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Motivation

• Insights on the interplay between conformal symmetry,                         
supersymmetry and integrability

• Exact results for novel types of observables such as one-point
functions

• Positive tests of  AdS/dCFT dictionary for set-ups with
and without supersymmetry

• Interesting connections to statistical physics: matrix product
states and quantum quenhes.

• Possible cross-fertilization with the boundary conformal 
bootstrap program. 
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Classical Fields (simplest case)

Classical e.o.m.:
(x3 is distance to defect)

Solution:

where ti , i=1,2,3, constitute a k-dimensional irreducible repr. 
of SU(2). (Nahm eqns. also fulfilled.)

Constable, Myers
& Tafjord ‘99

Assume only x3 -dependence  and x3 >0,

Set-up  ½  BPS  (Gaiotto & Witten ‘08)

Acl
µ = 0,  cl

A = 0
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The quantum fields

No classical fields, specific b.c. at the defect

C.K, Müller,
Zarembo ‘20

For k>1: x and y fields are massive, 
z fields are massless 

For k=1:

m2 / 1/x2
3,
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emergent AdS space.

�4,5,6, A0,1,2, c �1,2,3, A3

x, y Dirichlet Neumann
z no BCs no BCs

<latexit sha1_base64="fjfHocI+ivwbqNteTF8ZQYoWJnM="></latexit>

For x3 > 0:
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Buhl-Mortensen,
de Leeuw, Ipsen,
C.K, Wilhelm ‘16

Ipsen, &
Vardinghus ‘19



AdS/dCFT set-ups 

D3-D5 D3-D7 D3-D7

Symmetry of vevs SU(2) SU(2) ⇥ SU(2) SO(5)

Dim. of rep. / Flux k k1, k2 d =
(n+1)(n+2)(n+3)

6

Gauge Groups U(N), U(N � k) U(N), U(N � k1k2) U(N), U(N � d)

Supersymmetry 1/2 BPS None None

Brane geometry AdS4⇥ S
2

AdS4⇥ S
2 ⇥ S

2
AdS4⇥ S

4

<latexit sha1_base64="YYpzcFayBYjHoeZ000LLsFR98Lc="></latexit>



One-point functions in dCFT’s

Due to vevs scalar operators can have non-zero 1-pt fcts at tree-level

hO
bulk
� (x)i =

C

|x3|
�

Cardy ´84

McAvity & Osborn ’95

lim
x3!1

hO
bulk
� (y + x)Obulk

�0 (z + x)i =
���0

|y � z|2�
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Normalization given by:

hO�(x)i = (Tr(�i1 . . .�i�) + . . .) |�i!�cl
i =

ti
x3

<latexit sha1_base64="pnp4KCpjhSRxtK1MJggL+hEhvTM="></latexit>

Matrix Product State associated with the defect: 

|MPSki =
X

~i

tr[tii . . . tiL ]|�i1 . . .�iLi,
<latexit sha1_base64="2vTYbJYLarmDSjfkH2TRoGUyjo0="></latexit>

deLeeuw, C.K.
& Zarembo ‘15,

Object to calculate: Ck (u) =
hMPSk |u iL

hu|ui
1
2

<latexit sha1_base64="qqdSKFzgAq+51u2icVahX000Spw="></latexit>



Piroli, Pozsgay
Vernier ‘17

Integrability criterion

Integrability criterion: Q̂2m+1|MPSki = 0, m � 1
<latexit sha1_base64="ydG+EZ+S94pfHidYlk7wd23D7LQ="></latexit>

Ghoshal &
Zamolodchikov ‘94

Also inspired by
Korepin ‘82, Izgerzin ’87,Tsuchiya ’98, Pozsgay ‘13,  Brockmann et al ’14, Buhl-Mortensen, de Leeuw, CK & 
Zarembo ’15, Foda and Zarembo ‘15

|MPSki only involves excitation pairs with momenta (+p,�p)
<latexit sha1_base64="R+qVUEsNakZUiJHixpHxh7Uv2ss="></latexit>

When can hMPSk |uiL be calculated in closed form?

<latexit sha1_base64="clZxZGPWOWvxvY5uvvUQTsxlH1E="></latexit>



Integrability of MPS

Reflection matrix which fulfills BYB of SO(6) spin chain and has the appropriate 

symmetries can be found for the two cases with Q2m+1|MPSi = 0
<latexit sha1_base64="IR8f2n+ZsHqeCUoqOywKG4wkSEs=">AAAB/nicdVDLSgMxFM34rPU1Kq7cBIsgCENmbLVdCEU3boQW7QPaUjJp2oZmMkOSEcpY8FfcuFDErd/hzr8xfQgqeuDC4Zx7ufceP+JMaYQ+rLn5hcWl5dRKenVtfWPT3tquqjCWhFZIyENZ97GinAla0UxzWo8kxYHPac0fXIz92i2VioXiRg8j2gpwT7AuI1gbqW3vltuJFxy5o7ur0nVTYtHj9Ay17QxykJfPZT2IHC+HCm7BkBxyCydZ6DpoggyYodS235udkMQBFZpwrFTDRZFuJVhqRjgdpZuxohEmA9yjDUMFDqhqJZPzR/DAKB3YDaUpoeFE/T6R4ECpYeCbzgDrvvrtjcW/vEasu/lWwkQUayrIdFE35lCHcJwF7DBJieZDQzCRzNwKSR9LTLRJLG1C+PoU/k+qnuMeO145mymez+JIgT2wDw6BC05BEVyCEqgAAhLwAJ7As3VvPVov1uu0dc6azeyAH7DePgFWJpUa</latexit>

D3-D5 D3-D7 D3-D7

Supersymmetry 1/2 BPS None None

Brane geometry AdS4⇥ S
2

AdS4⇥ S
2 ⇥ S

2
AdS4⇥ S

4

Dim. of rep./ Flux k k1, k2 d =
(n+1)(n+2)(n+3)

6

|MPS i Integrable Non-integrable Integrable

Overlaps Exact formula derived — Exact formula derived

<latexit sha1_base64="JahW1iJQf5cm9OXaDOvXHlRq3IE="></latexit>

de Leeuw, Gombor C.K &
Linardopoulos, Pozsgay ’19.



Solution SO(5) symmetric D3-D7case

de Leeuw, Gombor C.K &
Linardopoulos, Pozsgay ’19.

hu |MPSni
hu|ui1/2

= ⇤n ·

s
Q0 (0)Q0

�
1
2

�

Q̄+ (0) Q̄+

�
1
2

�
Q̄� (0) Q̄�

�
1
2

� ·

s
detG+

detG�
<latexit sha1_base64="VtDO+c6cqWAaZyplcXodyuuw4U0="></latexit>

Result for Cn:

• Exact formula valid for any L,M,N+, N� and n
<latexit sha1_base64="sC7aL6AN7iF12ixRZmzy9HM8yHA="></latexit>

⇤n = 2L
n
2X

q=�n
2

qL
"

qX

p=�n
2

Q0(p� 1
2 )

Q0(q � 1
2 )

Q�(q)Q�(
n
2 + 1)

Q�(p)Q�(p� 1)

#" n
2X

r=q

Q0(r +
1
2 )

Q0(q +
1
2 )

Q+(q)Q+(
n
2 + 1)

Q+(r)Q+(r + 1)

#
.

<latexit sha1_base64="cd04yE7YukcIMUtg09CmGBs87Zo="></latexit>

de Leeuw, C.K &
Linardopoulos,’18.

Q’s: Baxter polynomials, G Gaudin matrix:
<latexit sha1_base64="4kMfQrh0VH0N7aPq7MOwefOlK7U="></latexit>



Tree level Formula works upon modification by a flux factor (su(2) sector)

NB: A non-trivial field theory calculation is needed for this statement  
(involving diagonalizing the mass matrix using fuzzy spherical harmonics,
supersymmetric regularization and renormalization).

Fk = 1 + g
2
h
 (k+1

2 ) + �E � log 2
i
�(1) +O(g4) ,

<latexit sha1_base64="wD48oAPJzTP/gyz5c+roPLGNp2w="></latexit>

Buhl-Mortensen,
de Leeuw, Ipsen,
C.K, Wilhelm ‘17

Ck = iLT̃k�1(0)

s
Q( i

2 )Q(0)

Q2( ik2 )

s
detG+

detG�
Fk

<latexit sha1_base64="FGRdvU4OxOhpH09bqtzTEJAA8iA="></latexit>

eip =
u+ i

2

u� i
2

�!
x(u+ i

2 )

x(u� i
2 )

, u(x) = x+
g2

x
, g2 =

�

8⇡2
<latexit sha1_base64="ODSF1nYLPUuYp+QzxRVhFoPeZGI="></latexit>

and a replacement in the Bethe equations and the transfer matrix

Buhl-Mortensen,
de Leeuw, Ipsen,
C.K, Wilhelm ‘16

Beisert &
Staudacher ‘05

(plus dressing phase via bootstrap plus wrapping corrections via TBA)

Higher loops: D3-D5 case (1/2 BPS)

<latexit sha1_base64="3H2wrqaj66IjG9kbomZJfuWhiyM="></latexit>



Recently reproduced by a bootstrap argument
<latexit sha1_base64="hAbCvxE7WSWt/lNIPm1ZBd1e6mY="></latexit>

Fk: Originates from boundary dressing phase
<latexit sha1_base64="HuR8LS06nIw0fHuuLJfaRwpssNQ="></latexit>

P k�1
2

� k�1
2

in Tk�1(u) originates from sum over boundary bound states
<latexit sha1_base64="lcV6XkGA8T4W60REzE1yHHmHoJU="></latexit>

Komatsu
& Wang ’20

Higher loops: D3-D5 case (1/2 BPS)

<latexit sha1_base64="Tkct2vjO6K3+9CyPoAmQg6eiYHg="></latexit>

(assuming string integrability)

<latexit sha1_base64="C514E0dEB+doInIgvkchkUBBM1k=">AAACCXicdVDLTgIxFO34RHyNunTTSExwQzoEBHZENy4xkUcChHRKgYZOZ9LeMSGErRt/xY0LjXHrH7jzb+wAJmr0JE1Pzrn3tvf4kRQGCPlwVlbX1jc2U1vp7Z3dvX334LBhwlgzXmehDHXLp4ZLoXgdBEjeijSngS950x9fJn7zlmsjQnUDk4h3AzpUYiAYBSv1XJylxsSBUENsQCeXUMCHmvpCCpicpXtuhuTyRVIplTHJFYlXKeQtIaRcOSfYsyRBBi1R67nvnX7I4oArYNIOb3skgu6UahBM8lm6ExseUTamQ962VNGAm+50vskMn1qljwehtkcBnqvfO6Y0MGYS+LYyoDAyv71E/MtrxzAod6dCRTFwxRYPDWKJIcRJLLgvNGcgJ5ZQpoX9K2YjqikDG14Swtem+H/SyOe8Qq5ync9UL5ZxpNAxOkFZ5KESqqIrVEN1xNAdekBP6Nm5dx6dF+d1UbriLHuO0A84b5+eO5pQ</latexit>

Extended to the full theory

<latexit sha1_base64="umC2jndyXcV6p6qizqq5aDuH1Rg=">AAACBnicdVDLSgMxFM3UV62vUZciBIvgqmRKa9tdUQSXFewD2lIymds2NPMgyYildOXGX3HjQhG3foM7/8ZMW0FFDwQO59zLzTluJLjShHxYqaXlldW19HpmY3Nre8fe3WuoMJYM6iwUoWy5VIHgAdQ11wJakQTquwKa7ug88Zs3IBUPg2s9jqDr00HA+5xRbaSefXhxqyHwwMM6xHoIuB8LkZBQjnGmZ2dJLl8klVIZk1yROJVC3hBCypVTgh1DEmTRArWe/d7xQhb7EGgmqFJth0S6O6FScyZgmunECiLKRnQAbUMD6oPqTmYxpvjYKB7uh9K8QOOZ+n1jQn2lxr5rJn2qh+q3l4h/ee1Y98vdCQ+i2GRl80Mm5yyy6QR7XALTYmwIZZKbv2I2pJIybZpLSvhKiv8njXzOKeQqV/ls9WxRRxodoCN0ghxUQlV0iWqojhi6Qw/oCT1b99aj9WK9zkdT1mJnH/2A9fYJWZ+Ybw==</latexit>

Gombor
& Bajnok ’20

One-point function of chiral primaries calculated via localization

<latexit sha1_base64="I3mJYZZYFWlCcza7IpsflzKBl2o="></latexit>

Komatsu
& Wang ’20

(No Bethe roots, no flux factor)

<latexit sha1_base64="eBLW3tZbiwQAeQUxwvkfGFiobVo="></latexit>



Higher loops D3-D7 cases (No susy)

<latexit sha1_base64="34OEF+RIIZF8+x9BJXNGp2JrPCk="></latexit>

Perturbative program set up:

<latexit sha1_base64="c9znfOPNM2q9rDEPq1SE9OhylUU="></latexit>

SO(5) symmetric case

<latexit sha1_base64="Ueyidx4HQtybMTg5Drf9Gjy9MUg=">AAACA3icdVDLSgMxFM34rOOr6k43wVaomyEztGp3oht3Klot1KFk0rQNZh4kd4QyFNz4K25cKOLWn3Dn35ipFVT0QOBwzr1JzgkSKTQQ8m5NTE5Nz8wW5uz5hcWl5eLK6oWOU8V4g8UyVs2Aai5FxBsgQPJmojgNA8kvg+vD3L+84UqLODqHQcL9kPYi0RWMgpHaxXXbLp8dV2rbZawHYchBCYaZuRDb7WKJOMTbq1U9TByvRupu3ZAaces7Vew6ZIQSGuOkXXy76sQsDXkETFKtWy5JwM+oAsEkH9pXqeYJZde0x1uGRjTk2s9GGYZ4yygd3I2VORHgkfp9I6OhNj8MzGRIoa9/e7n4l9dKobvnZyJKUuAR+3yom0oMMc4LwR2hOAM5MIQyJSDP36eKMjC15SV8JcX/kwvPcatO/dQr7R+M6yigDbSJKshFu2gfHaET1EAM3aJ79IierDvrwXq2Xj5HJ6zxzhr6Aev1AzymlWg=</latexit>

Gimenez-Grau,
C.K, Volk,
Wilhelm ’18, ‘19

Gimenez-Grau,
C.K, Volk,
Wilhelm ‘19

Match with string theory in d.s.l. to two leading orders for

<latexit sha1_base64="j4yQbBCpxoAaTJC6V7SwOoh4n6A="></latexit>

Bonansea,
Idiab, C.K, 
Volk ‘20

• One-point functions only non-vanishing for full SO(6) sector

• Localization techniques do not work

• Argument against higher loop integrability in

<latexit sha1_base64="mezGX3/McYURuVXnL1wAB/SxhS0="></latexit>

Gombor
& Bajnok ‘20

Gimenez-Grau,
C.K, Volk,
Wilhelm ‘18



Other sectors & higher loops from k=1 C.K, Müller,

Zarembo ‘20

Boundary conditions

�4,5,6, A0,1,2, c �1,2,3, A3

x, y Dirichlet Neumann
z no BCs no BCs

<latexit sha1_base64="fjfHocI+ivwbqNteTF8ZQYoWJnM="></latexit>

For x3 > 0:
<latexit sha1_base64="8iIKUT8/rwQtm3/MefsbJ0fPFyw=">AAAB83icdVDLSgMxFM3UV62vqks3wVZwNWSmrbYupCiIywr2AW0pmTTThmYyQ5IRy9DfcONCEbf+jDv/xvQhqOhZHc65l3vu8SLOlEbow0otLa+srqXXMxubW9s72d29hgpjSWidhDyULQ8rypmgdc00p61IUhx4nDa90eXUb95RqVgobvU4ot0ADwTzGcHaSJ2rUML8fa9wjvJnvWwO2cgtl4ouRLZbQhWnYkgJOZWTInRsNEMOLFDrZd87/ZDEARWacKxU20GR7iZYakY4nWQ6saIRJiM8oG1DBQ6o6iazzBN4ZJQ+9M19PxQaztTvGwkOlBoHnpkMsB6q395U/Mtrx9ovdxMmolhTQeaH/JhDHcJpAbDPJCWajw3BRDKTFZIhlphoU1PGlPD1KfyfNFzbKdjujZurXizqSIMDcAiOgQNOQRVcgxqoAwIi8ACewLMVW4/Wi/U6H01Zi5198APW2ycyKJB9</latexit>



Leading order contribution

Propagators for scalars:  

D(x, y) =
1

4⇡2

✓
1

|x� y|2 +


|x̄� y|2

◆
,

<latexit sha1_base64="o138vXhwzGdw/oePraJyoFPzbus="></latexit>

 =

8
><

>:

1 Neumann

�1 Dirichlet

0 no BCs.
<latexit sha1_base64="mBBXmdtp7ov4gOpUaEadGjjL/8s="></latexit>

x̄ = (x0, x1, x2,�x3)
<latexit sha1_base64="JZMHBqtXOzdKI0Qb1M4d7YdMxO8=">AAACA3icdVBNS0JBFJ1nX2ZfVrvaDElgYDJPs3QRSG1aGuQHqDzmjaMOzvtgZl4oD6FNf6VNiyLa9ifa9W+apy+oqAMXDufcy7332D5nUiH0YSQWFpeWV5KrqbX1jc2t9PZOQ3qBILROPO6Jlo0l5cyldcUUpy1fUOzYnDbt0WXkN2+pkMxzb9TEp10HD1zWZwQrLVnpvY6NRTienmfHFsqNLVNXIXc8topHVjqD8mgGiPKFEqqUI1JCZuXUhGZsZUCMmpV+7/Q8EjjUVYRjKdsm8lU3xEIxwuk01Qkk9TEZ4QFta+pih8puOPthCg+10oN9T+hyFZyp3ydC7Eg5cWzd6WA1lL+9SPzLaweqX+6GzPUDRV0yX9QPOFQejAKBPSYoUXyiCSaC6VshGWKBidKxpXQIX5/C/0mjkDeL+cL1SaZ6EceRBPvgAGSBCc5AFVyBGqgDAu7AA3gCz8a98Wi8GK/z1oQRz+yCHzDePgGxf5ZD</latexit>

⌦
X1a(x)Xb1(y)

↵
=

g2YM�ab

2

⇣
D1(x, y)�D�1(x, y)

⌘
=

g2YM�ab

4⇡2|x̄� y|2 ,
<latexit sha1_base64="EalQI3bXUrjmc/XbdKOKBTBKEZc="></latexit>

h 1a
↵ (x) b1

� (y)i = g2YM

8⇡2
✏↵� �

ab · x̄3 � y3
|x̄� y|4 .

<latexit sha1_base64="53qtIHOQQ33xceuRr1gWEmjMP1o="></latexit>

Propagators for fermions in the SU(2|3) sector



Leading for large-N Sub-leading for large-N

Feynman diagrams

Ck=1 = 2

✓
�

16⇡2

◆L/2 hVBS|ui
hu|ui1/2

<latexit sha1_base64="mnT4ZViM6PoXiMiKA6no2DSMFa0="></latexit>

hVBS| = (hXX|+ hY Y |+ hZZ|+ h"# |� h#" |)⌦L/2, SU(2|3) sector
<latexit sha1_base64="Q1Bnz50luZioero9yiusRJniL0Y="></latexit>

Closed expression of factorized determinant form 
Result agrees with                limit of  formula with flux factor      
(the higher order in g is encoded in the Zhukovsky map).

C.K., Müller,
Zarembo ‘20

k ! 1
<latexit sha1_base64="svjFxZ1DgiaZA7RbMFUzd7l/vSo=">AAAB9XicdVDLSgMxFM34rPVVdekmWARXQ6ZabXdFNy4r2Ae0Y8mkaRuaSYYkYylD/8ONC0Xc+i/u/Bsz7QgqeuDC4Zx7ufeeIOJMG4Q+nKXlldW19dxGfnNre2e3sLff1DJWhDaI5FK1A6wpZ4I2DDOctiNFcRhw2grGV6nfuqdKMyluzTSifoiHgg0YwcZKd+OuYsORwUrJCfR6hSJy0RwQuaUyqlZSUkZe9dyDXmYVQYZ6r/De7UsSh1QYwrHWHQ9Fxk+wMoxwOst3Y00jTMZ4SDuWChxS7Sfzq2fw2Cp9OJDKljBwrn6fSHCo9TQMbGeIzUj/9lLxL68Tm0HFT5iIYkMFWSwaxBwaCdMIYJ8pSgyfWoKJYvZWSEZYYWJsUHkbwten8H/SLLneqVu6OSvWLrM4cuAQHIET4IELUAPXoA4agAAFHsATeHYmzqPz4rwuWpecbOYA/IDz9gmgpJKZ</latexit>

hVBS| = (hXX|+ hY Y |)⌦L/2, SU(2) sector
<latexit sha1_base64="AjF8MotrsWmuMfo9MlYc5k+ewEM="></latexit>



Summary
<latexit sha1_base64="uj/sZmxBh464O7rvaLAIcfsGqMs=">AAAB7nicdVDLSgMxFM3UV62vqks3wSK4GjJjq+2u6MZlRfuAdiiZNNOGJpkhyQhD6Ue4caGIW7/HnX9j+hBU9MCFwzn3cu89YcKZNgh9OLmV1bX1jfxmYWt7Z3evuH/Q0nGqCG2SmMeqE2JNOZO0aZjhtJMoikXIaTscX8389j1VmsXyzmQJDQQeShYxgo2V2repEFhl/WIJucivVso+RK5fQTWvZkkFebXzMvRcNEcJLNHoF997g5ikgkpDONa666HEBBOsDCOcTgu9VNMEkzEe0q6lEguqg8n83Ck8scoARrGyJQ2cq98nJlhonYnQdgpsRvq3NxP/8rqpiarBhMkkNVSSxaIo5dDEcPY7HDBFieGZJZgoZm+FZIQVJsYmVLAhfH0K/yct3/XOXP/GL9Uvl3HkwRE4BqfAAxegDq5BAzQBAWPwAJ7As5M4j86L87pozTnLmUPwA87bJ+/Zj/g=</latexit>



Future directions

• Understanding the integrability/non-integrability from the string 
theory side

• Higher loop integrability for D3-D7? 

• Derive the TBA for D3-D5

• Wilson loops by localization

• Connections to the boundary analytic bootstrap program



Thank you


