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k = k algebraically closed field.

Plan:

I. Braided vector spaces and Nichols algebras.

II. Nichols algebras of decompositions.

III. Nichols algebras of blocks.

IV. Nichols algebras of blocks + points.
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I. Braided vector spaces and Nichols algebras.

Γ (finitely generated) abelian group, kΓ its group algebra.

kΓ
kΓYD = category of Yetter-Drinfeld modules over kΓ :

• V = ⊕g∈ΓVg is a Γ -graded vector space;
• V is a left Γ -module such that g · Vh = Vh (compatibility).

Definition. (V, c) braided vector space:
V vector space +c ∈ GL(V ⊗ V ) satisfies the braid equation

(c⊗ id)(id⊗c)(c⊗ id) = (id⊗c)(c⊗ id)(id⊗c).

V ∈ kΓ
kΓYD =⇒ V braided vector space:

c(v ⊗ w) = g · w ⊗ v, v ∈ Vg, w ∈ V.
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If B is a Hopf algebra in kΓ
kΓYD, then B#kΓ is a usual Hopf algebra

(here # is the Radford-Majid bosonization).

Definition. V ∈ kΓ
kΓYD =⇒ ∃ unique (up to isomorphism)

B(V ) = ⊕n∈N0
Bn(V ) (graded) Hopf algebra in kΓ

kΓYD such that

B0(V ) ≃ k, B1(V ) ≃ V,

B(V ) = k⟨V ⟩, Prim(B(V )) = B1(V ).

B(V ) is called the Nichols algebra of V .

Remark. ∃Ω : T (V ) → T c(V ) (quantum symmetrizer)
such that B(V ) = image of Ω =⇒ depends just on c.
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Problem. Classify V in kΓ
kΓYD such that the Nichols algebra B(V )

has finite dimension (or finite GKdim).

Note that B(V ) = T (V )/I(V ) where I(V ) is the maximal homo-

geneous Hopf ideal intersecting trivially k⊕ V .

But I(V ) is difficult to determine explicitly in general. One needs

a variety of indirect techniques to deal with B(V ).
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II. Nichols algebras of decompositions.

Let n ∈ N≥2, In = {1,2, . . . , n} and W a braided vector space.

Definition. (Graña) A decomposition of W is a family of sub-

spaces (Wi)i∈In, all ̸= 0, such that

W = ⊕i∈InWi, c(Wi ⊗Wj) = Wj ⊗Wi, i, j ∈ In.

Remark. (Graña) V1, V2 ∈ kΓ
kΓYD, V = V1 ⊕ V2.

If cV2,V1cV1,V2 = c2V1,V2 = idV1⊗V2 =⇒ B(V ) ≃ B(V1)⊗B(V2).

One goal is to study Nichols algebras of decomposable BVS

(assuming the components are known).
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Braided vector space (V, c) is of diagonal type if admits a

decomposition whose components have dimension 1 (points).

That is, ∃ a basis (xi)i∈Iθ of V and q = (qij)i,j∈Iθ such that

c(xi ⊗ xj) = qij xj ⊗ xi, i, j ∈ Iθ.

We attach to q its Dynkin diagram (generalized): · · ·
qi◦

q̃ij qj◦ · · ·

Here q̃ij := qijqji. We will assume that the diagram is connected.

Remark. If V ∈ kΓ
kΓYD is semisimple =⇒ is of diagonal type.

Theorem (char k = 0). [Heckenberger]

The classification of the V ∈ kΓ
kΓYD, G a finite abelian group,

such that dimB(V ) < ∞ is known.
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Remark. The proof uses the technology of Weyl groupoids and

(generalized) root systems. Given a decomposition

W = ⊕i∈InWi, c(Wi ⊗Wj) = Wj ⊗Wi, i, j ∈ In,

such that all Wi are simple Yetter-Drinfeld modules over a Hopf

algebra H, then it has also a Weyl groupoid [A-Heckenberger-

Schneider, Heckenberger-Schneider].

Theorem (char k = 0). [Heckenberger-Vendramin]

The classification of the W ∈ kG
kGYD, G a finite group, with n > 1

such that dimB(W ) < ∞ is known.
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III. Nichols algebras of blocks.

Blocks: Indecomposable but not simple braided vector spaces

(the easiest ones): V(ϵ, ℓ) ∈ kZ
kZYD, dimV(ϵ, ℓ) = ℓ ≥ 2; in a basis

(xi)i∈Iℓ the braiding is

c(xi ⊗ xj) =

ϵx1 ⊗ xi, j = 1

(ϵxj + xj−1)⊗ xi, j ≥ 2,
i ∈ Iℓ.

Theorem (char k = 0). [AAH]

GKdimB(V(ϵ, ℓ)) < ∞ ⇐⇒ ℓ = 2 and ϵ ∈ {±1}.

V(ϵ,2) is called an ϵ-block.

Open (char k > 0): GKdimB(V(ϵ, ℓ)) < ∞ ⇐⇒ ???
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Proposition (char k = 0). [AAH]
B(V(1,2)) = k⟨x1, x2|x2x1 − x1x2 + 1

2x
2
1⟩ (Jordan plane).

{xa1x
b
2 : a, b ∈ N0} is a basis of B(V(1,2)).

GKdimB(V(1,2)) = 2; B(V(1,2)) is a domain.

Proposition (char k > 2). [Cibils-Lauda-Witherspoon]
B(V(1,2)) = k⟨x1, x2|x2x1 − x1x2 + 1

2x
2
1, x

p
1, x

p
2⟩

(Jordan plane in char p > 2).

{xa1x
b
2 : 0 ≤ a, b < p} basis of B(V(1,2)) =⇒ dimB(V(1,2)) = p2.

10



Now V(−1,2). Let x21 = adc x2 x1 = x2x1 + x1x2.

Proposition (char k = 0). [AAH]

B(V(−1,2)) = k⟨x1, x2|x21, x2x21 − x21x2 − x1x21⟩
(super Jordan plane).

{xa1x
b
21x

c
2 : a ∈ {0,1}, b, c ∈ N0} is a basis of B(V(−1,2)).

GKdimB(V(−1,2)) = 2.

Proposition (char k > 2). [AAH2]

B(V(−1,2)) = k⟨x1, x2|x21, x2x21 − x21x2 − x1x21, x
p
21, x

2p
2 ⟩

(super Jordan plane in char p > 2).

{xa1x
b
21x

c
2 : a ∈ I0,1, b ∈ I0,p−1, c ∈ I0,2p−1} basis of B(V(−1,2))

=⇒ dimB(V(−1,2)) = 4p2.
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IV. Nichols algebras of blocks + points.

Let V ∈ kΓ
kΓYD with a decomposition

V = V1 ⊕ · · · ⊕ Vθ

such that each Vi is either an ϵ-block (ϵ2 = 1) or a point.

We assume at least one block.

Theorem (char k = 0). [AAH]

The Nichols algebras GKdimB(V ) < ∞ ⇐⇒ V belongs to a list.
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One block and one point.

Let V1 be an ϵ-block with basis {x1, x2}, V2 = kx3 a point with

label q22 and V = V1 ⊕ V2. Let q11 := ϵ ∈ {±1}. For some

q12, q21 ∈ k×, a ∈ k, the braiding is of the form (c(xi⊗xj))i,j∈I3 =

=

 ϵx1 ⊗ x1 (ϵx2 + x1)⊗ x1 q12x3 ⊗ x1
ϵx1 ⊗ x2 (ϵx2 + x1)⊗ x2 q12x3 ⊗ x2

q21x1 ⊗ x3 q21(x2 + ax1)⊗ x3 q22x3 ⊗ x3

 .

Remark: c2|V1⊗V2
= id ⇐⇒ q21q21 = 1 and a = 0.

q̃12 = q21q21 = interaction between the block V1 and V2:

weak if q̃12 = 1, mild if q̃12 = −1, strong if q̃12 /∈ {±1}.
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(char k = 0). The ghost is a normalized version of a:

G =

−2a, ϵ = 1,

a, ϵ = −1.
G ∈ N ⇐⇒ def. the ghost is discrete.

Lemma. If the interaction is strong, then GKdimB(V ) = ∞.

If it is mild and ϵ = 1, then GKdimB(V ) = ∞.

Graphical description. Weak interaction:

ϵ = 1: � G q22• , � q22• when G = 0;

ϵ = −1: � G q22• , � q22• when G = 0;

Mild interaction: ϵ = −1: � (−,G ) q22•
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Theorem (char k = 0). [AAH]

Let V be a braided vector space a block + a point. Then

dimB(V ) < ∞ ⇐⇒ V is as in the Table.

Nichols algebras of a block & point with finite GKdim, char 0

V GKdim V GKdim

L(1,G ) � G 1• G +3 L(−1,G ) � G −1• 2

L−(1,G ) � G 1• G +3 L−(−1,G ) � G −1• G +2

L(ω,1) � 1 ω• 2 C1 � (−1,1) −1• 2
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(char k = p > 2). Again the braiding is (c(xi ⊗ xj))i,j∈I3 =

=

 ϵx1 ⊗ x1 (ϵx2 + x1)⊗ x1 q12x3 ⊗ x1
ϵx1 ⊗ x2 (ϵx2 + x1)⊗ x2 q12x3 ⊗ x2

q21x1 ⊗ x3 q21(x2 + ax1)⊗ x3 q22x3 ⊗ x3

 .

V has discrete ghost if a ∈ F×p .
In this case, the ghost is a normalized version of a: we pick a

representative r ∈ Z of 2a by imposing

r ∈

{1− p, . . . ,−1}, ϵ = 1,

{1, . . . ,2p− 1} ∩ 2Z, ϵ = −1;
set G :=

−r, ϵ = 1,

r, ϵ = −1.

Then G is called the ghost.
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Theorem (char k = p > 2). [AAH2]

Let V be a braided vector space a block + a point. If V is as

in the Table, then dimB(V ) < ∞.

Finite-dimensional Nichols algebras of a block and a point

V diagram G dimK dimB(V )

L(1,G ) � G 1• discrete pr+1 pr+3

L(−1,G ) � G −1• discrete 2r+1 2r+1p2

L(ω,1) � 1 ω• 1 33 33p2

L−(1,G ) � G 1• discrete 2
r
2p

r
2+1 2

r
2+2p

r
2+3

L−(−1,G ) � G −1• discrete 2
r
2+1p

r
2 2

r
2+3p

r
2+2

C1 � (−1,1)−1• 1 16 64p2
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To prove the Theorem, observe that

V = V1 ⊕ V2 =⇒ B(V ) � B(V1) =⇒ B(V ) ≃ K#B(V1),

where K = B(V )coB(V1). By [HS, Prop. 8.6], K ≃ B(K1) where

K1 = adcB(V1)(V2) ∈ B(V1)#kΓ
B(V1)#kΓYD.

To describe K1, we set

zn := (adc x2)
nx3, fn := (adc x1)

nx3, n ∈ N0.

By explicit computing the braiding, we see that this is mostly a
symmetric or super symmetric algebra (up to a twist).
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L(1,G ): Let G ∈ N and V ! � G 1• . Let zn := (adc x2)
nx3.

Proposition (char k = 0). [AAH].

B(V ) = k⟨x1, x2, x3|x2x1 − x1x2 +
1

2
x21,

x1x3 − q12x3x1

ztzt+1 − q−1
12 zt+1zt, 0 ≤ t < G ,

z1+G ⟩;

B = {xm1
1 x

m2
2 z

nG
G . . . z

n1
1 z

n0
0 : mi, nj ∈ N0}

is a PBW-basis, hence

GKdimB(V ) = G +3
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L(1,G ): Let G ∈ N and V ! � G 1• . Let zn := (adc x2)
nx3.

Proposition (char k > 2). [AAH2]

B(V ) = k⟨x1, x2, x3|x2x1 − x1x2 +
1

2
x21,

x1x3 − q12x3x1

ztzt+1 − q−1
12 zt+1zt, 0 ≤ t < G ,

z1+G ,

x
p
1, x

p
2, z

p
t , 0 ≤ t < G ⟩;

B = {xm1
1 x

m2
2 z

nG
G . . . z

n1
1 z

n0
0 : mi, nj ∈ I0,p−1}

is a PBW-basis, hence

dimB(V ) = pG+3.
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L(−1,G ): Let G ∈ N and V ! � G −1• . Let zn := (adc x2)
nx3.

Proposition (char k = 0). [AAH].

B(V ) = k⟨x1, x2, x3|x2x1 − x1x2 +
1

2
x21,

x1x3 − q12x3x1

ztzt+1 − q−1
12 zt+1zt, 0 ≤ t < G ,

z2t , 0 ≤ t < G ,

z1+G ⟩;

B = {xm1
1 x

m2
2 z

nG
G . . . z

n1
1 z

n0
0 : ni ∈ {0,1},mj ∈ N0}

is a PBW-basis, hence

GKdimB(V ) = 2.
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L(−1,G ): Let G ∈ N and V ! � G −1• . Let zn := (adc x2)
nx3.

Proposition (char k > 2). [AAH2]

B(V ) = k⟨x1, x2, x3|x2x1 − x1x2 +
1

2
x21,

x1x3 − q12x3x1

ztzt+1 − q−1
12 zt+1zt, 0 ≤ t < G ,

z2t , 0 ≤ t < G ,

z1+G ,

x
p
1, x

p
2;

B = {xm1
1 x

m2
2 z

nG
G . . . z

n1
1 z

n0
0 : ni ∈ {0,1},mj ∈ I0,p−1}

is a PBW-basis, hence

dimB(V ) = 2G+1p2.
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One block and several points.

Theorem (char k = 0). [AAH] Let V = V1 ⊕ V2 ⊕ · · · ⊕ Vθ be

a decomposable braided vector space, V1 a 1-block, V2, . . . , Vθ
points, braidings as above. Then

GKdimB(V ) < ∞ ⇐⇒ for every connected component J of

V2 ⊕ · · · ⊕ Vθ, either GJ = 0, or else VJ is as in the Table. Also,

GKdimB(V ) = 2+
∑
J∈X

GKdimB(KJ).

Let ω ∈ G′
3, dJ = GKdimB(KJ).

23



A block and several points, finite GKdim.

VJ type GJ KJ dJ
1◦ A1 discrete (A1)GJ+1 GJ +1
−1◦ A1 discrete (A1)GJ+1 0
ω◦ A1 1 A2 0

−1◦ −1 −1◦ . . .
−1◦ −1 −1◦ Aθ−1 (1,0, . . . ,0) A3, θ = 3 0

Dθ, θ > 3
−1◦ −1 −1◦ A2 (2,0) D4 0
−1◦ ω −1◦ sl(2|1) (1,0) g(2,3) 0
−1◦ ω2 ω◦ sl(2|1) (1,0) sl(2|2) 0

(0,1) g(2,3) 0
−1◦ ω ω2

◦ ω ω2

◦ sl(1|3) (1,0,0) g(3,3) 0
−1◦ ω ω2

◦ ω2 ω◦ osp(2,4) (1,0,0) g(3,3) 0
−1◦ r−1 r◦ , r /∈ G∞ sl(2|1) (1,0) sl(2|2) 2

−1◦ r−1 r◦ , r ∈ G′
N , N > 3 sl(2|1) (1,0) sl(2|2) 0
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Theorem (char k = 0). [AAH] Let V = V1 ⊕ V2 ⊕ · · · ⊕ Vθ be

a decomposable braided vector space as above, but now V1 a

−1-block. Then GKdimB(V ) < ∞ ⇐⇒
essentially one more example called C2 with diagram

� (−1,1) −1• −1 −1◦
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Theorem (char k = p > 2). [AAH2] The following Table gives

examples of finite-dimensional Nichols algebras:

A block and several points, finite dim.

V diagram dimB(V )

L(Aθ−1), � 1 −1• −1−1◦ . . .
−1◦ −1 −1◦ p226

θ > 2 θ − 1 vertices p22(θ−1)(θ−2)

L(A2,2) � 2 −1• −1 −1◦ p2212

L(A(1|0)2;ω) � 1 −1• ω −1◦ p22734

L(A(1|0)1;ω) � 1 −1• ω2 ω◦ p22432

L(A(1|0)3;ω) � 1 ω• ω2 −1◦ p22734

L(A(1|0)1; r) � 1 −1• r−1 r◦ , r ∈ G′
N , N > 3 p224N2

L(A(2|0)1;ω) � 1 −1• ω ω2

◦ ω ω2

◦ p22839

L(D(2|1);ω) � 1 −1• ω ω2

◦ ω2 ω◦ p22839
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Final remarks. (i). The Nichols algebras in char p > 2 presented
above can be realized in kG

kGYD with G finite. Thus we obtain new
examples of pointed Hopf algebras in char p > 2 not of diagonal
type.

(ii). There are abelian groups G and V ∈ kG
kGYD of the form

V = ⊕1≤i≤θVi, c(Vi ⊗ Vj) = Vj ⊗ Vi, 1 ≤ i, j ≤ θ,

such that GKdimB(V ) < ∞ but some of the Vi’s are neither
blocks nor points. More precisely the Vi’s could be semisimple
but indecomposable in kG

kGYD. These are called pale blocks. See
the Appendix of [AAH] and [A-A-Moya], in preparation.
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