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Review of pure spinor in a flat background

(Berkovits, hep-th/0001035)

Given the superspace coordinates in ten dimensions (Xm, θα), their
momenta and a pair of conjugate pure spinor variables.

S =

∫
d2z

1

2
∂Xm∂̄X

m + pα∂̄θ
α + ωα∂̄λ

α,

Q =

∮
λα
(
pα −

1

2
(γmθ)α∂X

m − 1

8
(γmθ)α(θγm∂θ)

)
≡
∮
λαdα.

Q is nilpotent because the pure spinor constraint λγmλ = 0

Q2 =

∮
(λγmλ)Πm,

(
Πm = ∂Xm +

1

2
(θγm∂θ)

)
⇒ Q is declared as the BRST charge of the theory.
Note that ωα is defined up to (λγm)αΛm.



Review of pure spinor in a flat background

It reproduces the superstring physical spectrum through the
cohomology of Q.

Q(λαAα(X , θ)) = 0, λαAα(X , θ) ∼ λαAα(X , θ) + λαDαΩ.

For example,

Aα(X , θ) = (γmθ)αam(X ) + (θγmnpθ)(γmnpψ(X ))α + · · · ,

am describes a photon and ψ a photino.

This model is conformal, spacetime supersymmetric and BRST
invariant.

This is the minimal pure spinor string in a flat background.



Review of pure spinor in a flat background

The stress-energy tensor of the traditional strings is trivial because
the existence of the reparametrization ghost b. That is, Qb = T .
For the pure spinor string, the stress-energy tensor

T = −1

2
ΠmΠm − dα∂θ

α − ωα∂λ
α,

is annihilated by Q and the b ghost is given with the help of new
variables. They are the conjugate pairs

(ω̂α, λ̂α), (sα, rα),

and are the non-minimal variables (they are constrained). They
contribute to the BRST charge with

∮
ω̂αrα and

Qλ̂α = −rα, Qsα = ω̂α, Qrα = Qω̂α = 0.

They do not change the cohomology of the BRST charge (Berkovits,

hep-th/0509120).



Review of pure spinor in a flat background

The non-minimal pure spinor has action

S =

∫
d2z

1

2
∂Xm∂̄X

m + pα∂̄θ
α + ωα∂̄λ

α + Q

(∫
d2z sα∂̄λ̂α

)
The BRST charge is

Q =

∮
λαdα + ω̂αrα,

and the complete stress-energy tensor is

T = −1

2
ΠmΠm − dα∂θ

α − ωα∂λ
α − Q(sα∂λ̂α).

The b ghost is constructed to satisfy Qb = T .



Review of pure spinor in a flat background

The b ghost satisfying Qb = T is

b = −sα∂λ̂α − ωα∂θ
α + ΠmΓ̄m − 1

4(λλ̂)
(λγmnr)Γ̄mΓ̄n

+
1

2(λλ̂)
(ωγmλ̂)(λγm∂θ),

where

Γ̄m =
1

2(λλ̂)
(dγmλ̂) +

1

8(λλ̂)2
(rγmnpλ̂)

1

2
(λγnpω).

QΓ̄m is such that Qb = T .

Note that b is invariant under δωα = (λγm)αΛm.

The idea is to do this construction in a curved background.



Pure spinor string in a curved background

Given the curved superspace coordinates ZM , the variable dα and
the pure spinor variables. The world-sheet action in curved
background is

S =

∫
d2z

1

2
∂ZM ∂̄ZN(GNM + BNM)− ∂̄ZMEM

αdα + ωα∇̄λα

+ξDξ + α′r (2)Φ,

where
∇̄λα = ∂̄λα + λβ ∂̄ZMΩMβ

α,

ΩMβ
α = δαβΩM +

1

4
(γab)β

αΩMab.

The background superfields are the supervielbein E , the
superconnection Ω and the NSNS two-form B. They will be
constrained by the BRST invariance.



Pure spinor string in a curved background

The BRST charge is Q =
∮
dσλαdα. Q2 = 0 and ∂̄(λαdα) = 0

put the background to satisfy constraints (Berkovits & Howe,

hep-th/0112160).

Q2 = 0⇒ λαλβTαβ
A = 0, λαλβHαβa = 0, λαλβλγRαβγ

δ = 0.

Some non-vanishing components of the background superfields are

Tαβa = Hαβa = −(γa)αβ, Tαab = 2(γab)α
βΩβ, Ωα =

1

4
∇αΦ

This model is one-loop conformal invariant (Chand́ıa, Vallilo,

hep-th/0401226).



Pure spinor string in a curved background
Define the one-forms EA = dZMEM

A and ΩA
B = dZMΩMA

B , here
A = (a, α). The torsion two-form is

TA = ∇EA = dEA + EBΩB
A =

1

2
EBECTCB

A,

the curvature two-form is

RB
A = dΩB

A + ΩB
CΩC

A =
1

2
ECEDRDCB

A

and

H = dB =
1

6
ECEBEAHABC .

The Bianchi identities are

∇TA = TBRB
A, ∇RA

B = 0, dH = 0.

The covariant derivative on a super p-form ΨA
B is

∇ΨA
B = dΨA

B + ΨA
CΩC

A + (−1)p+1ΩA
CΨC

B .



Pure spinor string in a curved background

The transformation of the variables under Q
(Chand́ıa, hep-th/0604115)

QZM = λαEα
M , Qλα = −λβΣβ

α, Qωα = dα + Σα
βωβ,

Qdα = −(λγa)αΠa + λβλγωδRαβγ
δ + Σα

βdβ,

where ΠA = ∂ZMEM
A and Σα

β = λγΩγα
β gives a local Lorentz

rotation. As a check

QΠα = ∇λα + ΠβΣβ
α, QΠa = (λγaΠ) + λαΠbTαb

a − ΠbΣb
a,

where Σb
a = λγΩγa

b.

The combination (λλ̂) = λαλ̂α appears in the b ghost ⇒
non-minimal variables are not inert under BRST transformations.



Non-minimal variables in a curved background

The BRST transformation of (λ̂α, ω̂
α, rα, s

α)

Qλ̂α = −rα+λγXγα
βλ̂α+Σα

βλ̂α, Qω̂α = −ω̂βλγXγβ
α−ω̂βΣβ

α

Qsα = ω̂α + sβλγXγβ
α + sβΣβ

α, Qrα = λγXγα
βrβ + Σα

βrβ,

where X is constrained by Q2 = 0 and it is given by

Xγα
β = 3δβαΩγ −

1

4
(γab)α

βTγab.

Let me call Σ̃ = X + Σ, and the BRST transformations are
simplified to

Qλ̂α = −rα + Σ̃α
βλ̂α, Qω̂α = −ω̂βΣ̃β

α

Qsα = ω̂α + sβΣ̃β
α, Qrα = Σ̃α

βrβ.

It is the transformation in flat spacetime plus a Lorentz rotation by
Σ̃.



Non-minimal variables in a curved background
The non-minimal pure spinor variables contribute to the
world-sheet action with

Q

(∫
d2z sα∇̄λ̂α − 3(Π̄αΩα)(sβλ̂β) +

1

4
Π̄ATAab(sγabλ̂)

)
The Noether charge of the BRST transformations is

Q =

∮
λαdα + ω̂αrα

And the energy-momentum tensor is

T = −1

2
ΠaΠa − dαΠα − ωα∇λα

−Q
(
sα∇λ̂α − 3(ΠαΩα)(sβλ̂β) +

1

4
ΠATAab(sγabλ̂)

)
.

Next step: find b ghost.



Construction of the b ghost

In flat spacetime we had

Γ̄m =
1

2(λλ̂)
(dγmλ̂) +

1

8(λλ̂)2
(rγmnpλ̂)

1

2
(λγnpω),

with
Qdα = −(λγm)αΠm, Qωα = dα,

Qλα = 0, Qrα = 0, Qλ̂α = −rα.

With this,

QΓ̄m = − 1

2(λλ̂)
Πn(λ̂γmγnλ)− 1

4(λλ̂)2
(λγnpr)(λ̂γpγ

mλ)Γ̄n



Construction of the b ghost
In curved spacetime we have

Γ̄a =
1

2(λλ̂)
(Dγaλ̂) +

1

8(λλ̂)2
(rγabc λ̂)

1

2
(ωγbcλ),

where

Dα = dα − λγXγα
βωβ, well defined under δωα = (λγa)αΛa.

And

QDα = −(λγa)αΠa + Σ̃α
βDβ, Qωα = Dα + Σ̃α

βωβ,

Qλα = 8(λΩ)λα − λβΣ̃β
α.

It turns out that

QΓ̄a = − 1

2(λλ̂)
Πb(λ̂γaγbλ)− 1

4(λλ̂)2
(λγbc r)(λ̂γcγ

aλ)Γ̄b − Σ̃a
bΓ̄b.



Construction of the b ghost

The b ghost becomes

b = −
(
sα∇λ̂α − 3(ΠαΩα)(sβλ̂β) +

1

4
ΠATAab(sγabλ̂)

)

−ωαΠα + ΠaΓ̄a − 1

4(λλ̂)
(λγabr)Γ̄aΓ̄b +

1

2(λλ̂)
(ωγaλ̂)(λγaΠ).

Using
QΠa = (λγaΠ)− ΠbΣ̃b

a,

QΠα = ∇λα − 3(λΩ)Πα − 1

2
(λγabΩ)(Πγab)α + ΠβΣ̃β

α,

one obtains
Qb = T .



Final remarks

The background fields have an effect on the BRST transformations
of the non-minimal pure spinor variables.

The construction of the b ghost in a curved background is possible
for the case shown here.

The corresponding analysis for the type II superstring in curved
background has been problematic (for me).



Thank you!!


