOyNrxhfUY9eBoMgqGFXBD0GvXiMYB6SbMLspJMMmZ1dZmaFsOQrvHhQxKuf482/cZLsQaMFDUVVN91dQSy4Nq775eSWlldW1/LrhY3Nre2d4u5eXUeJYlhjkYhUM6AaBZdYM9wIbMYKaRgIbASjm6nfeESleSTvzThGP6QDyfucUWOlB+yctE+xc0a6xZJbdmcgf4mXkRJkqHaLn+1exJIQpWGCat3y3Nj4KVWGM4GTQjvRGFM2ogNsWSppiNpPZwdPyJFVeqQfKVvSkJn6cyKlodbjMLCdITVDvehNxf+8VmL6V37KZZwYlGy+qJ8IYiIy/Z70uEJmxNgSyhS3txI2pIoyYzMq2BC8xZf/kvp52XPL3t1FqXKdxZGHAziEY/DgEipwC1WoAYMQnuAFXh3lPDtvzvu8NedkM/vwC87HNzZkj1o=</latexit><latexit sha1_base64="dXIOY4DkCWnKa4z2Bpu2Snf+4Ls=">AAAB8HicbVDLSgNBEOyNrxhfUY9eBoMgqGFXBD0GvXiMYB6SbMLspJMMmZ1dZmaFsOQrvHhQxKuf482/cZLsQaMFDUVVN91dQSy4Nq775eSWlldW1/LrhY3Nre2d4u5eXUeJYlhjkYhUM6AaBZdYM9wIbMYKaRgIbASjm6nfeESleSTvzThGP6QDyfucUWOlB+yctE+xc0a6xZJbdmcgf4mXkRJkqHaLn+1exJIQpWGCat3y3Nj4KVWGM4GTQjvRGFM2ogNsWSppiNpPZwdPyJFVeqQfKVvSkJn6cyKlodbjMLCdITVDvehNxf+8VmL6V37KZZwYlGy+qJ8IYiIy/Z70uEJmxNgSyhS3txI2pIoyYzMq2BC8xZf/kvp52XPL3t1FqXKdxZGHAziEY/DgEipwC1WoAYMQnuAFXh3lPDtvzvu8NedkM/vwC87HNzZkj1o=</latexit>

▸ Currently only photon exchange. 

▸ Interesting perturbative development! 

▸ N3LO outside of NNLO scale band.

[Duhr,Dulat,BM]
Preliminary

�� ���

���� ����

�� �� �� �� �� �� �� �� �� ��� ��� ��� ��� ��� ���
����

��

����

� [���]

σ
/σ
�
��
�

���
���������_����_��
� � → γ*+� ( �+�-+�)
μ�����=�

�24DRELL-YAN PRODUCTION

The probability to produce a             paire+ e�
<latexit sha1_base64="dXIOY4DkCWnKa4z2Bpu2Snf+4Ls=">AAAB8HicbVDLSgNBEOyNrxhfUY9eBoMgqGFXBD0GvXiMYB6SbMLspJMMmZ1dZmaFsOQrvHhQxKuf482/cZLsQaMFDUVVN91dQSy4Nq775eSWlldW1/LrhY3Nre2d4u5eXUeJYlhjkYhUM6AaBZdYM9wIbMYKaRgIbASjm6nfeESleSTvzThGP6QDyfucUWOlB+yctE+xc0a6xZJbdmcgf4mXkRJkqHaLn+1exJIQpWGCat3y3Nj4KVWGM4GTQjvRGFM2ogNsWSppiNpPZwdPyJFVeqQfKVvSkJn6cyKlodbjMLCdITVDvehNxf+8VmL6V37KZZwYlGy+qJ8IYiIy/Z70uEJmxNgSyhS3txI2pIoyYzMq2BC8xZf/kvp52XPL3t1FqXKdxZGHAziEY/DgEipwC1WoAYMQnuAFXh3lPDtvzvu8NedkM/vwC87HNzZkj1o=</latexit><latexit sha1_base64="dXIOY4DkCWnKa4z2Bpu2Snf+4Ls=">AAAB8HicbVDLSgNBEOyNrxhfUY9eBoMgqGFXBD0GvXiMYB6SbMLspJMMmZ1dZmaFsOQrvHhQxKuf482/cZLsQaMFDUVVN91dQSy4Nq775eSWlldW1/LrhY3Nre2d4u5eXUeJYlhjkYhUM6AaBZdYM9wIbMYKaRgIbASjm6nfeESleSTvzThGP6QDyfucUWOlB+yctE+xc0a6xZJbdmcgf4mXkRJkqHaLn+1exJIQpWGCat3y3Nj4KVWGM4GTQjvRGFM2ogNsWSppiNpPZwdPyJFVeqQfKVvSkJn6cyKlodbjMLCdITVDvehNxf+8VmL6V37KZZwYlGy+qJ8IYiIy/Z70uEJmxNgSyhS3txI2pIoyYzMq2BC8xZf/kvp52XPL3t1FqXKdxZGHAziEY/DgEipwC1WoAYMQnuAFXh3lPDtvzvu8NedkM/vwC87HNzZkj1o=</latexit><latexit sha1_base64="dXIOY4DkCWnKa4z2Bpu2Snf+4Ls=">AAAB8HicbVDLSgNBEOyNrxhfUY9eBoMgqGFXBD0GvXiMYB6SbMLspJMMmZ1dZmaFsOQrvHhQxKuf482/cZLsQaMFDUVVN91dQSy4Nq775eSWlldW1/LrhY3Nre2d4u5eXUeJYlhjkYhUM6AaBZdYM9wIbMYKaRgIbASjm6nfeESleSTvzThGP6QDyfucUWOlB+yctE+xc0a6xZJbdmcgf4mXkRJkqHaLn+1exJIQpWGCat3y3Nj4KVWGM4GTQjvRGFM2ogNsWSppiNpPZwdPyJFVeqQfKVvSkJn6cyKlodbjMLCdITVDvehNxf+8VmL6V37KZZwYlGy+qJ8IYiIy/Z70uEJmxNgSyhS3txI2pIoyYzMq2BC8xZf/kvp52XPL3t1FqXKdxZGHAziEY/DgEipwC1WoAYMQnuAFXh3lPDtvzvu8NedkM/vwC87HNzZkj1o=</latexit><latexit sha1_base64="dXIOY4DkCWnKa4z2Bpu2Snf+4Ls=">AAAB8HicbVDLSgNBEOyNrxhfUY9eBoMgqGFXBD0GvXiMYB6SbMLspJMMmZ1dZmaFsOQrvHhQxKuf482/cZLsQaMFDUVVN91dQSy4Nq775eSWlldW1/LrhY3Nre2d4u5eXUeJYlhjkYhUM6AaBZdYM9wIbMYKaRgIbASjm6nfeESleSTvzThGP6QDyfucUWOlB+yctE+xc0a6xZJbdmcgf4mXkRJkqHaLn+1exJIQpWGCat3y3Nj4KVWGM4GTQjvRGFM2ogNsWSppiNpPZwdPyJFVeqQfKVvSkJn6cyKlodbjMLCdITVDvehNxf+8VmL6V37KZZwYlGy+qJ8IYiIy/Z70uEJmxNgSyhS3txI2pIoyYzMq2BC8xZf/kvp52XPL3t1FqXKdxZGHAziEY/DgEipwC1WoAYMQnuAFXh3lPDtvzvu8NedkM/vwC87HNzZkj1o=</latexit>

[Duhr,Dulat,BM]
Preliminary

�� ���

���� ����

�� �� �� �� �� �� �� �� �� ��� ��� ��� ��� ��� ���
����

��

����

� [���]

σ
/σ
�
��
�

���
���������_����_��
� � → γ*+� ( �+�-+�)
μ�����=�

��N3LO = �1.4%⇥ �NNLO
0.16%
�2.6%

<latexit sha1_base64="DMecaQVpWeGuZGX7yXsRp0HXHD0="></latexit><latexit sha1_base64="DMecaQVpWeGuZGX7yXsRp0HXHD0="></latexit><latexit sha1_base64="DMecaQVpWeGuZGX7yXsRp0HXHD0="></latexit><latexit sha1_base64="DMecaQVpWeGuZGX7yXsRp0HXHD0="></latexit>

��NNLO = 4.6%⇥ �NLO
1.8%
�1.6%

<latexit sha1_base64="FVfeoQJdR/vMsOP1zOq0FQjatVs="></latexit><latexit sha1_base64="FVfeoQJdR/vMsOP1zOq0FQjatVs="></latexit><latexit sha1_base64="FVfeoQJdR/vMsOP1zOq0FQjatVs="></latexit><latexit sha1_base64="FVfeoQJdR/vMsOP1zOq0FQjatVs="></latexit>

Q=60 GeV

�38DRELL-YAN PRODUCTION
PDF - Theory uncertainty
Currently no N3LO PDFs

[1602.00695]

�(↵S order),PDF order
<latexit sha1_base64="t/4gRlpuQGA6Kb0km5i4+d3SHps=">AAACGnicbVDLSgNBEJz1bXxFPXoZDIKChF0R9Cgq4jGiUSEbQ++kkwyZfTDTK4Yl3+HFX/HiQRFv4sW/cZLswVdBQ01VN9NdQaKkIdf9dMbGJyanpmdmC3PzC4tLxeWVSxOnWmBVxCrW1wEYVDLCKklSeJ1ohDBQeBV0jwb+1S1qI+PognoJ1kNoR7IlBZCVGkXPN7Idwk226YNKOtA49wnvKOOxbqLub22PnpXjk1zpN4olt+wOwf8SLycllqPSKL77zVikIUYkFBhT89yE6hlokkJhv+CnBhMQXWhjzdIIQjT1bHhan29YpclbsbYVER+q3ycyCI3phYHtDIE65rc3EP/zaim19uuZjJKUMBKjj1qp4hTzQU68KTUKUj1LQGhpd+WiAxoE2TQLNgTv98l/yeVO2XPL3tlu6eAwj2OGrbF1tsk8tscO2CmrsCoT7J49smf24jw4T86r8zZqHXPymVX2A87HF/WYoW0=</latexit><latexit sha1_base64="t/4gRlpuQGA6Kb0km5i4+d3SHps=">AAACGnicbVDLSgNBEJz1bXxFPXoZDIKChF0R9Cgq4jGiUSEbQ++kkwyZfTDTK4Yl3+HFX/HiQRFv4sW/cZLswVdBQ01VN9NdQaKkIdf9dMbGJyanpmdmC3PzC4tLxeWVSxOnWmBVxCrW1wEYVDLCKklSeJ1ohDBQeBV0jwb+1S1qI+PognoJ1kNoR7IlBZCVGkXPN7Idwk226YNKOtA49wnvKOOxbqLub22PnpXjk1zpN4olt+wOwf8SLycllqPSKL77zVikIUYkFBhT89yE6hlokkJhv+CnBhMQXWhjzdIIQjT1bHhan29YpclbsbYVER+q3ycyCI3phYHtDIE65rc3EP/zaim19uuZjJKUMBKjj1qp4hTzQU68KTUKUj1LQGhpd+WiAxoE2TQLNgTv98l/yeVO2XPL3tlu6eAwj2OGrbF1tsk8tscO2CmrsCoT7J49smf24jw4T86r8zZqHXPymVX2A87HF/WYoW0=</latexit><latexit sha1_base64="t/4gRlpuQGA6Kb0km5i4+d3SHps=">AAACGnicbVDLSgNBEJz1bXxFPXoZDIKChF0R9Cgq4jGiUSEbQ++kkwyZfTDTK4Yl3+HFX/HiQRFv4sW/cZLswVdBQ01VN9NdQaKkIdf9dMbGJyanpmdmC3PzC4tLxeWVSxOnWmBVxCrW1wEYVDLCKklSeJ1ohDBQeBV0jwb+1S1qI+PognoJ1kNoR7IlBZCVGkXPN7Idwk226YNKOtA49wnvKOOxbqLub22PnpXjk1zpN4olt+wOwf8SLycllqPSKL77zVikIUYkFBhT89yE6hlokkJhv+CnBhMQXWhjzdIIQjT1bHhan29YpclbsbYVER+q3ycyCI3phYHtDIE65rc3EP/zaim19uuZjJKUMBKjj1qp4hTzQU68KTUKUj1LQGhpd+WiAxoE2TQLNgTv98l/yeVO2XPL3tlu6eAwj2OGrbF1tsk8tscO2CmrsCoT7J49smf24jw4T86r8zZqHXPymVX2A87HF/WYoW0=</latexit><latexit sha1_base64="t/4gRlpuQGA6Kb0km5i4+d3SHps=">AAACGnicbVDLSgNBEJz1bXxFPXoZDIKChF0R9Cgq4jGiUSEbQ++kkwyZfTDTK4Yl3+HFX/HiQRFv4sW/cZLswVdBQ01VN9NdQaKkIdf9dMbGJyanpmdmC3PzC4tLxeWVSxOnWmBVxCrW1wEYVDLCKklSeJ1ohDBQeBV0jwb+1S1qI+PognoJ1kNoR7IlBZCVGkXPN7Idwk226YNKOtA49wnvKOOxbqLub22PnpXjk1zpN4olt+wOwf8SLycllqPSKL77zVikIUYkFBhT89yE6hlokkJhv+CnBhMQXWhjzdIIQjT1bHhan29YpclbsbYVER+q3ycyCI3phYHtDIE65rc3EP/zaim19uuZjJKUMBKjj1qp4hTzQU68KTUKUj1LQGhpd+WiAxoE2TQLNgTv98l/yeVO2XPL3tlu6eAwj2OGrbF1tsk8tscO2CmrsCoT7J49smf24jw4T86r8zZqHXPymVX2A87HF/WYoW0=</latexit>

�� �� �� ��� ��� ��� ��� ���
�����

�����

�����

�����

����

����

����

����

� [���]

(σ
±
δ(
��
�-
��

))
/σ

��� �� ���
���������_����_��
� � → γ*+�

[Duhr,Dulat,BM]
Preliminary

CONCLUSIONS

▸ N3LO corrections clearly are a step towards more precise 
theoretical predictions. 

▸ Today: Bottom quark fusion and Drell-Yan production 

▸ Higher precision requires even more careful estimates of 
residual uncertainties. 

▸ Setting scales and / or using them for uncertainty estimates is 
tricky.

Thank you!

�40

C. Duhr, F. Dulat, B. Mistlberger (2019)

S. Moch, B. Ruijl, T. Ueda, 
J. Vermaseren, A. Vogt (2017)

N3LO Splitting functions
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Conclusions
‣Amazing progress in fixed order calculations during the last (>) decade

‣But… Reaching new bottlenecks

‣Large multiplicity at NLO still needs manual-work

‣Loop induced processes (massive) yet hard to tackle 

‣NNLO very difficult for more than 2 particles in final state

Virtual amplitudes (massive)

Real radiation not trivial  (numerical infrared treatment) 

‣Need a more rigorous treatment of TH uncertainties 

Automation of NLO 
Several NNLO processes
Even N3LO for simpler kinematics and first set of splitting functions
QED/EW, BSM effects being automated

2 ! 2
Driven by LHC

Will need significant development 
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Backup slides
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‣Real and virtual contributions : separately divergent

1 loop

1 extra parton
IR in soft/collinear configurations

dimensional regularization 1

✏2

�1

(p� k)2
=

1

2 p · k =
1

2EqEg(1� cos ✓)

p kk

Z
dk

Z 1

0
dk

UV

IR

Why so complicated?

‣Real contribution : singularity, integration, subtraction 

‣Virtual contribution : technical problems (large multiplicities) 

✏ = d� 4

Blame Feynman!

+



pQCD @ LHC                                                Daniel de Florian  34

+

Z
S dPS +

Z
|MV |2dPS0

Subtraction Method : need local subtraction counter-term

Finite Computed “analytically”
cancel divergences

Z
|MR|2dPS =

Z 1

�
|MR|2dPS +

Z �

0
|MR|2dPS +

Z
|MV |2dPS0

Phase space slicing : split phase space according to singular configurations

Can be obtained from 
resummation framework/computed

Regularized by cut-off 
(numerically involved)

Z
|MR|2dPS =

Z 1

�
|MR|2dPSHandling singularities

Z 1

0
(|MR|2 � S)dPS
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Status
pp→Z/γ*  (→l+l-)

pp→W(→lν)          

pp→Wγ→lνγ

pp→Ζγ→l+l-γ

pp→ΖΖ(→4l)

pp→H              

✅

✅

✅

✅

pp→γγ ✅ validated with 2γNNLO (version nov. 2015)

validated with DYNNLO 1.5 and analytically
validation underway

validated analytically 

pp→HH            

           
✅

          
(✅)

✅

          
✅          
(✅)

pp→WW →(lνl’ν’)         

pp→WZ →lνll          
not in first public release

pp→ZZ/WW →llνν        ✅ NEW

WZ: fully differential
S. Kallweit, D. Rathlev, M.Wiesemann, MG (2017)

NNLO effects on the relevant distributions improve the agreement 
with ATLAS data mostly due to the improved normalisation

Slightly different shape for pTmiss distribution which is driven by W-Z

M. Grazzini, S. Kallweit, D. Rathlev, M. Wiesemann (2016)Matrix @ NNLO

‣NNLO parton level generator with several processes
  in unique framework (di-boson)

qt subtraction

Open-Loops : X+1 parton

Will include qT resummation

So far, colored singlet final state

Public version available

Towards automation @ NNLO

Process nproc �NLO ± ��MC
NLO �NNLO ± ��MC

NNLO ± ��pc
NNLO

W+ 1 4.218 ± 0.002 nb 4.327 ± 0.038 ± 0.043 nb
W� 6 3.314 ± 0.001 nb 3.256 ± 0.035 ± 0.033 nb
Z 31 884.9 ± 0.3 pb 897.1 ± 5.2 ± 9.0 pb
H 112 1.395 ± 0.001 pb 1.857 ± 0.007 ± 0.019 pb
�� 285 27.90 ± 0.01 pb 43.62 ± 0.09 ± 0.44 pb
W+H 91 2.203 ± 0.002 fb 2.279 ± 0.011 ± 0.023 fb
W�H 96 1.495 ± 0.001 fb 1.533 ± 0.006 ± 0.015 fb
ZH 110 0.7537 ± 0.0004 fb 0.8453 ± 0.0021 ± 0.0085 fb

Table 4: Benchmark cross-sections at NLO and NNLO, using the parameters
and settings described in the text. ��MC represents the uncertainty from
Monte Carlo statistics, while ��pc is an estimate of the uncertainty due to
neglected power corrections at NNLO.

appropriate). Our generic set of cuts is,

pT (lepton) > 20 GeV , |⌘(lepton)| < 2.4 ,

pT (photon 1) > 40 GeV , pT (photon 2) > 25 GeV ,

|⌘(photon)| < 2.5 , �R(photon 1, photon 2) > 0.4 ,

Emiss
T > 30 GeV , (3)

For Z production we also impose a minimum Z⇤ virtuality (m34min) of
40 GeV.

For providing benchmark runs we choose a set of integration parame-
ters that provides approximately 1% (or smaller) Monte Carlo uncertainties.
These are itmx1 = 4, itmx2 = 10 and ncall1 = ncall2 = 400000. We
set taucut to 1%acc to achieve a similar level of uncertainty in the total
NNLO predictions from power corrections that have been neglected. Our
benchmarks are shown in Table 4. These benchmark cross-sections may not
be su�ciently accurate for all phenomenological applications but they should
be able to be reproduced relatively easily, even on a desktop machine.

5 Runtime options

mcfm execution is performed in the Bin/ directory, with syntax:

13

MCFM@ NNLO R. Boughezal, J. Campbell, K. Ellis, C. Focke,W. Giele, X. Liu, F. Petriello(2016)

N-Jettiness

Less processes available yet : V+1 jet done
Z�

J. Campbell, T.Neumann, C.Williams (2017)
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QCD+QED/EW effects

Features of EW corrections

Relevance and size of EW corrections

generic size O(α) ∼ O(α2
s ) suggests NLO EW ∼ NNLO QCD

but systematic enhancements possible, e.g.

• by photon emission
↪→ kinematical effects, mass-singular log’s ∝ α ln(mµ/Q) for bare muons, etc.

• at high energies
↪→ EW Sudakov log’s ∝ (α/s2W) ln2(MW/Q) and subleading log’s

EW corrections to PDFs at hadron colliders → talks by F.Giuli, G.Sborlini

induced by factorization of collinear initial-state singularities, new: photon PDF

Instability of W and Z bosons

• realistic observables have to be defined via decay products (leptons, γ’s, jets)
• off-shell effects ∼ O(Γ/M) ∼ O(α) are part of the NLO EW corrections

Combining QCD and EW corrections in predictions → talk by A.Vicini

• how to merge QCD and EW results with a proper error estimate
• reweighting procedures in MC’s

Stefan Dittmaier, Standard Model Theory EPS Conference on HEP, Venice, July 5–12, 2017 – 10
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and enhanced..
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Figure 2: The virtual corrections of O
(

α2
s αw

)

illustrated by terms of some typical interferences.

and squared contributions of O
(

αsα , α2). The different diagrams and their respective contribution
to the different orders in case of the subprocess ud → ud are shown in Fig. 1. Note that only the
product between the t-channel and u-channel diagram gives a non-vanishing contribution to the
interference term of O (αsα) due to the colour structure. In the LO cross section the photonic
contributions are fully taken into account.

At NLO we restrict our calculation to the purely weak corrections at the order α2
s αw with a

selection of diagrams for the virtual corrections shown in Fig. 2. Contributions at this order can be
obtained by considering weak O (αw) corrections to the Born QCD cross section (O

(

α2
s
)

) or by
considering QCD O (αs) corrections to the LO interference terms (O (αsαw)). A strict separation
of the corrections is not possible, owing to the appearance of diagrams of the type such as the third
one-loop diagram in Fig. 2 (a), which could be attributed to both. Instead, one has to consistently
take into account all corrections defined by the order in perturbation theory. A more extensive
discussion of the calculational details can be found in Ref. [4].

3. Numerical results

We define a dijet event by requiring at least two jets with a transverse momentum kT > 25 GeV
each and a rapidity y with |y| < 2.5, where we employ the anti-kT algorithm with the angular
separation parameter of R= 0.6 for the jet definition. Further details on the numerical input can be
found in Ref. [4]. The NLO correction relative to the Born cross section σ 0 is defined via σNLO =

σ 0 × (1+ δ 1-loop
weak ). In order to quantify the impact of the LO EW contributions of O

(

αsα , α2)

which are omitted in purely QCD predictions, we further introduce a relative correction factor δ tree
EW

with respect to the Born QCD cross section, σ 0 = σ 0
QCD × (1+δ tree

EW).
The results for the LHC with the CM energy of

√
s= 8 TeV are shown in Figs. 3 (a,b) for the

differential distributions with respect to the dijet invariant mass M12 and the transverse momentum
of the leading jet, kT,1, respectively. The weak radiative corrections show the typical behaviour ex-
pected from the Sudakov-type logarithms which are negative throughout and increase in magnitude
at higher scales. However, they turn out to be only of moderate size in case of the M12 distribution
reaching approximately −3% for an invariant mass of M12 = 2 TeV. This can be understood by
the fact that the high-M12 tail of the distribution is not dominated by the Sudakov regime where all
scales (Mandelstam variables ŝ, t̂, û) are simultaneously required to be much larger than the gauge-

3

Dijet production

Weak radiative corrections to dijet production at the LHC Alexander Huss

1. Introduction

The inclusive dijet production pp → j j+X is an important process to test the Standard Model
in the previously unexplored region that is now accessible at the LHC as well as in the search for
physics beyond the Standard Model, see e.g. Ref. [1]. Furthermore, it delivers crucial constraints in
the fit of the parton distribution functions (PDF), in particular for the gluon PDF at high momentum
fraction x.

The next-to-leading order (NLO) QCD corrections have been calculated a long time ago [2],
and a substantial effort is currently put into the computation of the corrections at next-to-next-
to-leading order (NNLO) in QCD, where the results for the purely gluonic channel have been
presented in Ref. [3] recently. Here we report on our calculation [4] of the purely weak radiative
corrections of O

(

α2
s α

)

to dijet production. Corrections at this order have been previously calcu-
lated for the single-jet-inclusive cross section in Ref. [5], and preliminary results to dijet production
were shown in Ref. [6].

In spite of the suppression by the small value of the coupling constant α , it is well known that
the electroweak (EW) corrections can become large in the high-energy domain due to the appear-
ance of Sudakov-type and other high-energy logarithms. Considering that the data collected with
the LHC running at the centre-of-mass (CM) energy of

√
s= 7 TeV was already able to probe this

high-energy domain of dijet invariant masses M12 and jet transverse momenta kT up to approxi-
mately 5 TeV and 2 TeV, respectively, it is important to investigate the impact of these electroweak
corrections. Guided by the aforementioned logarithmic enhancements, we have restricted ourselves
to the calculation of the purely weak radiative corrections at the order α2

s α in the first step, which
will be denoted by α2

s αw in the following. They form a well-defined gauge-invariant subset of the
full EW corrections which can be supplemented by the remaining photonic QED corrections at a
later time.

2. Dijet production at hadron colliders

When investigating the EW effects in dijet production one first has to note that already at
leading order (LO) there are EW contributions in case of the four-quark processes given by the
exchange of an electroweak gauge boson between the two quark lines. This leads to the Born cross
section not only consisting of the purely QCD contributions of O

(

α2
s
)

, but also from interference
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Figure 1: The tree-level contributions to the process ud → ud of the orders (a) α2
s , (b) α2, and (c) αsα .
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Figure 3: Differential distributions with respect to (a) the dijet invariant mass M12 and (b) the transverse
momentum of the leading jet kT,1 at the LHC for a CM energy of 8 TeV. Left: absolute predictions; right:
relative contributions δ (taken from Ref. [4]).

boson mass (ŝ, |t̂|, |û| ≫ M2
W), but instead are dominated by the Regge (forward) region where ŝ

is large but |t̂| or |û| remain small. In case of the transverse-momentum distribution, on the other
hand, the high-kT,1 domain probes the Sudakov-regime, and we observe larger NLO weak correc-
tions, reaching around −6% for leading-jet transverse momenta of kT,1 = 1.5 TeV. The tree-level
EW contributions are similar in size, but opposite in sign, leading to significant cancellations in the
sum. The rise of δ tree

EW with higher scales can be understood by inspecting the parton luminosities:
At lower values of M12 and kT,1 the cross section is dominated by the gluon-induced processes
which do not contribute to the LO EW cross section. The only non-vanishing contribution to δ tree

EW
comes from the four-quark processes which gain in importance for higher scales, in contrast to the
gluon-induced processes which become more and more suppressed due to the rapidly decreasing
gluon luminosity. In order to explain the larger corrections observed in the kT,1 distribution com-
pared to the M12 distribution one needs to inspect the dominant contribution to δ tree

EW coming from
the O (αsα) interference terms of the valence quark–quark scattering: q1q2 → q1q2, qi ∈ {u,d}. In

4

�[%]

Dittmaier, Huss, Speckner

photon initiated

Electroweak effects in PDFs

p

...q

γ } X
p

...γ

q̄ } X
p

...γ

q } X

Collinear splittings q → qγ, γ → qq̄ lead to quark mass singularities

• absorption of α lnmq singularities via factorization into redefined PDFs
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• O(α) corrections to all PDFs
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Features of EW corrections

Relevance and size of EW corrections

generic size O(α) ∼ O(α2
s ) suggests NLO EW ∼ NNLO QCD

but systematic enhancements possible, e.g.

• by photon emission
↪→ kinematical effects, mass-singular log’s ∝ α ln(mµ/Q) for bare muons, etc.

• at high energies
↪→ EW Sudakov log’s ∝ (α/s2W) ln2(MW/Q) and subleading log’s

EW corrections to PDFs at hadron colliders → talks by F.Giuli, G.Sborlini

induced by factorization of collinear initial-state singularities, new: photon PDF

Instability of W and Z bosons

• realistic observables have to be defined via decay products (leptons, γ’s, jets)
• off-shell effects ∼ O(Γ/M) ∼ O(α) are part of the NLO EW corrections

Combining QCD and EW corrections in predictions → talk by A.Vicini

• how to merge QCD and EW results with a proper error estimate
• reweighting procedures in MC’s
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TH Uncertainties
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‣Lack of probabilistic framework : how to combine with other?

May 4, 2016 – 10 : 05 DRAFT 43

1.1.2 Summary of results1033

The numerical results quoted in this section are valid the following set of input parameters:

√
S 13 TeV

mh 125 GeV

PDF PDF4LHC15_nnlo_100

αs(mZ) 0.118

mt(mt) 162.7 GeV (MS)

mb(mb) 4.18 GeV (MS)

mc(3GeV ) 0.986 GeV (MS)

µ = µR = µF 62.5 GeV (= mH/2)

1034

Using these input parameters, our current best prediction for the production cross section of a1035

Higgs boson with a mass mH = 125 GeV at the LHC with a center-of-mass energy of 13 TeV is1036

σ = 48.58 pb+2.22 pb (+4.56%)
−3.27 pb (−6.72%) (theory) ± 1.56 pb (3.20%) (PDF+αs) . (4.3)

The central value in eq. (4.3), computed a the central scale µF = µR = mH/2, is the combination1037

of all the effects considered in eq. (4.12). The breakdown of the different effects is:1038

48.58 pb = 16.00 pb (+32.9%) (LO, rEFT)
+ 20.84 pb (+42.9%) (NLO, rEFT)
− 2.05 pb (−4.2%) ((t, b, c), exact NLO)
+ 9.56 pb (+19.7%) (NNLO, rEFT)
+ 0.34 pb (+0.7%) (NNLO, 1/mt)
+ 2.40 pb (+4.9%) (EW, QCD-EW)
+ 1.49 pb (+3.1%) (N3LO, rEFT)

(4.4)

We note that for the N3LO central value is completely insensitive to threshold resummation effects for1039

µF = µR = mH/2 and the central value obtained from a fixed-order N3LO computation and a resummed1040

computation at N3LO + N3LL are identical for this scale choice. We therefore conclude that threshold1041

resummation does not provide any improvement of the central value, and it is therefore not included it1042

into our prediction.1043

The PDF and αs uncertainties are computed following the recommendation of the PDF4LHC1044

working group. The remaining theory-uncertainty in eq. (4.3) is obtained by adding linearly vari-1045

ous sources of theoretical uncertainty, which affect the different contributions to the cross section in1046

eq. (4.12). The breakdown of the different theoretical uncertainties whose linear sum produces the theo-1047

retical uncertainty in eq. (4.3) is1048

δ(scale) δ(trunc) δ(PDF-TH) δ(EW) δ(t, b, c) δ(1/mt)

+0.10 pb
−1.15 pb ±0.18 pb ±0.56 pb ±0.49 pb ±0.40 pb ±0.49 pb

+0.21%
−2.37% ±0.37% ±1.16% ±1% ±0.83% ±1%

1049

In the remainder of this note we address each of the components that enter the final theoretical uncertainty1050

estimate in turn.1051

what is the meaning of that?

‣Usually obtained by performing scale variations

keep logs small
µF,R =
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Fraction of hadronic observables (~15) 
    whose h.o. correction is contained 
    in the scale variation interval 

E. Bagnaschi, M. Cacciari, A. Guffanti, L. Jenniches (2014)
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Figure 3.1: Fraction of observables whose known higher order is found to be contained within the
uncertainty interval given by scale variation between µ = Q/r and µ = rQ. Left plot: only the extremes
and the central value of the [Q/r, rQ] are used. Right plot: the full [Q/r, rQ] interval is scanned.
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Figure 3.2: Fraction of observables whose known higher order is found to be contained within the
uncertainty interval given by renormalisation and factorisation scale variation between µr,f = Q/r and
µr,f = rQ with the constraint 1/r  µr/µf  r. Only the seven points at the extremes and at the centre
of the scale-variation interval are used. Left plot: NNLO-evolved PDFs are used with all perturbative
orders. Right plot: PDFs evolution order is matched with the perturbative order of the observable.

order-matched PDFs, on the other hand, we obtain very small heuristic CL (less than 30%) for r  3.
The CL reaches 68% for r just over 4 and then stabilises around 80% for larger values of r. These
two analyses for hadronic observables suggest that in the scale-variation approach one may wish to use
a rescaling factor r ⇠ 3 � 4 in order to obtain a reasonably conservative uncertainty interval, with a
heuristic CL at least as large as 68%.

3.2.2 The modified Cacciari-Houdeau model (CH)

For each of the sets of observables listed in Tables 1 and 2 we have performed an analysis of the per-
formance of the CH model in estimating the MHOUs. In this case, a parameter of the model is the �
(or �h factor) that defines the effective expansion parameter of the perturbative series as written in the
model, see eq. (2.10) and eq. (2.15). As far as the size of the uncertainty intervals is concerned, the pa-
rameter � (or �h) plays a role analogous to that of r in the scale-variation approach: the final result will
depend on its value. However, since in the Bayesian model the widths of the uncertainty intervals are
associated with properly defined credibility values, one can explicitly determine the optimal value for �

11

With “r=4” closer 
to 68% expectation

But rescaling depends on order:
 might be better from NNLO

‣Several examples showing that “r=2” might be short
  to account for true uncertainties
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Too much effort to reach N^nLO to avoid the search for a more rigorous 
handling of TH uncertainties in perturbative calculations

‣Bayesian approach: Introduce condicional density 
 compute credibility interval with degree of belief  (68%, 95%)
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Figure 4.11: Size of the MHO uncertainty intervals at LO, NLO and NNLO for the pp ! tt̄ process atp
S = 8 TeV with the CH model with �h = 0.6, compared to those predicted by scale variation.
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Figure 4.12: Posterior distribution for the remainder �k (blue solid) for the pp ! tt̄ process at
p
S =

8 TeV with the CH model, 68% DoB interval (blue fill), 95% DoB interval (light-blue fill), scale-
variation interval (red solid).
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LO NLO NNLO

a rescaling factor of 3-4 appears more likely to estimate missing higher 
  orders consistent with a 68%-heuristic CL interpretation 

‣Evaluate “higher order” terms from resummation framework

‣Series acceleration: estimate some unknown terms using analytical
 structure of expansion and sequence methods A. David, G. Passarino (2013)

DdeF, J. Mazzitelli, S. Moch, A. Vogt (2014)
R. Ball et al (2013)

M. Cacciari, N. Houdeau (2011); E. Bagnaschi, M. Cacciari, A. Guffanti, L. Jenniches (2014)


