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* Cosmology with GWs

* Late Universe:

Universe: High Energi(Particle Physics>

Can we really probe High Energy Physics
using Gravitational Waves (GWs) ? How ?



GWs: probe of the early Universe

Why ?

One and ONLY One reason ...
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@ WEAKNESS of GRAVITY:
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What processes of the early Universe ?
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The Eq

(Earth gravity too
weak to observe

the effect, but —— e.g. the sun does a better job !

Eddington 1919

Light does not
change speed,
but direction
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light bending,
light red/blue-shifting,
gravitational time dilation,
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Einstein understood like this...

a mathematical formulation was needed !
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‘Space-Time' Geometry
dictates Movement of Matter




General Relativity Equations
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General Relativity: Generalisation of Special Relativity
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Friedmann-Lemaitre
-Robertson-Walker
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- L Principle of Symmetry:
wy T mE TR " The Universe is
geometry of matter within .
the Universe the Universe Homogeneous & Isotroplc
2
U]l — g3; 4 a (t) 2/ N2 20 \2 i 2 FLRW
I = dlag< L, 1 — ko2 » & (t)r » & (t)r sin” 6 Friedmann-Lemaitre

-Robertson-Walker

dr 2
ds* = g, dx"dr” = —dt* @ [ (> - 72 (d6? 4 sin® Odyp )}

f k < 0,Open
Scale Factor Curva’rure{ k=0, Flat
(dynamical) (const.) k > 0, Close



Cosmological Principle

- L Principle of Symmetry:
wy T mE TR " The Universe is
geometry of matter within .
the Universe the Universe Homogeneous & Isotroplc
. a*(t) . FLRW
!],[w] = diag <_1’ 1 — kre o (t)TQ’ a’ (t)rQ sin” 9) Friedmann-Lemaitre
-Robertson-Walker
d
ds* = g, dx’dx” = —dt* + a*(t ) 1 Tk > r?(d* + sin? Odyp )}
— Kkr

(c = const.) a— afc —, - T, kr? physical
a

k—k/c? a,r, k unphysical
invariant:{ rerenr I:{>
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Cosmological Principle

- L Principle of Symmetry:
wy T mE TR " The Universe is
geometry of matter within .
the Universe the Universe Homogeneous & Isotroplc
Redshift
oD )
/ /\ Ao, — A1
21 =
A Cl,l
o — 1
iy a(ty)
t1 _a(to)
14+ 2z =
O(\v ! a,(t)

Q(g)



END of digression on
GENERAL RELATIVITY
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PRIMER ON
GRAVITATIONAL WAVES




Gravitational Framework

General Relativity (GR) Guv = 7z T
geometlry matter

3
[mp = (87G)" Y2 = 2.44 - 10%® GeV} eV ee

P\aﬂo\‘ «

ds® = g, (z)dztdx”
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l source

2nd order, non-Linear
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v source
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Gravitational Framework

General Relativity (GR) Guv = 7z T
geometlry matter
metric
|
G, =Dlgas] = mngW(Matt, Rad, Top.Defects, DarkEnergy, ...)
* source of GWs

expand in perturbations
9dop = Gap T 59045

How do we define GWs ?



9o = Jas + 59045
Let’s continue
this approach...



9o = Jas + 59&5
Let’s continue
this approach...

But not before ...
coffee breaking!




Definition of GWs
1st approach
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MinkowskKi

Y T
~EARIZED GRAVL G = T+ Py (1)
(| <1)
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Gravitational Wave Definition

MinkowskKi

1st approach to GWs Juv = Nuv + Iy ()

DIFF - :1:'“><a:’“(x)




Gravitational Wave Definition

1st approach to GWs

DIFF - m%’ﬂ(:p)

MinkowskKi

% T p
" =t =at 4§ (fﬂ)‘es‘\dua\
QERACH ISR gy




Gravitational Wave Definition

MinkowskKi

1st approach to GWs Juv = Nuv + Iy ()

Let’s expand Einstein Equations !
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Gravitational Wave Definition

1st approach to GWs

Trace-reversed

huw = hpyy —

1
5 hn,uy

Minkowski

] fixeo
Juv = Nuv T h,uu (37) “am
(Jhuw| < 1)

» 0% 0oy + 1y 0% 07 hop — 0“Ouhavy = —
—

O(h.«) Einstein tensor expansion




Gravitational Wave Definition

1st approach to GWs

Trace-reversed

huw = hpyy —

1
5 hn,uy

res\Y

O (18,60 (0)] S ] )

Minkowski

» 0% 0oy + 1y 0% 07 hop — 0“Ouhavy = —

-

O(h.«) Einstein tensor expansion

2

2
My

T




Gravitational Wave Definition

MinkowskKi

1st approach to GWs Juv = Nuv + Iy ()

Trace-reversed

2

1
h/“/ — h,u,/ — 5]177’“”

» 0% 0oty + 000 hap — %0, haw) = - m2
w_/ p

— O(h.x) Einstein tensor expansion

res‘\dua\ 0"hy, =0

™" | orentz gauge
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Gravitational Wave Definition

MinkowskKi

1st approach to GWs Juv = Nuv + Iy ()

Trace-reversed

2

1
h/“/ — h,u,/ — 5]177’“”

» 0% 0oty + 000 hap — %0, haw) = - m2
w_/ p

— O(h.x) Einstein tensor expansion

res‘\dua\ 0"hy, =0

™" | orentz gauge
.

Technical Note: If 97, # 0 |----cmssssrremmmseaemmmmasaamemamaann,

T




Gravitational Wave Definition

Minkowski
D el
1st approach to GWs Juv = Npw + Ry () £rame
(lhuw| < 1)
Trace-reversed
3 1 . i i 5
huv = by — §h77/w » 0%ty + 100" hag — 0%uhony = _WTW

res'\d\la\ 0" hyuy =0

W, - p

O(h.«) Einstein tensor expansion

™" Lorentz gauge

v

Technical Note: If 0%h,, # 0 |=--=s=mmmeemmmea e

o — 't =t 4 H(x)

hw(z) = h/uz/(l’/) = hyw(x) — 0.y
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MinkowskKi

D el
1st approach to GWs Guv = N + My (T) fram
(Jhuw| < 1)
Trace-reversed
_ 1 _ _ _ 2
huw = hpy — §h77“” = 001, + 000 R — 0O uhan) = ~ 5T

w_/ p
— O(h.x) Einstein tensor expansion
res‘\dua\ 0"hy, =0

™" Lorentz gauge
v

Technical Note: If 97, # 0 |----cmssssrremmmseaemmmmasaamemamaann,




Gravitational Wave Definition

Minkowski
D el
1st approach to GWs Guv = N + My (T) fram
(lhuw| < 1)
Trace-reversed
_ 1 _ _ _ 2
huv = hpw — §h77/w » 0% 0oy + 1y 0% 07 hop — 0% hen) = _WTW

w_/ p
— O(h.x) Einstein tensor expansion
res‘\dua\ 0"hy, =0

™" Lorentz gauge
v

Technical Note: If 97, # 0 |----cmssssrremmmseaemmmmasaamemamaann,




Gravitational Wave Definition

1st approach to GWs

Trace-reversed

1

h/“/ — h,u,/ — 5]177’“”

res'\d“a\
sy

0"y = 0

MinkowskKi

=l 901 + 002 hag — 00 uhon) = ——5 Ty

Lorentz gauge

w_/ P

O(h.«) Einstein tensor expansion

v

Technical Note: If 97, # 0 |----cmssssrremmmseaemmmmasaamemamaann,

o'+ i_ziw (x")




Gravitational Wave Definition

MinkowskKi

1st approach to GWs Juv = Nuv + Iy ()

Trace-reversed

2

1
h/“/ — h,u,/ — 5]177’“”

» 0% 0oty + 000 hap — %0, haw) = - m2
w_/ p

— O(h.x) Einstein tensor expansion

res‘\dua\ 0"hy, =0

™" | orentz gauge

T




Gravitational Wave Definition

0"y = 0

Minkowski
o el
1st approach to GWs G = T + P (Z) -
(Jhuw| < 1)
Trace-reversed
_ 1 ) ) ) 5
hlﬂ/ — h/“/ — 5]177“” » aaﬁahw/ —I—@uyajéﬁhag _?aa(fiha”i: _m_%T'LW
=0 =0

Lorentz gauge
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MinkowskKi

1st approach to GWs Juv = Nuv + Iy ()

Trace-reversed
_ 1
hlﬂ/ — h/“/ — 5]177“”

res'\d\la\ 0" hyuy =0
™" | orentz gauge




Gravitational Wave Definition

MinkowskKi

1st approach to GWs Juv = Nuv + Iy ()

Trace-reversed
_ 1
h/“/ — h,u,/ — 5]177“”

res'\d\la\ 0" hyuy =0
™" | orentz gauge




Gravitational Wave Definition

MinkowskKi

1st approach to GWs = | + hy () “*ed
PP Juv = Nuv v “aﬁ\e

(Jhuw| < 1)
Trace-reversed

- 1
h,uz/ = h,uy o §h77,uy

— 0, 10 s — DBl =~y Ty
- p

\ v,

— N 9
\ces‘\dua\ 0"h,, =0 —> 00 0%h ), = _WT‘“’ %/
sy™"  Lorentz gauge S




Gravitational Wave Definition

MinkowskKi

1st approach to GWs

Trace-reversed

hlﬂ/ — h/“/ — 5]177“”

1

res'\d“a\
gy

0"h,, =0
Lorentz gauge

T

fixed

Juv = Nuv + h,ul/ (x) “aﬁ\e
(lhuw| < 1)

N _
# I' 0a0%h

AN

) " Ol -+ nm —W -

2
- =T,
o T

-7

—

m?2

2

p

P——

- TW:J/
(10-4=6d.o.f.) —




Gravitational Wave Definition

MinkowskKi

1st approach to GWs Juv = Nuv + Iy ()

Is that all ?




Gravitational Wave Definition

MinkowskKi

1st approach to GWs Juv = Nuv + Iy ()

Is that all ? Not really ...
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MinkowskKi

1st approach to GWs Juv = Nuv + Iy ()
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MinkowskKi

1st approach to GWs Juv = Muv + o ()

pt = ot + () —)

with 9, 8¢, = 0

(further residual gauge)
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MinkowskKi

1st approach to GWs Juv = Muv + o ()

o't =gt 4+ M (x) —

with 9, 0%E,, = 0

(S€”
IET.., =0 0,0"h;; =0 &“a“i\é\eess
(further residual gauge) “_” H *J ra ge)




Gravitational Wave Definition

MinkowskKi

1st approach to GWs Juv = Muv + o ()

1

v =0, hi=0, Ohy;=0]|"7

o't =gt 4+ M (x) —

with 9, 8%¢,, = 0 000 My = ——5 Ty | W00

(further residual gauge) IF 1, # 0 m2 e)
\nside - ga\9
\ 6-4=2d.0.f.? n

30\.“ ce .




Gravitational Wave Definition

MinkowskKi

1st approach to GWs Juv = Muv + o ()

o't =gt 4+ M (x)

e—
with 9,0, = 0 9 997 2 o] e
- — eSS
(further residual gauge) IF Ly # 0 “ Ry m2 M \ e)
. p ga
\

6-4=2d.o.f.?




Gravitational Wave Definition

Minkowski
T fined
1st approach to GWs G = M + v (2) o
(lhuw| < 1)
B = gh R () Cannot make h,q = ()
with §,8°¢, — 0 » — 5 Yet t_here
at Sp IF T o 0 aaa h,ul/ 2T are still only
(further residual gauge) Md mp 2 radiative
e
S e ! (6-4=2d.o.f.) dof?
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0,0"h;; =0 | Wave Eq. = Gravitational Waves !

can GW be 'gauged away’ ?
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Gravitational Wave Definition

(TT gauge: 6 -4 =2d.ot.)

1st approach to GWs oM =0, hi=0, 0jhiy = 0@
Quis!
SourCe

0,0"h;; =0 | Wave Eq. = Gravitational Waves !

can GW be 'gauged away’ ? No !

2 dof =
2 polarizations

+ Polarization

y



Gravitational Wave Definition
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SOUCE

0,0"h;; =0 | Wave Eq. = Gravitational Waves !
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\ (plane wave)
transverse plane



Gravitational Wave Definition

(TT gauge: 6-4 =2 d.o.f.)

1st approach to GWs ' =0, hi=0, 0Jhiy= 0@
Qu\s\
SOUCE

0,0"h;; =0 | Wave Eq. = Gravitational Waves !

can GW be 'gauged away’ ? No !

2 dof = 2 polarizations fas(t, %) = / df / div hoy (f, )e 2T/ (E=1x)

\ (plane wave)
transverse plane

he  hy 0) Transverse-

Z ha(f (A) (n) = hy —hy O Traceless
A=+4x (2 dOf)



Gravitational Wave Definition

(TT gauge: 6-4 =2 d.o.f.)

1st approach to GWs hH =0, h;=0, 0jhij=0

0,0"h;; =0 | Wave Eq. = Gravitational Waves !

can GW be 'gauged away’ ? No !

pyoemn 3 {1 £ e
he {7 {3 Sy O

wt = 3"/7

https://www.youtube.com/watch?v=U_ hLM1WPDgM https://www.youtube.com/watch?v=EtL9UyRx Us



https://www.youtube.com/watch?v=U_hLM1WPDqM
https://www.youtube.com/watch?v=EtL9UyRx_Us

Definition of GWs
2nd approach
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2nd approach to GWs G =N +909, (|09, < 1)
(gauge invariant def.)
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0goi = 0gio = (OB +S;), s: scalar

g | ~Vivector
| 0gy = 0gi = 200, + (00 — 36,V )E+ OF; + OF; + by, L tensor



Gravitational Wave Definition

Minkowski
2nd approach to GWs G =N +909, (|09, < 1)
(gauge invariant def.)
g0 = 26, (svt decomposition)
- dgor = g0 = (OB +5)), s scalar

g | ~Vivector
| 0gy = 0gi = 200, + (00 — 36,V )E+ OF; + OF; + by, L tensor
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T (svt metric perturbations)

(svt E/p-tensor components)
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Ty =Tji = p oy + (90 — 30;V")o + 00; + v, + Ty



Gravitational Wave Definition

T (svt metric perturbations)

080i = 08io = (0B + Si)

!
581']' — 5gji — —2¢5,‘j —+ (69,8] — §5le2)E + aiFj + c‘?]-F,- —+ hija

................................................................................

(svt E/p-tensor components)

1
Ty =Tji = p oy + (90 — 30;V")o + 00; + v, + Ty
08 v T,
Scalar(s) ) o, B, Y, E o, U, p, 0
V@CtOI’(S) > c %3 Si, Fl' U, 0;
Tensor(s) | hj 11;




Gravitational Wave Definition

T / """""""""""""""""""""""""" (svt metric perturbations)

(svt E/p-tensor components)

................................................................................

1

58@/ VAR B 4 T'L“/
¥ K KK
|Scalar(s) o, B, Y, E o, U, p, 0
V@CtOI’(S) > c %3 Si, Fl' U, 0;
Tensor(s) | hj 11;




Gravitational Wave Definition

T (svt metric perturbations)

4

Ty =Ti = poy+ (9 —

1

...............................................................................

3

(svt E/p-tensor components)

"

5l‘jv2)0' + &-vj + (9]'7)1' + Hij-

5g'LW T'L“; y /J/
e 44
.M\ ¢9B9 ¢>E P, U, p, 0
Vector(s) $ € R° S. F, U, v;
Tensor(s) | hj 11;




Gravitational Wave Definition

T (svt metric perturbations)

080i = 08io = (0B + Si)

"

|
| 0gy = 0gji = — 200 + (0i0) — gcsijvz)]z + OiFj + OjFi + hij,

................................................................................

(svt E/p-tensor components)

1
Ty =Tji = p oy + (90 — 30;V")o + 00; + v, + Ty
08 v T,
Scalar(s) ) \ o, B, Y, E o, U, p, 0
Vector(s) » € R —> S, Fie— u;, U;
Tensor(s) | hj 11;
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T (svt metric perturbations)

080i = 08io = (0B + Si)

| 0gy = 0gji = — 200 + (0i0) — gcsijvz)]z + OiFj + OjFi + hij,

................................................................................

(svt E/p-tensor components)

1 AN

Ty =Ty = p & + (0:0; — 26;V*)o + 0v; + Ojoi + Ty

______________________________________________________________________ S
08 v T,
Scalar(s) ) o, B, Y, E o, U, p, 0
Vector(s) p € R Si, Fi —> U;, U; +—
Tensor(s) | hj 11;




Gravitational Wave Definition

T (svt metric perturbations)

080i = 08io = (0B + Si)

-

1 |
| 0gy = 0gji = — 200 + (0i0) — gcsijvz)]z + OiFj + OjFi + hij,

(svt E/p-tensor components)

................................................................................

- N
Ty =T = pdy + (90 = 36;V7)o + 00; + Joi + 1.

08 v T,

Scalar(s) ) o, B, Y, E o, U, p, 0
V@CtOI’(S) > c %3 \ Si, Fl' \ U, 0;

Tensorg S) |




Gravitational Wave Definition

T (svt metric perturbations)

g0 =g = (OB +S5), 16 degrees

5 1 : of freedom
581']' = 5gji = —2¢5ij + (({918] — §5ljvz)E —+ aiFj -+ @Fl 4+ hija

U — (svt E/p-tensor components)

To; = Tio = Ou + i, 16 degrees

| of freedom

Tij — Tji — p(sij =+ (818] — §5le2)0 + &-vj + (9]'7)1' + Hl]

08 v T,

Scalar(s) ) o, B, Y, E o, U, p, 0
V@CtOI’(S) > c %3 Si, Fl' U, 0;
Tensor(s) | hij I,




Gravitational Wave Definition

A 5g, (svt metric perturbations)

= 00 = — E

080i = 0gio = (0:B + Si) 10 degrees

: | ; of freedom
0gij = 0gji = —200; + (0,0; — 3 05V)E + OiF; + OjF: + hyj,

To=p. (svt E/p-tensor components)

Toi = Too = Ou + wy 16 degrees

| ' of freedom

|
Ty =Tji = p oy + (90 — 30;V")o + 00; + v, + Ty

In order NOT
to over-count <
degrees of
freedom




Gravitational Wave Definition

Sge = g, (svt metric perturbations)

00 — — ’ ;

b0 = dgin = (DB +S1). 16 degrees
i of freedom
08y = 0gi = =200y + (0,0, — 304V )E+ OF; + OFi + by,

T()o:p """""""""""""""""""""""""""""""""" (svt E/p-tensor components)

Toi = Tio = Ot + ui, 16 degrees
| ; of freedom
Tij — Tji — p(sij =+ (818] — §5le2)0 + &-vj + (9]'7)1' + Hl]

[ 0;S; = 0 (1 constraint), 0;F; = 0 (1 constraint), Metric

\ .
In order NOT O;hij = 0 (3 constraints),  h; = 0 (1 constraint) | perturbations
{0 over-count <

degrees of
freedom




Gravitational Wave Definition

5g """ - ¢ """"""""""""""""""""""""""""" (svt metric perturbations)

g 00 = — <P, 5

0goi = 0gio = (OB + i), 16 degrees

5 i ; of freedom
0gij = 0gji = =20 + (0;0; — 26;V°)E + O;F; + O;F; + hyj, |

Toozp """""""""""""""""""""""""""""" (svt E/p-tensor components)

Toi = Tio = Ot + ui, 16 degrees

| ; of freedom

( 9;S; = 0 (1 constraint), 0;F; = 0 (1 constraint), Metric

\ .
In order NOT O;hij = 0 (3 constraints),  h; = 0 (1 constraint) | perturbations
{0 over-count <

degrees of
freedom

Oiu; = 0 (1 constraint), d;v; = 0 (1 constraint), ) Energy/Momentum
}

\ O:.II; = 0 (3 constraints), II; =0 (1 constraint), tensor




Gravitational Wave Definition

Sge = g, (svt metric perturbations)

00 — — ’ ;

b0 = dgin = (DB +S1). 16 degrees
i of freedom
: 581’]’ — 5gji — —2¢5,‘j + (8,(‘9] — §5le2)E -+ &-Fj + (‘PjFl- + hija

T00:ﬂ """""""""""""""""""""""""""""""""" (svt E/p-tensor components)

Toi = Tio = Ot + ui, 16 degrees
5 ' of freedom

|
Ty =Tji = p oy + (90 — 30;V")o + 00; + v, + Ty

[ 0:S; = 0 (1 constraint), 0;F; = 0 (1 constraint), onstraints for

In order NOT O;hij = 0 (3 constraints),  h; = 0 (1 constraint) | metric perturbations
{0 over-count <

degrees of
freedom

O;u; = 0 (1 constraint), 0;u; = 0 (1 constraint), ) onstraints for E /p

\ O:.II; = 0 (3 constraints), II; =0 (1 constraint), lensor components




Gravitational Wave Definition

T s (svt metric perturbations)

L 0gog = —20, .

800 @ 10

080i = 08ip = (&'B + Si) , Jﬁ/degrees

: | ; of freedom
581] — 58]’1’ = —2¢5ij + (aza] — —5ijV2)E + 8iFj + (‘PjF,- + hija :

P (svt Efp-tensor components)

10

Toi = Tip = Ou+ uj, y@/degrees

5 ’ of freedom

|
Ty =Tji = p oy + (90 — 30;V")o + 00; + v, + Ty

[ 0:S; = 0 (1 constraint), 0;F; = 0 (1 constraint), onstraints for

In order NOT O;hij = 0 (3 constraints),  h; = 0 (1 constraint) | metric perturbations
{0 over-count <
degrees of
freedom

O;u; = 0 (1 constraint), 0;u; = 0 (1 constraint), ) onstraints for E /p

\ O:.II; = 0 (3 constraints), II; =0 (1 constraint), lensor components




Gravitational Wave Definition

Sge = g, (svt metric perturbations)

00 — — ’ ;

b0 = dgin = (DB +S1). 10 degrees
i of freedom
: 581’]’ — 5gji — —2¢5,‘j + (8,(‘9] — §5le2)E -+ &-Fj + (‘PjFl- + hija

T00:ﬂ """""""""""""""""""""""""""""""""" (svt E/p-tensor components)

Toi = Tio = Oiu + w;, 10 degrees
5 ' of freedom

|
Ty =Tji = p oy + (90 — 30;V")o + 00; + v, + Ty

[ 0:S; = 0 (1 constraint), 0;F; = 0 (1 constraint), onstraints for

In order NOT O;hij = 0 (3 constraints),  h; = 0 (1 constraint) | metric perturbations
{0 over-count <

degrees of
freedom

O;u; = 0 (1 constraint), 0;u; = 0 (1 constraint), ) onstraints for E /p

\ O:.II; = 0 (3 constraints), II; =0 (1 constraint), lensor components




Gravitational Wave Definition

T (svt metric perturbations)

080i = 0gio = (0:B + Si) 10 degrees

1 g of freedom
gy = Ogi = ~ 200 + (30 = 30,V + OF; + OF, + hy,

................................................................................

Too = p, (svt E/p-tensor Compo?ents)

Toi = Too = Ou + wy 10 degrees

| of freedom

Ty =Ti =poy+ (99 3517V2)" + 0ivj + Ojui + H,



Gravitational Wave Definition

A 5g, (svt metric perturbations)

= 00 = — E

080i = 0gio = (0:B + Si) 10 degrees

: | ; of freedom
0gij = 0gji = —200; + (0,0; — 3 05V)E + OiF; + OjF: + hyj,

To=p. (svt E/p-tensor components)

Toi = Too = Ou + wy 10 degrees

| ' of freedom

|
Ty =Tji = p oy + (90 — 30;V")o + 00; + v, + Ty

Physical

. o*T,, =0
Constraints :



Gravitational Wave Definition

A 5g, (svt metric perturbations)

= 00 = — E

080i = 0gio = (0:B + Si) 10 degrees

: | ; of freedom
0gij = 0gji = —200; + (0,0; — 3 05V)E + OiF; + OjF: + hyj,

To=p. (svt E/p-tensor components)

Toi = Too = Ou + wy 10 degrees

| ' of freedom

|
Ty =Tji = p oy + (90 — 30;V")o + 00; + v, + Ty

V?u = p (1 constraint),

Phvsical ; 4 constraints

Congtraints Ty =0 => { V2o = SGi—p) (1 constraint),} (due to E/p
conservation)

V?v; = i (2 constraints).

\



Gravitational Wave Definition

(5g """""""" 5 ¢ """"""""""""""""""""""""""""""""" (svt metric perturbations)

= 00 = — E

080i = 08io = (0B + Si), 10 degrees

: | ; of freedom
08y = 0gji = —28 + (80 — 505V )E + OiF; + OiFi + hy, |

To=p. (svt E/p-tensor components)

| 6

Toi = Tio = O + uy, Mdegrees

| ’ of freedom

|
Ty =Tji = p oy + (90 — 30;V")o + 00; + v, + Ty

V?u = p (1 constraint),

Physical B 3
Constraints a“TMV =0 ':{> { Vie = i(u —p) (1 constraint),}

onstraints
“(due to E/p
conservation)

V?v; = i (2 constraints).

\



Gravitational Wave Definition

A 5g, (svt metric perturbations)

= 00 = — E

080i = 0gio = (0:B + Si) 10 degrees

: | ; of freedom
08y = 0gji = —28 + (80 — 505V )E + OiF; + OiFi + hy, |

To=p. (svt E/p-tensor components)

Ty = T = Ot + s 6 degrees

| ' of freedom

|
Ty =Tji = p oy + (90 — 30;V")o + 00; + v, + Ty

Physical

. o*T,, =0
Constraints :



Gravitational Wave Definition

A 5g, (svt metric perturbations)

= 00 = — E

080i = 0gio = (0:B + Si) 10 degrees

: | ; of freedom
08y = 0gji = —28 + (80 — 505V )E + OiF; + OiFi + hy, |

To=p. (svt E/p-tensor components)

Ty = T = Ot + s 6 degrees

| ' of freedom

|
Ty =Tji = p oy + (90 — 30;V")o + 00; + v, + Ty

Physical
O1G,,, = 0 L
Constraints g => [..]



Gravitational Wave Definition

A 5g, (svt metric perturbations)

= 00 = — E

080i = 0gio = (0:B + Si) 10 degrees

: | ; of freedom
08y = 0gji = —28 + (80 — 505V )E + OiF; + OiFi + hy, |

To=p. (svt E/p-tensor components)

Ty = T = Ot + s 6 degrees

| ' of freedom

|
Ty =Tji = p oy + (90 — 30;V")o + 00; + v, + Ty

..................................................................................

Symmetry




Gravitational Wave Definition

T (svt metric perturbations)

080i = 080 = (0iB +5i), 10 degrees
’ ' of freedom

(svt E/p-tensor components)

................................................................................

1 | of freedom
Tj =Ty = p oy + (00 — 70;V*)o + 0wy + i + IL;. .

..................................................................................

Physical | 98m — 08w — 9u&s — D8,

Symmetry | so-eeeeeeeeeeeo BRI
(4dof S = (80, &i) = (do, Oid + i)i

: \ with 0;d; = 0, :
SPUroUS ) o




Gravitational Wave Definition

T (svt metric perturbations)

0goi = 0gio = (OiB + Si) , 10 degrees
’ ' of freedom

(svt E/p-tensor components)

................................................................................

1 | of freedom
Tj =Ty = p oy + (00 — 70;V*)o + 0wy + i + IL;. .

..................................................................................

r XMH)CH—I—&L \ f ¢—>§b—do, B—B—dy—d,

E l ) B

Physical | 98w — 08w = 9ué — 0.8 < Y — ¢+ 3Vid, E—E-2d,
SYMMELrY | coeeeeememememmmem oo => o s B_og
&= (£0,&) = (do, 0id + dy) ! P i — 2d;

(4dof |i= )=l )

: ' 1th ad; — U, : hl%h,
spurious ) W “adOJ \ J j




Gravitational Wave Definition

T (svt metric perturbations)

i 5 o
080i = 0gio = (0:B + Si) jﬂ/degrees
E : of freedom

(svt E/p-tensor components)

................................................................................

Ty = T = Ot + s 6 degrees

5 | 5 of freedom
Ty =Tji = p oy + (90 — 30;V")o + 00; + v, + Ty

..................................................................................

r XMH)CH—I—&L \ f ¢—>§b—do, B—B—dy—d,

E l ) B
Physical 08y — 08 — 0,& — 0LE, { v — Y+ 3V d, E— E—2d,
SYMMELrY | coeeeeememememmmem oo —=> g d B B_oa
(1) & = (£0,&) = (do, 0d + d;) A i = 2d;
(4 p.o.f = (&0, &) = (do ):

ith 0;d; = 0, 5 hij — hy.
spurious ) W 18‘101 \ J j




Gravitational Wave Definition

T (svt metric perturbations)

080i = 08ip = (aiB + Si) ) 6 degrees

| g of freedom
08ij = 08ji = —2tpd;; + (9;0; — §5ijvz)E + O;F; + O;F; + hy;,

(svt E/p-tensor components)

................................................................................

Ty = T = Ot + s 6 degrees
5 ' of freedom

|
Ty =Tji = p oy + (90 — 30;V")o + 00; + v, + Ty

( ¢—>¢—C.l'(), B — B —dy—d,

1
| v — 4+ =V?d, E— E —2d,
Physical { 3

Symmetry S; — S —d;, Fi— F;—2d,
(4 d.o.f.
spurious )

\ hijj — hj;.



Gravitational Wave Definition

T (svt metric perturbations)

080i = 08ip = (aiB + Si) ) 6 degrees

| g of freedom
08ij = 08ji = —2tpd;; + (9;0; — §5ijvz)E + O;F; + O;F; + hy;,

(svt E/p-tensor components)

................................................................................

Ty = T = Ot + s 6 degrees

5 | 5 of freedom
Ty =Tji = p oy + (90 — 30;V")o + 00; + v, + Ty

Gauge Invariant !

: : . 1 ..
[ ¢ —¢—dy, B—B—dy—d, ) E—¢+B—§E,

| ¢—>¢+%V2d, E— E—2d, |
Physical { } D O=-2— §V2E,
Symmetry S, — Si—d;, F,— F,—2d,

1 .
(4 d.o.f. = | _z,- =5, - > Fs

: \
spurious ) with 9,5, — 0




Gravitational Wave Definition

(5g """""""" 5 ¢ """"""""""""""""""""""""""""""""" (svt metric perturbations)

= 00 = — E

080i = 0gio = (0:B + Si) 6 degrees

: | ; of freedom
581] — 58]’1’ = _2¢5z'j + (aza] — —5ijV2)E + @Fj + @Fi -+ hija :

L (svi E/p-tensor components)

Ty = T = Ot + s 6 degrees

| ' of freedom

; | 5
Ty =Tji = p oy + (90 — 30;V")o + 00; + v, + Ty

Gauge Invariant !

(b b—do B—B—do—d, ) E_¢+B_%E, (1)
| ¢—>¢+%V2d, E— E—2d, |
PhySICa| { } :{> 0= 2 — gsz, (1)
Symmetry S; — S —d;, Fi— F;—2d,
4 dOf EiESi—lFi, (2)
( | by — hy.| (2) ) 2

: \
spurious ) with 9,5, — 0




Gravitational Wave Definition

Gauge Invariant !

@z_¢+3_%a (1)

_ I 1
O =-2-3IVE, (1) 6 gauge invariant

. degrees of freedom
2,’ p— S,‘ — EFI', (azzz — 0) (2)

hij = hij,  (ha = 0ihi; =0)  (2)




Gravitational Wave Definition

Gauge Invariant !

: 1.
= — B — <FE,
¢+B—3

(1)

6 gauge invariant
degrees of freedom

Gauge Invariant

Einstein Tensor —

Goo = —V?0,

1 .
Go; = —Evzzi — 9,0,

1 1 .

. 1
Gij = =5 0hj — 0% — 500, (22 + ©) + 5y §V2 29 +0) -6




Gravitational Wave Definition

Gauge Invariant !

@E_¢+B_%a (1)
O=-29Y— %VZE, (1)

1.
EiESi— —Fi,
2

hz’j — hij , (hm — 8’&th — O)

6 gauge invariant
degrees of freedom

Gauge Invariant
(perturbed)

Einstein Eqs. —




Gravitational Wave Definition

Gauge Invariant !

——¢+B—%E (1)

O=-2¢— %VZE, (1)

6 gauge invariant
degrees of freedom

Gauge Invariant
(perturbed)
Einstein Egs.




Gravitational Wave Definition

. . Gauge Invariant
6 gauge invariant d.o.f. (perturbed)

- . N P . . R _ _ . . u u P
SRS AT reseape  Einstein Eqs. werew
- v - . - - : o - . P 2 - - . - - g - -
‘o SRS oo o e ot G e ST i iR DA s B g o e s ot e - LB s czr
/",

V2O =—Lp 1) V= ﬁ (p+ 3p — 3i) (1) ?

D

VY, = —28.(2) Ohy = —311;.  (2)

g 2y <Fp - VS BY DI.e o3 N KN g I TN A - LY <Xy - S T4 L. o~ P, IR TR TR BTN X N = Y T DA I, L
&> =0 o5 O VI o3y > « 'V &> ¥o %5 O RA NG I (A X A =~ NI BN AN

- . SRR~ - .
S 7 A IS LRSS > : . g e - ST UL DN : S o e NS



Gravitational Wave Definition

. . Gauge Invariant
6 gauge invariant d.o.f. (perturbed)

- . N P . . R _ _ . . u u P
SRS AT reseape  Einstein Eqs. werew
- v - . - - : o - . P 2 - - . - - g - -
‘o SRS oo o e ot G e ST i iR DA s B g o e s ot e - LB s czr
"‘,

V20 = —Lp (1) V20 =L (p+3p—3i) (1) 5

Vi =—-5

transverse
& traceless
(TT d.o.t)




Gravitational Wave Definition

. . Gauge Invariant
6 gauge invariant d.o.f. (perturbed)

- . N P . . R _ _ . . u u P
SRS AT reseape  Einstein Eqs. werew
- v - . - - : o - . P 2 - - . - - g - -
‘o SRS oo o e ot G e ST i iR DA s B g o e s ot e - LB s czr
"‘,

V2O = —Lp (1) V=L (p+3p—3i) (1) §

VS = —58,

SIS 2y <y DAVl 0B DH.C S KN % ME TV ] DD S 2y P o N & Tt MRV R T BUR U, (U o o St o W & ooy MR RN
F BT e o, l"' ¢ -e ,_.A <l ~- :...,,, &d s> Tl & C_oce _..‘ .‘»,., :\.,,,7 = N HTy N “ e Lo S 2 < T,
4 % A LS o ~ g . TN H2 o e - Sy - e, y - m o < e S L)

transverse
& traceless
(TT d.o.t)

Only radiative (~ propagating wave Eq.)
gauge invariant degrees of freedom !



Gravitational Wave Definition

. . Gauge Invariant
6 gauge invariant d.o.f. (perturbed)

e . - - - . . _ . - _ _ . B L] L] P
SRR Irsomarnssps Einstein Eqs.  wasesy
MR GO O I e B 1 S LN PR N AR 2 PV T V. B R LAY Vo W) " i e Lo
"‘,

V20 = —Lp (1) V20 =L (p+3p—3i) (1) 5

VS = —58,

transverse
& traceless
(TT d.o.t)

Only radiative (~ propagating wave Eq.)
gauge invariant degrees of freedom !

Gravitational Waves (GWs) are TT d.o.f. metric
perturbations, independently of system of reference



Definition of GWs
3rd approach



Gravitational Wave Definition

3rd approach to GWs G () = guu () +6g.,(x), |6gu] < 1
(for a curved space-time) (separation not well defined)




Gravitational Wave Definition

3rd approach to GWs G () = guu () +6g.,(x), |6gu] < 1
| defined)

(for a curved space-time) (separation not we

More subtle problem! Solution: Separation of scales !




Gravitational Wave Definition

3rd approach to GWs G () = guu () +6g.,(x), |6gu] < 1
(for a curved space-time) (separation not well defined)

More subtle problem! Solution: Separation of scales !

Juv
(background)

Amplitude

(perturbation)
Juv

fB/L_Bl f*/)‘*_l




Gravitational Wave Definition

3rd approach to GWs G () = g () +6g., (), |huw| <1
(for a curved space-time) (separation not well defined)

More subtle problem! Solution: Separation of scales !




Gravitational Wave Definition

3rd approach to GWs G () = g () +6g., (), |huw| <1
(for a curved space-time) (separation not well defined)

More subtle problem! Solution: Separation of scales !

1 —_
R, = —5 (Tuu — :?—ng) » R,, =R, + RS} + Rﬁ? 4+,

p (background) O(ég) 0(592)




Gravitational Wave Definition

3rd approach to GWs G () = g () +6g., (), |huw| <1
(for a curved space-time) (separation not well defined)

More subtle problem! Solution: Separation of scales !

1 ] _
_ _: _ (1) (2)
o= g (e geT) e Rl R
g g
1 Low
B (2)1Low 1
Low Freq. /Long Scale: R, = —[R})]"" + ) Tww — 59T



Gravitational Wave Definition

3rd approach to GWs G () = g () +6g., (), |huw| <1
(for a curved space-time) (separation not well defined)

More subtle problem! Solution: Separation of scales !

1 1 _
R, = (Tuu — ——gWT) » Rf-w — Rﬁw ~+ RLB +- Rﬁ? + ...,

m2 5

p (background) O(ég) 0(592)

~ 1 1 Low
Low Freq. /Long Scale: R, = —[RZM" + — (Tw . §ng)
p

| 1 . High
High Freq. / Short Scale: Ry = —[RI7E" + —5 (Tw - §gﬂ;,T)
p



Gravitational Wave Definition

3rd approach to GWs G () = g () +6g., (), |huw| <1
(for a curved space-time) (separation not well defined)

More subtle problem! Solution: Separation of scales !

1 | _
R, = W (Tuu — :?—g#UT) » Rﬁ,y — R;_u_; ~+ RLB ~+ RL%} + ...,
p (background) O(ég) 0(592)

~ (2L 1 1 Low
RPW — _[Rpw] T+ 9 (Tﬁw R _gMVT)
—— my :

f Freq. / Long

| 1 . High
High Freq. / Short Scale: Ry = —[RI7E" + —5 (Tw - §gﬂ;,T)
p



Gravitational Wave Definition




Gravitational Wave Definition

Low
Low Freq. /Long Scale: R,, = —[Rﬁ}]“’"" + 3 (Tpu — %QWT)
p

§ | I
e (background)
<
(perturbation)

09

fB/Lgl f*/)‘*_l




Gravitational Wave Definition

‘me
<ot
sP?” _ae)
B (R®\ L 1 er?d
Low Freq. /Long Scale:  Buv = —(Ryp) + —5 (Tuw = 59 T)
p
s T
B (background)
<

(perturbation)

09

fB/Lgl f*/)‘*_l




Gravitational Wave Definition

< (\C
[
aC® "
; 2)y , L ere®
Low Freq. /Long Scale:  Buv = —(Ryp) + —5 (Tuw = 59 T)
p
L 9w
B (background)
< med"a‘e
. X
\\ﬂ‘esca\e\
(perturbation)
09
AN

| fBI/LEg1 il fo ! A7



Gravitational Wave Definition

A\
[
ac®
(697 age)
. 1 el
Low Freq. / Long Scale: Ruv = —(R{2) 7 L — §gWT) oN
p
1 @ L. {2) (T/“lg T):Tw__l_— T
by = — m—% <R,uu — EQMVR ) Hy 1Y QQHV
E Juv
& (background)
i med‘a‘e
. ey
\m‘esca\e\
(perturbation)
0y
AN

| fBI/LE;1 il fo / ATE



Gravitational Wave Definition

§ | I
B (background)
° ﬂ\ed‘a‘e

. X

\m‘esca\e\

(perturbation)
09
. N\

| fBI/LEg1 l fo ! A7



Gravitational Wave Definition

2
My

1 <@u5ga5 {Lég‘w)

1
<R£z22> — T4 (010gap 8v59a5> » by =



Gravitational Wave Definition

1 m? o
(R) = = (0u09ap 0,09 ) el ty = —L (90905 0,09"")

It can be shown that only TT dof contributeto <...>



Gravitational Wave Definition

2
My

4

1 «
(R) = =7 (0u0gap 0,09°") mulp tuy = —(989ap 0,09"")

It can be shown that only TT dof contributeto <...>

GW energy-momentum tensor



Gravitational Wave Definition

2
My

4

1 «
(R) = =7 (0u0gap 0,09°") mulp tuy = —(989ap 0,09"")

It can be shown that only TT dof contributeto <...>

m2 TT TT
t,ul/: Tp <8M59fij al/égz'j >

-

(09:5 = hij)
GW energy-momentum tensor GW power/area radiated




Gravitational Wave Definition

2
My

4

1 «
(R) = =7 (0u0gap 0,09°") mulp tuy = —(989ap 0,09"")

It can be shown that only TT dof contributeto <...>

m2 TT TT
t,ul/: Tp <8M59fij al/égz'j >

-

(09i5 = hij)
GW energy-momentum tensor GW energy density




Gravitational Wave Propagation

What about the 1 ( 1 ) High
T

. (1) _ i
High Freq. / Short Scale? Ry = —[RDTHE" + mz \1er T g9

p




Gravitational Wave Propagation

What about the 0 1 1 High
High Freq. / Short Scale? R, =—[R; 2 (T - T)

(2) |High .
B |5 o 2] — IR |MEM negligible
R



Gravitational Wave Propagation

High Freq. / Short Scale? Ry = —[RZIT" + m_z%

What about the 1 1 High
(T,m/ QQ;LUT)

(2) |High .
Py ~ O[22 —— |[RP MM negligible
R Ly

R/(Lllj) — gaﬁ (DaD(H5gV)5— DMDy5ga5— DaDgégW)

~ — 1 W\
— — _ g 9B o(e




Gravitational Wave Propagation

High Freq. / Short Scale? Ry = —[RZIT" + m_z%

What about the 1 1 High
(T,m/ QQ;LUT)

(2) |High .
Ry ~ O A — |R&2)\ngh negligible
R Lo

R/(,l,ll/) — gaﬁ (DQD(uégu)B_ DMDy5ga5— DaDgégW)

-

- o o
D/,l,ég'uy — O ( 5g,u1/ = 5g,u1/ o ig,u,ug ﬁ(sga,ﬁ ) \O

ga\)ge —

vacuum Propagation of GWs

ﬁ Sa = 0 INn curved space-time




Gravitational Wave Propagation

High Freq. / Short Scale? Ry = —[RZIT" + m_z%

What about the 1 1 High
(T,m/ QQ;LUT)

(2) |High .
R ~ 02 — |R&2)\ngh negligible
R Lo

R/(,l,ll/) — gaﬁ (DQD(uégu)B_ DMDy5ga5— DaDgégW)

-

- o o
D/,l,ég'uy — O ( 5g,u1/ = 5g,u1/ o ig,u,ug ﬁ(sga,ﬁ ) \O

ga\)ge —

vacuum

Propagation of GWs

INn curved space-time
( Didg;; =G7dg;; =0)




Gravitational Wave Propagation

What about the
High Freq. / Short Scale?

(2) |High .
Ry ~ O A — |R&2)\ngh negligible
R Lo

R{Y) = §*° (DoD(,69,)5— DuDy6gas— DaDgdgyw)

-

Creation of GWs
INn curved space-time




Gravitational Wave Propagation

——

What about the
High Freq. / Short Scale? K

ng _ _[RELQJ]High T

(2) |High .
Ry ~ O A — |R&2)\ngh negligible
R Lo

-

Creation of GWs
INn curved space-time

TT dof = truly radiative !
[no gauge choice]




GW Propagation/Creation
in Cosmology

FLRW: ds? = CL2(—CZ772 -+ (57,] + hw)dﬂi?’dw]), TT - {



GW Propagation/Creation
in Cosmology

hi; = 0

FLRW: ds? = a?(—dn? + (8;; + h;;)dx*dz’), TT:
o hijrj = 0

Creation of GWs in curved space-time Source: Anisotropic Stress

Eom:|hy; + 2Hh,; — V?h;; = 167 GILLT




GW Propagation/Creation
in Cosmology

hi; = 0

FLRW: ds? = a?(—dn? + (8;; + h;;)dx*dz’), TT:
o hijrj = 0

Creation of GWs in curved space-time Source: Anisotropic Stress

Eom:{hf; + 2Hhi; — VZhi; = 167GIL; M (T = T — (Tig)

GW Source(s): ( SCALARS , VECTOR . FERMIONS )
H;‘;Z;-T o< {0;x0;x Y, {E;E;+ B;B;}'", {¢vy;Dj}tt




Cosmic History

BiGGER size,
SMALLER Temp TODAY [Galaxies, Clusters, ...]

(13.700 Million years)

FIRST GALAXIES
(500 Millions years)

~ ATOMS CREATION
(300.000-400.000 years)

ATOMIC NUCLEI CREATION
(3 minutes !)

SMALLER SIZE, SRR TSNS L FIRST SECOND \
LARGER Temperature \, of the UNIVERSE!



To Be Continued ...



BACK SLIDES






Expanding Universe



Expanding Universe

H&I

T = diag(—p, p, p, p)

vV

m. G, {ggRW)} =T"



Expandi
panding Universe

H&I

TH = di
v — dlag(_PaP p p)

G {gif RW)}
_ T

F s
Friedmann Equations

P



Expanding Universe

H&I

T = diag(—p, p, p, p)

m2Gh gl | = 1 |:>

Friedmann Equations




UNIVERSE:

Expanding Universe

Friedmann Equations

(w — E) Equation of
State (EoS)




Expanding Universe

adt) 3m2 a2
b Critical density (p=pc & K =0)

2
(ID H? = (1@)— P K > pCESm§H2



Expanding Universe

a dt 3m2  a? _ .
b Critical density (p=pc & K =0)

(ID H? = (1da) i K - ,0653777,129]172
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Cosmic Sum
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p K
Smg a?
& |:> —

1 = Close(k > 0)
1 = Flat(k = 0)
1 = Open(k < 0)

P
o2 =

pe = 3m H?
Critical density

(p=pc = K =0)

k

Q—l:a2H2

one-to-one
correlation

Cosmic Sum
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| P = BmZ%H2

am HQE(M@) A

a dt Bmf9 a2

0;
p=D_pii U= = zpﬁ ZQ
(11D) 1/a’
1d,0 ?)dCL _3 [ 2a )
°22 01 Jatw) — ) 1/44
A aqltw s> pxe /a
const.

Critical density (p=pc & K =0)

k

Q—l:a2H2

Cosmic Sum

, Mat.(w = 0)
,Rad.(w =1/3)
,C.C.(w=-1)
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(ID H? = (1;2&) 3'02 [g - pCESm§H2
a dt m a
b Critical density (p=pc & K =0)

P k
— €2, 0 —1=
Pe Z a? H?

Cosmic Sum
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(IIT) + (IT) :
1 3 2 i
H2(a) = H? {Qg> (%) + Q¥ (%) + Q) (@) + Q) =3 %““‘0}

a

= H*E?(a)
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a a o*"o



Expansion History

Past: particle ensemble

Statistical Mechanics




Expansion History

Past: particle ensemble

Statistical Mechanics

to > 11

AU dV U=a’p,
dt

d
(IID) d—i +3H(p+p) =0 —>
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Past: particle ensemble

Statistical Mechanics

to > t1
q UZG/S,O,
(II) d—§+3H(p+p) =0 — s | pdV =0,
dt dt V =a3
U 4 pdV _ 7dS >~ Thermal Eq.

=> 1 us

at =V > Adiabatic Exp.
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relation Distribution




Expansion History

Thermal Eq. (densities)
n=g. | dpf(p), number
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Expansion History

Thermal Eq. (densities)
A n=g. | dpf(p), number
---------- e, p=g.[dFE@)f(5). energy
........... . °

p=g [ di 55/ (P), pressure

dof  Dispersion — Statistical

(

F(+) [fermions]
B(—) [bosons]

pr x 1/a*
poyv < 1/a3

x1l/a, = z2>zrq (t<trq), PrR> PM

Past: Radiation Domination ! |1+ zeq = Q7 /Q) ~ 3400
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Thermal Eq. (densities)
n=g. | dpf(p), number

p=g« [ dDED)f(P), energy

P =g« [dp 3|p| 4)f( D), pressure
/

dof  Dispersion otatistical

(

N (QE(ﬁ>/T N >_1 ; F(‘l‘) [fermions]
N "| B(—) [bosons]

Past: Radiation Domination (RD)
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Thermal Eq. (densities)
n=g. | dpf(p), number

p=gs | dpE(p)f(p), energy

p :/g* J dp 3|5|(5) f(p), pressure

dof Dispersion Statfst/cg/
relation Distribution
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Expansion History

Thermal Eq. (densities)
n=g. | dpf(p), number

p=g. | dpE(p)f(D), energy

p=g«)dp 3|p| G f(p), pressure
/

dof Dispersion Statfst/cg/
relation Distribution

(

(eE(ﬁ)/T 4 >_1 <F(-|-) [fermions]
- | B(—) [bosons]

\
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Adiabatic Exp:

3
S = a”(p+p) = const.
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Expansion History

Adiabatic Exp:

3
S = a”(p+p) = const.

T

1) Species Decoupling, T — T; ,

When do ¢.(T), ¢ (T) change ?
2) Mass threshold , T' < 2m,; ,



