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Five Lectures 
on Dark Matter 

Third Lecture



Thermal Freeze-Out Revisited

In the first part of this lecture, 
we will revisit thermal freeze-out 

with the help of a new tool: 
the Boltzmann equation
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Reasons why number 
density changes?



Differential equation 
describing time 

evolution of the dark 
matter number density

OUR GOAL

Thermal Freeze-Out Revisited

dn�

dt
= Hubble Expansion + Collisions

<latexit sha1_base64="hv8GL8thzYRcL62KTc3httfBPOo="></latexit><latexit sha1_base64="hv8GL8thzYRcL62KTc3httfBPOo="></latexit><latexit sha1_base64="hv8GL8thzYRcL62KTc3httfBPOo="></latexit><latexit sha1_base64="hv8GL8thzYRcL62KTc3httfBPOo="></latexit>



Hubble Expansion

The term in the Boltzmann equation 
accounting for Hubble expansion is universal



Hubble Expansion

The term in the Boltzmann equation 
accounting for Hubble expansion is universal

In the absence of collisions: n� / a�3
<latexit sha1_base64="KrCrf4FKzI7jmG6eDZAp75RsiQ8=">AAAB/nicbVDLSgMxFM3UV62vUXHlJlgEN5YZFXRZdOOygn1AZxwyaaYNzSQhyQhlKPgrblwo4tbvcOffmLaz0NYDFw7n3Mu998SSUW0879spLS2vrK6V1ysbm1vbO+7uXkuLTGHSxIIJ1YmRJoxy0jTUMNKRiqA0ZqQdD28mfvuRKE0FvzcjScIU9TlNKEbGSpF7wKMADygMpBLSCIge8tPzceRWvZo3BVwkfkGqoEAjcr+CnsBZSrjBDGnd9T1pwhwpQzEj40qQaSIRHqI+6VrKUUp0mE/PH8Njq/RgIpQtbuBU/T2Ro1TrURrbzhSZgZ73JuJ/XjczyVWYUy4zQzieLUoyBu2fkyxgjyqCDRtZgrCi9laIB0ghbGxiFRuCP//yImmd1Xyv5t9dVOvXRRxlcAiOwAnwwSWog1vQAE2AQQ6ewSt4c56cF+fd+Zi1lpxiZh/8gfP5A4i4lTE=</latexit><latexit sha1_base64="KrCrf4FKzI7jmG6eDZAp75RsiQ8=">AAAB/nicbVDLSgMxFM3UV62vUXHlJlgEN5YZFXRZdOOygn1AZxwyaaYNzSQhyQhlKPgrblwo4tbvcOffmLaz0NYDFw7n3Mu998SSUW0879spLS2vrK6V1ysbm1vbO+7uXkuLTGHSxIIJ1YmRJoxy0jTUMNKRiqA0ZqQdD28mfvuRKE0FvzcjScIU9TlNKEbGSpF7wKMADygMpBLSCIge8tPzceRWvZo3BVwkfkGqoEAjcr+CnsBZSrjBDGnd9T1pwhwpQzEj40qQaSIRHqI+6VrKUUp0mE/PH8Njq/RgIpQtbuBU/T2Ro1TrURrbzhSZgZ73JuJ/XjczyVWYUy4zQzieLUoyBu2fkyxgjyqCDRtZgrCi9laIB0ghbGxiFRuCP//yImmd1Xyv5t9dVOvXRRxlcAiOwAnwwSWog1vQAE2AQQ6ewSt4c56cF+fd+Zi1lpxiZh/8gfP5A4i4lTE=</latexit><latexit sha1_base64="KrCrf4FKzI7jmG6eDZAp75RsiQ8=">AAAB/nicbVDLSgMxFM3UV62vUXHlJlgEN5YZFXRZdOOygn1AZxwyaaYNzSQhyQhlKPgrblwo4tbvcOffmLaz0NYDFw7n3Mu998SSUW0879spLS2vrK6V1ysbm1vbO+7uXkuLTGHSxIIJ1YmRJoxy0jTUMNKRiqA0ZqQdD28mfvuRKE0FvzcjScIU9TlNKEbGSpF7wKMADygMpBLSCIge8tPzceRWvZo3BVwkfkGqoEAjcr+CnsBZSrjBDGnd9T1pwhwpQzEj40qQaSIRHqI+6VrKUUp0mE/PH8Njq/RgIpQtbuBU/T2Ro1TrURrbzhSZgZ73JuJ/XjczyVWYUy4zQzieLUoyBu2fkyxgjyqCDRtZgrCi9laIB0ghbGxiFRuCP//yImmd1Xyv5t9dVOvXRRxlcAiOwAnwwSWog1vQAE2AQQ6ewSt4c56cF+fd+Zi1lpxiZh/8gfP5A4i4lTE=</latexit><latexit sha1_base64="KrCrf4FKzI7jmG6eDZAp75RsiQ8=">AAAB/nicbVDLSgMxFM3UV62vUXHlJlgEN5YZFXRZdOOygn1AZxwyaaYNzSQhyQhlKPgrblwo4tbvcOffmLaz0NYDFw7n3Mu998SSUW0879spLS2vrK6V1ysbm1vbO+7uXkuLTGHSxIIJ1YmRJoxy0jTUMNKRiqA0ZqQdD28mfvuRKE0FvzcjScIU9TlNKEbGSpF7wKMADygMpBLSCIge8tPzceRWvZo3BVwkfkGqoEAjcr+CnsBZSrjBDGnd9T1pwhwpQzEj40qQaSIRHqI+6VrKUUp0mE/PH8Njq/RgIpQtbuBU/T2Ro1TrURrbzhSZgZ73JuJ/XjczyVWYUy4zQzieLUoyBu2fkyxgjyqCDRtZgrCi9laIB0ghbGxiFRuCP//yImmd1Xyv5t9dVOvXRRxlcAiOwAnwwSWog1vQAE2AQQ6ewSt4c56cF+fd+Zi1lpxiZh/8gfP5A4i4lTE=</latexit>



Hubble Expansion

The term in the Boltzmann equation 
accounting for Hubble expansion is universal

In the absence of collisions: n� / a�3
<latexit sha1_base64="KrCrf4FKzI7jmG6eDZAp75RsiQ8=">AAAB/nicbVDLSgMxFM3UV62vUXHlJlgEN5YZFXRZdOOygn1AZxwyaaYNzSQhyQhlKPgrblwo4tbvcOffmLaz0NYDFw7n3Mu998SSUW0879spLS2vrK6V1ysbm1vbO+7uXkuLTGHSxIIJ1YmRJoxy0jTUMNKRiqA0ZqQdD28mfvuRKE0FvzcjScIU9TlNKEbGSpF7wKMADygMpBLSCIge8tPzceRWvZo3BVwkfkGqoEAjcr+CnsBZSrjBDGnd9T1pwhwpQzEj40qQaSIRHqI+6VrKUUp0mE/PH8Njq/RgIpQtbuBU/T2Ro1TrURrbzhSZgZ73JuJ/XjczyVWYUy4zQzieLUoyBu2fkyxgjyqCDRtZgrCi9laIB0ghbGxiFRuCP//yImmd1Xyv5t9dVOvXRRxlcAiOwAnwwSWog1vQAE2AQQ6ewSt4c56cF+fd+Zi1lpxiZh/8gfP5A4i4lTE=</latexit><latexit sha1_base64="KrCrf4FKzI7jmG6eDZAp75RsiQ8=">AAAB/nicbVDLSgMxFM3UV62vUXHlJlgEN5YZFXRZdOOygn1AZxwyaaYNzSQhyQhlKPgrblwo4tbvcOffmLaz0NYDFw7n3Mu998SSUW0879spLS2vrK6V1ysbm1vbO+7uXkuLTGHSxIIJ1YmRJoxy0jTUMNKRiqA0ZqQdD28mfvuRKE0FvzcjScIU9TlNKEbGSpF7wKMADygMpBLSCIge8tPzceRWvZo3BVwkfkGqoEAjcr+CnsBZSrjBDGnd9T1pwhwpQzEj40qQaSIRHqI+6VrKUUp0mE/PH8Njq/RgIpQtbuBU/T2Ro1TrURrbzhSZgZ73JuJ/XjczyVWYUy4zQzieLUoyBu2fkyxgjyqCDRtZgrCi9laIB0ghbGxiFRuCP//yImmd1Xyv5t9dVOvXRRxlcAiOwAnwwSWog1vQAE2AQQ6ewSt4c56cF+fd+Zi1lpxiZh/8gfP5A4i4lTE=</latexit><latexit sha1_base64="KrCrf4FKzI7jmG6eDZAp75RsiQ8=">AAAB/nicbVDLSgMxFM3UV62vUXHlJlgEN5YZFXRZdOOygn1AZxwyaaYNzSQhyQhlKPgrblwo4tbvcOffmLaz0NYDFw7n3Mu998SSUW0879spLS2vrK6V1ysbm1vbO+7uXkuLTGHSxIIJ1YmRJoxy0jTUMNKRiqA0ZqQdD28mfvuRKE0FvzcjScIU9TlNKEbGSpF7wKMADygMpBLSCIge8tPzceRWvZo3BVwkfkGqoEAjcr+CnsBZSrjBDGnd9T1pwhwpQzEj40qQaSIRHqI+6VrKUUp0mE/PH8Njq/RgIpQtbuBU/T2Ro1TrURrbzhSZgZ73JuJ/XjczyVWYUy4zQzieLUoyBu2fkyxgjyqCDRtZgrCi9laIB0ghbGxiFRuCP//yImmd1Xyv5t9dVOvXRRxlcAiOwAnwwSWog1vQAE2AQQ6ewSt4c56cF+fd+Zi1lpxiZh/8gfP5A4i4lTE=</latexit><latexit sha1_base64="KrCrf4FKzI7jmG6eDZAp75RsiQ8=">AAAB/nicbVDLSgMxFM3UV62vUXHlJlgEN5YZFXRZdOOygn1AZxwyaaYNzSQhyQhlKPgrblwo4tbvcOffmLaz0NYDFw7n3Mu998SSUW0879spLS2vrK6V1ysbm1vbO+7uXkuLTGHSxIIJ1YmRJoxy0jTUMNKRiqA0ZqQdD28mfvuRKE0FvzcjScIU9TlNKEbGSpF7wKMADygMpBLSCIge8tPzceRWvZo3BVwkfkGqoEAjcr+CnsBZSrjBDGnd9T1pwhwpQzEj40qQaSIRHqI+6VrKUUp0mE/PH8Njq/RgIpQtbuBU/T2Ro1TrURrbzhSZgZ73JuJ/XjczyVWYUy4zQzieLUoyBu2fkyxgjyqCDRtZgrCi9laIB0ghbGxiFRuCP//yImmd1Xyv5t9dVOvXRRxlcAiOwAnwwSWog1vQAE2AQQ6ewSt4c56cF+fd+Zi1lpxiZh/8gfP5A4i4lTE=</latexit>

0 =
d(n�a

3)

dt
=

dn�

dt
a
3 + 3a2

da

dt
n� =

a
3


dn�

dt
+ 3Hn�

�

<latexit sha1_base64="UvFx0sXJ8+dUhgbDWuUEgdC1rn4="></latexit>



Hubble Expansion

The term in the Boltzmann equation 
accounting for Hubble expansion is universal
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Particle Collisions

We will consider all possible collisions 
changing the number of dark matter particles

� b ! c d
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Particle Collisions

We will consider all possible collisions 
changing the number of dark matter particles

dn�

dt
+ 3Hn� =

X

b,c,d

C�b!cd

<latexit sha1_base64="MbODtObsjSfjx9LuqWDf6jyaZWk="></latexit>

Boltzmann equation:

Each collision accounted for by a collision operator

� b ! c d

<latexit sha1_base64="xYD5jwjmo0zbkprcRCwsyGX6h/8=">AAACDHicbVDNSgMxGMzWv1r/qh69BIvgQcquFFS8FL14rGB/oLuUbDbbDc0mS5JVytIH8OKrePGgiFcfwJtvY7bdg7YOBCYz85F84yeMKm3b31ZpaXllda28XtnY3Nreqe7udZRIJSZtLJiQPR8pwignbU01I71EEhT7jHT90XXud++JVFTwOz1OiBejIachxUgbaVCtuTii0D2BPnQvoSvpMNJISvGQX3FuBNCk7Lo9BVwkTkFqoEBrUP1yA4HTmHCNGVKq79iJ9jIkNcWMTCpuqkiC8AgNSd9QjmKivGy6zAQeGSWAoZDmcA2n6u+JDMVKjWPfJGOkIzXv5eJ/Xj/V4bmXUZ6kmnA8eyhMGdQC5s3AgEqCNRsbgrCk5q8QR0girE1/FVOCM7/yIumc1p1G/eK2UWteFXWUwQE4BMfAAWegCW5AC7QBBo/gGbyCN+vJerHerY9ZtGQVM/vgD6zPH5x2mNE=</latexit>



Collision Operator

Under “reasonable” assumption such as absence of CP violation

C�b!cd = �
Z

(2⇡)4�4 (p� + pb � pc � pd) d⇧�d⇧bd⇧cd⇧d |M�b!cd|2 [f�fb � fcfd]

<latexit sha1_base64="R2IdjWI+A2DYsFDUijdupt/F8ZU="></latexit>



Collision Operator

d⇧i = gi
d3pi

2Ei(2⇡)3

<latexit sha1_base64="L7ZnB4u6dpfSE2ULjyJIGBmUcrk=">AAACFnicbVDLSsNAFJ34rPUVdelmsAh1YUnagroQiiK4rGAf0KRhMpm0QycPZiZCCfkKN/6KGxeKuBV3/o3TNgttPXAvh3PuZeYeN2ZUSMP41paWV1bX1gsbxc2t7Z1dfW+/LaKEY9LCEYt410WCMBqSlqSSkW7MCQpcRjru6Hridx4IFzQK7+U4JnaABiH1KUZSSY5+6kGrSR0KL+FAdcvnCKdevwZjh2ZpFd4osVy1YnrSr2XQ0UtGxZgCLhIzJyWQo+noX5YX4SQgocQMCdEzjVjaKeKSYkayopUIEiM8QgPSUzREARF2Oj0rg8dK8aAfcVWhhFP190aKAiHGgasmAySHYt6biP95vUT653ZKwziRJMSzh/yEQRnBSUbQo5xgycaKIMyp+ivEQ6SSkSrJogrBnD95kbSrFbNeubirlxpXeRwFcAiOQBmY4Aw0wC1oghbA4BE8g1fwpj1pL9q79jEbXdLynQPwB9rnD/e5nMM=</latexit>

 Lorentz-invariant 
phase-space

C�b!cd = �
Z

(2⇡)4�4 (p� + pb � pc � pd) d⇧�d⇧bd⇧cd⇧d |M�b!cd|2 [f�fb � fcfd]

<latexit sha1_base64="R2IdjWI+A2DYsFDUijdupt/F8ZU="></latexit>

Under “reasonable” assumption such as absence of CP violation



Collision Operator

C�b!cd = �
Z

(2⇡)4�4 (p� + pb � pc � pd) d⇧�d⇧bd⇧cd⇧d |M�b!cd|2 [f�fb � fcfd]

<latexit sha1_base64="R2IdjWI+A2DYsFDUijdupt/F8ZU="></latexit>

C�b!cd = �h�vreli�b!cd


n�nb �

neq
� neq

b

neq
c neq

d

ncnd

�
= �h�vrelicd!�b


neq
c neq

d

neq
� neq

b

n�nb � ncnd

�

<latexit sha1_base64="u04EX/uGsAUuRI0jC+MsuXSukV4="></latexit>

fi =
ni

neq
i

feq
i and fi(E) = e�Ei/T

<latexit sha1_base64="i0YH9t+WolCoiAf0pIMwDWZNqns="></latexit>

PROBLEM 1

Under “reasonable” assumption such as absence of CP violation



The Lee-Weinberg Scenario

Cold relic annihilating 
to SM final states 

(in thermal equilibrium)

Lee, Weinberg, Phys.Rev.Lett. 39 (1977) 

�� ! SMSM

<latexit sha1_base64="lwcmc+wqJyJ30Mu9gvIIgDVzHQA=">AAACGXicbVDLSgMxFM3UV62vUZdugkVwIWVGCuqu6MaNUNE+oDOUTJppQzPJkGSUMvQ33Pgrblwo4lJX/o2Zdha19UDCyTn3cnNPEDOqtOP8WIWl5ZXVteJ6aWNza3vH3t1rKpFITBpYMCHbAVKEUU4ammpG2rEkKAoYaQXDq8xvPRCpqOD3ehQTP0J9TkOKkTZS13Y8PKBwep1AT9L+QCMpxWP2TD0Zwbub8Szv2mWn4kwAF4mbkzLIUe/aX15P4CQiXGOGlOq4Tqz9FElNMSPjkpcoEiM8RH3SMZSjiCg/nWw2hkdG6cFQSHO4hhN1tiNFkVKjKDCVEdIDNe9l4n9eJ9HhuZ9SHieacDwdFCYMagGzmGCPSoI1GxmCsKTmrxAPkERYmzBLJgR3fuVF0jytuNXKxW21XLvM4yiCA3AIjoELzkANXIM6aAAMnsALeAPv1rP1an1Yn9PSgpX37IM/sL5/AXTKnro=</latexit>



The Lee-Weinberg Scenario

Cold relic annihilating 
to SM final states 

(in thermal equilibrium)

Lee, Weinberg, Phys.Rev.Lett. 39 (1977) 

�� ! SMSM

<latexit sha1_base64="lwcmc+wqJyJ30Mu9gvIIgDVzHQA=">AAACGXicbVDLSgMxFM3UV62vUZdugkVwIWVGCuqu6MaNUNE+oDOUTJppQzPJkGSUMvQ33Pgrblwo4lJX/o2Zdha19UDCyTn3cnNPEDOqtOP8WIWl5ZXVteJ6aWNza3vH3t1rKpFITBpYMCHbAVKEUU4ammpG2rEkKAoYaQXDq8xvPRCpqOD3ehQTP0J9TkOKkTZS13Y8PKBwep1AT9L+QCMpxWP2TD0Zwbub8Szv2mWn4kwAF4mbkzLIUe/aX15P4CQiXGOGlOq4Tqz9FElNMSPjkpcoEiM8RH3SMZSjiCg/nWw2hkdG6cFQSHO4hhN1tiNFkVKjKDCVEdIDNe9l4n9eJ9HhuZ9SHieacDwdFCYMagGzmGCPSoI1GxmCsKTmrxAPkERYmzBLJgR3fuVF0jytuNXKxW21XLvM4yiCA3AIjoELzkANXIM6aAAMnsALeAPv1rP1an1Yn9PSgpX37IM/sL5/AXTKnro=</latexit>

dn�

dt
+ 3Hn� = �h�vreli

⇥
n
2
� � n

eq 2
�

⇤
<latexit sha1_base64="vVGlCSjofAoxrPbdckOyElX5mnU="></latexit><latexit sha1_base64="vVGlCSjofAoxrPbdckOyElX5mnU="></latexit><latexit sha1_base64="vVGlCSjofAoxrPbdckOyElX5mnU="></latexit><latexit sha1_base64="vVGlCSjofAoxrPbdckOyElX5mnU="></latexit>



The Lee-Weinberg Scenario

Cold relic annihilating 
to SM final states 

(in thermal equilibrium)

Lee, Weinberg, Phys.Rev.Lett. 39 (1977) 

�� ! SMSM

<latexit sha1_base64="lwcmc+wqJyJ30Mu9gvIIgDVzHQA=">AAACGXicbVDLSgMxFM3UV62vUZdugkVwIWVGCuqu6MaNUNE+oDOUTJppQzPJkGSUMvQ33Pgrblwo4lJX/o2Zdha19UDCyTn3cnNPEDOqtOP8WIWl5ZXVteJ6aWNza3vH3t1rKpFITBpYMCHbAVKEUU4ammpG2rEkKAoYaQXDq8xvPRCpqOD3ehQTP0J9TkOKkTZS13Y8PKBwep1AT9L+QCMpxWP2TD0Zwbub8Szv2mWn4kwAF4mbkzLIUe/aX15P4CQiXGOGlOq4Tqz9FElNMSPjkpcoEiM8RH3SMZSjiCg/nWw2hkdG6cFQSHO4hhN1tiNFkVKjKDCVEdIDNe9l4n9eJ9HhuZ9SHieacDwdFCYMagGzmGCPSoI1GxmCsKTmrxAPkERYmzBLJgR3fuVF0jytuNXKxW21XLvM4yiCA3AIjoELzkANXIM6aAAMnsALeAPv1rP1an1Yn9PSgpX37IM/sL5/AXTKnro=</latexit>

dn�

dt
+ 3Hn� = �h�vreli

⇥
n
2
� � n

eq 2
�

⇤
<latexit sha1_base64="vVGlCSjofAoxrPbdckOyElX5mnU="></latexit><latexit sha1_base64="vVGlCSjofAoxrPbdckOyElX5mnU="></latexit><latexit sha1_base64="vVGlCSjofAoxrPbdckOyElX5mnU="></latexit><latexit sha1_base64="vVGlCSjofAoxrPbdckOyElX5mnU="></latexit>

GOAL: 
time evolution of dark 
matter number density



Dimensionless Variables

Convenient to employ 
dimensionless variables 

for number density and time

Y� ⌘ n�

s

x ⌘ m�

T
<latexit sha1_base64="CbJMvyqinrqzocjNXCdL0w40NPk=">AAACL3icbVDLSsNAFJ3UV62vqEs3g0VxISURQZdFQVxW6EuaECbTSTt0Mokzk2IJ+SM3/ko3Ioq49S+ctllo2wMDh3PO5c49fsyoVJb1bhRWVtfWN4qbpa3tnd09c/+gKaNEYNLAEYtE20eSMMpJQ1HFSDsWBIU+Iy1/cDvxW0MiJI14XY1i4oaox2lAMVJa8sy7R8/BfQod8pTQITyFzjl0AoFwyqdGlsoMOg4sPS+JhHmknnlm2apYU8BFYuekDHLUPHPsdCOchIQrzJCUHduKlZsioShmJCs5iSQxwgPUIx1NOQqJdNPpvRk80UoXBpHQjys4Vf9OpCiUchT6Ohki1Zfz3kRc5nUSFVy7KeVxogjHs0VBwqCK4KQ82KWCYMVGmiAsqP4rxH2kq1C64pIuwZ4/eZE0Lyq2VbEfLsvVm7yOIjgCx+AM2OAKVME9qIEGwOAFjMEH+DRejTfjy/ieRQtGPnMI/sH4+QUKsafh</latexit><latexit sha1_base64="CbJMvyqinrqzocjNXCdL0w40NPk=">AAACL3icbVDLSsNAFJ3UV62vqEs3g0VxISURQZdFQVxW6EuaECbTSTt0Mokzk2IJ+SM3/ko3Ioq49S+ctllo2wMDh3PO5c49fsyoVJb1bhRWVtfWN4qbpa3tnd09c/+gKaNEYNLAEYtE20eSMMpJQ1HFSDsWBIU+Iy1/cDvxW0MiJI14XY1i4oaox2lAMVJa8sy7R8/BfQod8pTQITyFzjl0AoFwyqdGlsoMOg4sPS+JhHmknnlm2apYU8BFYuekDHLUPHPsdCOchIQrzJCUHduKlZsioShmJCs5iSQxwgPUIx1NOQqJdNPpvRk80UoXBpHQjys4Vf9OpCiUchT6Ohki1Zfz3kRc5nUSFVy7KeVxogjHs0VBwqCK4KQ82KWCYMVGmiAsqP4rxH2kq1C64pIuwZ4/eZE0Lyq2VbEfLsvVm7yOIjgCx+AM2OAKVME9qIEGwOAFjMEH+DRejTfjy/ieRQtGPnMI/sH4+QUKsafh</latexit><latexit sha1_base64="CbJMvyqinrqzocjNXCdL0w40NPk=">AAACL3icbVDLSsNAFJ3UV62vqEs3g0VxISURQZdFQVxW6EuaECbTSTt0Mokzk2IJ+SM3/ko3Ioq49S+ctllo2wMDh3PO5c49fsyoVJb1bhRWVtfWN4qbpa3tnd09c/+gKaNEYNLAEYtE20eSMMpJQ1HFSDsWBIU+Iy1/cDvxW0MiJI14XY1i4oaox2lAMVJa8sy7R8/BfQod8pTQITyFzjl0AoFwyqdGlsoMOg4sPS+JhHmknnlm2apYU8BFYuekDHLUPHPsdCOchIQrzJCUHduKlZsioShmJCs5iSQxwgPUIx1NOQqJdNPpvRk80UoXBpHQjys4Vf9OpCiUchT6Ohki1Zfz3kRc5nUSFVy7KeVxogjHs0VBwqCK4KQ82KWCYMVGmiAsqP4rxH2kq1C64pIuwZ4/eZE0Lyq2VbEfLsvVm7yOIjgCx+AM2OAKVME9qIEGwOAFjMEH+DRejTfjy/ieRQtGPnMI/sH4+QUKsafh</latexit><latexit sha1_base64="CbJMvyqinrqzocjNXCdL0w40NPk=">AAACL3icbVDLSsNAFJ3UV62vqEs3g0VxISURQZdFQVxW6EuaECbTSTt0Mokzk2IJ+SM3/ko3Ioq49S+ctllo2wMDh3PO5c49fsyoVJb1bhRWVtfWN4qbpa3tnd09c/+gKaNEYNLAEYtE20eSMMpJQ1HFSDsWBIU+Iy1/cDvxW0MiJI14XY1i4oaox2lAMVJa8sy7R8/BfQod8pTQITyFzjl0AoFwyqdGlsoMOg4sPS+JhHmknnlm2apYU8BFYuekDHLUPHPsdCOchIQrzJCUHduKlZsioShmJCs5iSQxwgPUIx1NOQqJdNPpvRk80UoXBpHQjys4Vf9OpCiUchT6Ohki1Zfz3kRc5nUSFVy7KeVxogjHs0VBwqCK4KQ82KWCYMVGmiAsqP4rxH2kq1C64pIuwZ4/eZE0Lyq2VbEfLsvVm7yOIjgCx+AM2OAKVME9qIEGwOAFjMEH+DRejTfjy/ieRQtGPnMI/sH4+QUKsafh</latexit>



Dimensionless Variables

Convenient to employ 
dimensionless variables 

for number density and time

Y� ⌘ n�

s

x ⌘ m�

T
<latexit sha1_base64="CbJMvyqinrqzocjNXCdL0w40NPk=">AAACL3icbVDLSsNAFJ3UV62vqEs3g0VxISURQZdFQVxW6EuaECbTSTt0Mokzk2IJ+SM3/ko3Ioq49S+ctllo2wMDh3PO5c49fsyoVJb1bhRWVtfWN4qbpa3tnd09c/+gKaNEYNLAEYtE20eSMMpJQ1HFSDsWBIU+Iy1/cDvxW0MiJI14XY1i4oaox2lAMVJa8sy7R8/BfQod8pTQITyFzjl0AoFwyqdGlsoMOg4sPS+JhHmknnlm2apYU8BFYuekDHLUPHPsdCOchIQrzJCUHduKlZsioShmJCs5iSQxwgPUIx1NOQqJdNPpvRk80UoXBpHQjys4Vf9OpCiUchT6Ohki1Zfz3kRc5nUSFVy7KeVxogjHs0VBwqCK4KQ82KWCYMVGmiAsqP4rxH2kq1C64pIuwZ4/eZE0Lyq2VbEfLsvVm7yOIjgCx+AM2OAKVME9qIEGwOAFjMEH+DRejTfjy/ieRQtGPnMI/sH4+QUKsafh</latexit><latexit sha1_base64="CbJMvyqinrqzocjNXCdL0w40NPk=">AAACL3icbVDLSsNAFJ3UV62vqEs3g0VxISURQZdFQVxW6EuaECbTSTt0Mokzk2IJ+SM3/ko3Ioq49S+ctllo2wMDh3PO5c49fsyoVJb1bhRWVtfWN4qbpa3tnd09c/+gKaNEYNLAEYtE20eSMMpJQ1HFSDsWBIU+Iy1/cDvxW0MiJI14XY1i4oaox2lAMVJa8sy7R8/BfQod8pTQITyFzjl0AoFwyqdGlsoMOg4sPS+JhHmknnlm2apYU8BFYuekDHLUPHPsdCOchIQrzJCUHduKlZsioShmJCs5iSQxwgPUIx1NOQqJdNPpvRk80UoXBpHQjys4Vf9OpCiUchT6Ohki1Zfz3kRc5nUSFVy7KeVxogjHs0VBwqCK4KQ82KWCYMVGmiAsqP4rxH2kq1C64pIuwZ4/eZE0Lyq2VbEfLsvVm7yOIjgCx+AM2OAKVME9qIEGwOAFjMEH+DRejTfjy/ieRQtGPnMI/sH4+QUKsafh</latexit><latexit sha1_base64="CbJMvyqinrqzocjNXCdL0w40NPk=">AAACL3icbVDLSsNAFJ3UV62vqEs3g0VxISURQZdFQVxW6EuaECbTSTt0Mokzk2IJ+SM3/ko3Ioq49S+ctllo2wMDh3PO5c49fsyoVJb1bhRWVtfWN4qbpa3tnd09c/+gKaNEYNLAEYtE20eSMMpJQ1HFSDsWBIU+Iy1/cDvxW0MiJI14XY1i4oaox2lAMVJa8sy7R8/BfQod8pTQITyFzjl0AoFwyqdGlsoMOg4sPS+JhHmknnlm2apYU8BFYuekDHLUPHPsdCOchIQrzJCUHduKlZsioShmJCs5iSQxwgPUIx1NOQqJdNPpvRk80UoXBpHQjys4Vf9OpCiUchT6Ohki1Zfz3kRc5nUSFVy7KeVxogjHs0VBwqCK4KQ82KWCYMVGmiAsqP4rxH2kq1C64pIuwZ4/eZE0Lyq2VbEfLsvVm7yOIjgCx+AM2OAKVME9qIEGwOAFjMEH+DRejTfjy/ieRQtGPnMI/sH4+QUKsafh</latexit><latexit sha1_base64="CbJMvyqinrqzocjNXCdL0w40NPk=">AAACL3icbVDLSsNAFJ3UV62vqEs3g0VxISURQZdFQVxW6EuaECbTSTt0Mokzk2IJ+SM3/ko3Ioq49S+ctllo2wMDh3PO5c49fsyoVJb1bhRWVtfWN4qbpa3tnd09c/+gKaNEYNLAEYtE20eSMMpJQ1HFSDsWBIU+Iy1/cDvxW0MiJI14XY1i4oaox2lAMVJa8sy7R8/BfQod8pTQITyFzjl0AoFwyqdGlsoMOg4sPS+JhHmknnlm2apYU8BFYuekDHLUPHPsdCOchIQrzJCUHduKlZsioShmJCs5iSQxwgPUIx1NOQqJdNPpvRk80UoXBpHQjys4Vf9OpCiUchT6Ohki1Zfz3kRc5nUSFVy7KeVxogjHs0VBwqCK4KQ82KWCYMVGmiAsqP4rxH2kq1C64pIuwZ4/eZE0Lyq2VbEfLsvVm7yOIjgCx+AM2OAKVME9qIEGwOAFjMEH+DRejTfjy/ieRQtGPnMI/sH4+QUKsafh</latexit>

dY�

dx
= �h�vreli

s

Hx

⇥
Y

2
� � Y

eq 2
�

⇤
<latexit sha1_base64="uaHU73vK4FzmIBfwD4aCqwcMtlw="></latexit><latexit sha1_base64="uaHU73vK4FzmIBfwD4aCqwcMtlw="></latexit><latexit sha1_base64="uaHU73vK4FzmIBfwD4aCqwcMtlw="></latexit><latexit sha1_base64="uaHU73vK4FzmIBfwD4aCqwcMtlw="></latexit>

PROBLEM 2



Dimensionless Variables

Convenient to employ 
dimensionless variables 

for number density and time

Y� ⌘ n�

s

x ⌘ m�

T
<latexit sha1_base64="CbJMvyqinrqzocjNXCdL0w40NPk=">AAACL3icbVDLSsNAFJ3UV62vqEs3g0VxISURQZdFQVxW6EuaECbTSTt0Mokzk2IJ+SM3/ko3Ioq49S+ctllo2wMDh3PO5c49fsyoVJb1bhRWVtfWN4qbpa3tnd09c/+gKaNEYNLAEYtE20eSMMpJQ1HFSDsWBIU+Iy1/cDvxW0MiJI14XY1i4oaox2lAMVJa8sy7R8/BfQod8pTQITyFzjl0AoFwyqdGlsoMOg4sPS+JhHmknnlm2apYU8BFYuekDHLUPHPsdCOchIQrzJCUHduKlZsioShmJCs5iSQxwgPUIx1NOQqJdNPpvRk80UoXBpHQjys4Vf9OpCiUchT6Ohki1Zfz3kRc5nUSFVy7KeVxogjHs0VBwqCK4KQ82KWCYMVGmiAsqP4rxH2kq1C64pIuwZ4/eZE0Lyq2VbEfLsvVm7yOIjgCx+AM2OAKVME9qIEGwOAFjMEH+DRejTfjy/ieRQtGPnMI/sH4+QUKsafh</latexit><latexit sha1_base64="CbJMvyqinrqzocjNXCdL0w40NPk=">AAACL3icbVDLSsNAFJ3UV62vqEs3g0VxISURQZdFQVxW6EuaECbTSTt0Mokzk2IJ+SM3/ko3Ioq49S+ctllo2wMDh3PO5c49fsyoVJb1bhRWVtfWN4qbpa3tnd09c/+gKaNEYNLAEYtE20eSMMpJQ1HFSDsWBIU+Iy1/cDvxW0MiJI14XY1i4oaox2lAMVJa8sy7R8/BfQod8pTQITyFzjl0AoFwyqdGlsoMOg4sPS+JhHmknnlm2apYU8BFYuekDHLUPHPsdCOchIQrzJCUHduKlZsioShmJCs5iSQxwgPUIx1NOQqJdNPpvRk80UoXBpHQjys4Vf9OpCiUchT6Ohki1Zfz3kRc5nUSFVy7KeVxogjHs0VBwqCK4KQ82KWCYMVGmiAsqP4rxH2kq1C64pIuwZ4/eZE0Lyq2VbEfLsvVm7yOIjgCx+AM2OAKVME9qIEGwOAFjMEH+DRejTfjy/ieRQtGPnMI/sH4+QUKsafh</latexit><latexit sha1_base64="CbJMvyqinrqzocjNXCdL0w40NPk=">AAACL3icbVDLSsNAFJ3UV62vqEs3g0VxISURQZdFQVxW6EuaECbTSTt0Mokzk2IJ+SM3/ko3Ioq49S+ctllo2wMDh3PO5c49fsyoVJb1bhRWVtfWN4qbpa3tnd09c/+gKaNEYNLAEYtE20eSMMpJQ1HFSDsWBIU+Iy1/cDvxW0MiJI14XY1i4oaox2lAMVJa8sy7R8/BfQod8pTQITyFzjl0AoFwyqdGlsoMOg4sPS+JhHmknnlm2apYU8BFYuekDHLUPHPsdCOchIQrzJCUHduKlZsioShmJCs5iSQxwgPUIx1NOQqJdNPpvRk80UoXBpHQjys4Vf9OpCiUchT6Ohki1Zfz3kRc5nUSFVy7KeVxogjHs0VBwqCK4KQ82KWCYMVGmiAsqP4rxH2kq1C64pIuwZ4/eZE0Lyq2VbEfLsvVm7yOIjgCx+AM2OAKVME9qIEGwOAFjMEH+DRejTfjy/ieRQtGPnMI/sH4+QUKsafh</latexit><latexit sha1_base64="CbJMvyqinrqzocjNXCdL0w40NPk=">AAACL3icbVDLSsNAFJ3UV62vqEs3g0VxISURQZdFQVxW6EuaECbTSTt0Mokzk2IJ+SM3/ko3Ioq49S+ctllo2wMDh3PO5c49fsyoVJb1bhRWVtfWN4qbpa3tnd09c/+gKaNEYNLAEYtE20eSMMpJQ1HFSDsWBIU+Iy1/cDvxW0MiJI14XY1i4oaox2lAMVJa8sy7R8/BfQod8pTQITyFzjl0AoFwyqdGlsoMOg4sPS+JhHmknnlm2apYU8BFYuekDHLUPHPsdCOchIQrzJCUHduKlZsioShmJCs5iSQxwgPUIx1NOQqJdNPpvRk80UoXBpHQjys4Vf9OpCiUchT6Ohki1Zfz3kRc5nUSFVy7KeVxogjHs0VBwqCK4KQ82KWCYMVGmiAsqP4rxH2kq1C64pIuwZ4/eZE0Lyq2VbEfLsvVm7yOIjgCx+AM2OAKVME9qIEGwOAFjMEH+DRejTfjy/ieRQtGPnMI/sH4+QUKsafh</latexit>
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PROBLEM 2

We will give a simple semi-analytical solution 
and then visualize the result of numerical solutions



Semi-analytical Solution

We have the differential equation
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Kolb, Turner, “The Early Universe”, Front.Phys. 69 (1990)
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Valid for s-wave, 
p-wave, ….

Kolb, Turner, “The Early Universe”, Front.Phys. 69 (1990)
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We have the differential equation
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Semi-analytical solutions in two opposite regimes, 
before and after decoupling, 

then match these two solutions at the freeze-out point
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Kolb, Turner, “The Early Universe”, Front.Phys. 69 (1990)



Early Time Solution

Convenient to use deviation from 
equilibrium as the density variable
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Before freeze-out we are 
very close to equilibrium:
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Late Time Solution

After freeze-out, the term proportional to 
equilibrium density is exponentially suppressed
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Relic Density

We can evaluate the comoving density at large x, 
where it reaches an asymptotic value,
and compute the resulting relic density
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Numerical Solutions
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Larger cross sections 
keep dark matter particles 
in thermal equilibrium for 

a longer time

Y 1
� / h�vreli�1
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Variation 1: Co-annihilations

Dark sector made of N particles all charged 
under a discrete simmetry (e.g., Z2) that 
makes the dark matter particle stable

Griest, Seckel, Phys.Rev.D 43 (1991)



Variation 1: Co-annihilations

Dark sector made of N particles all charged 
under a discrete simmetry (e.g., Z2) that 
makes the dark matter particle stable

Griest, Seckel, Phys.Rev.D 43 (1991)

 i j ! SMSM

 i SM ! j SM

 j ! i SM
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Variation 1: Co-annihilations

Dark sector made of N particles all charged 
under a discrete simmetry (e.g., Z2) that 
makes the dark matter particle stable

Griest, Seckel, Phys.Rev.D 43 (1991)

 i j ! SMSM

 i SM ! j SM

 j ! i SM
<latexit sha1_base64="JupYjIK7QU6OYtACnS1BY3U07GY="></latexit><latexit sha1_base64="JupYjIK7QU6OYtACnS1BY3U07GY="></latexit><latexit sha1_base64="JupYjIK7QU6OYtACnS1BY3U07GY="></latexit><latexit sha1_base64="JupYjIK7QU6OYtACnS1BY3U07GY="></latexit>

Annihilations (i=j)
Co-annihilations (i≠j)

Scattering: 
kinetic equilibrium

Dark sector decays 
(j >i)



Variation 1: Co-annihilations

Relic density can be computed by 
solving one single Boltzmann equation 

exactly as in the Lee-Weinberg scenario

Griest, Seckel, Phys.Rev.D 43 (1991)
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Variation 1: Co-annihilations

Relic density can be computed by 
solving one single Boltzmann equation 

exactly as in the Lee-Weinberg scenario

Griest, Seckel, Phys.Rev.D 43 (1991)
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Price to pay for 
heavier states



Variation 2: Semi-annihilations
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D'Eramo, Thaler, JHEP 06 (2010) 



Variation 2: Semi-annihilations

D'Eramo, Thaler, JHEP 06 (2010) 

�̃i �̃j ! �̃k �SM

Stabilization symmetry must allow semi-annihilations (no Z2)

�̃i�̃j ! �̃k�SM )? �̃k ! �̃i�̃j�SM
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mk mk

Dark matter particles stable 
as long as their masses 

satisfy a triangle inequality
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Variation 2: Semi-annihilations

D'Eramo, Thaler, JHEP 06 (2010) 
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What Masses for Cold Relics?

Dark Matter

Dar
k M

att
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Relic density bounds 
annihilation rate at freeze-out

h�vreli ' 3⇥ 10�26 cm3s�1
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Thermal freeze-out: wide mass window



What Masses for Cold Relics?

keV MeV GeV TeV PeV
DM Mass

Can we really produce a cold 
thermal relic for any dark 

matter mass?



What Masses for Cold Relics?

DM Mass
keV MeV GeV TeV PeV

Unitarity

Griest, Kamionkowski, PRL64 (1990)
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What Masses for Cold Relics?

DM Mass
keV MeV GeV TeV PeV

Cannot be “too hot”

Viel, Becker, Bolton, Haehnelt, PRD88 (2013)

Bounds on the dark matter 
free-streaming length 

mwarm & keV
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DM Mass
keV MeV GeV TeV PeV

The BBN Wall

Sabti, Alvey, Escudero, Fairbairn, Blas, arXiv:1910.01649

Thermal relics with mass below 
MeV spoil BBN and CMB

1MeV . mthermal . 100TeV
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Bounds on the dark matter mass



What Masses for Cold Relics?

DM Mass
keV MeV GeV TeV PeV

The WIMP Window

Leane, Slatyer, Beacom, Ng, PR D98 (2018) 

Dark matter with s-wave 
annihilation to visible states

10GeV . mWIMP . 100TeV
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What Masses for Cold Relics?

DM Mass
keV MeV GeV TeV PeV

Tomorrow we will discuss dark 
matter searches in this mass window

We end this lecture with a preview



A Very Testable Paradigm
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Need sizeable interactions: 
can we detect them today?
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A Very Testable Paradigm

WIMP annihilation

(indirect detection)



A Very Testable Paradigm
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or

Annihilations or decays 
produce cosmic rays 
whose characteristic 
energy scale is set by 

the DM mass

Non-relativistic
Dark Matter



elastic scattering

(direct detection)

W
IMP

W
IM

P SM

SM

A Very Testable Paradigm



A Very Testable Paradigm

Goodman and Witten, PRD31 (1985)

Nuclear
Target

Typical recoil energy: 
1-100 keV

Flux of WIMPs:
105 cm-2 s-1

(mWIMP = 100 GeV)

WIMP
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A Very Testable Paradigm

WIMP production

(collider searches)



A Very Testable Paradigm

g

�q

q̄ �

V

“Mono-jet” event



Multiple and complementary 
search strategies

A Very Testable Paradigm



We will learn much more soon (next 5-10 years)

LHC Upgrade
G-2 Direct 
Detection

Impressive Results by Current Experiments

LHC

G-1 Direct 
Detection

Fermi-LAT

CTA

A Very Testable Paradigm


