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Scattering amplitudes A = (IN|S|OUT): do o< |A[?
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S-matrix of gauge theory beyond Feynman diagrams?

Scattering amplitudes A = (IN|S|OUT): do o< |A[?
» Computing efficiently necessary in practice

» Understanding beyond perturbation theory mathematically important
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Strategy: Focus on the simplest interacting 4D gauge theory

SU(N) maximally supersymmetric Yang-Mills (MSYM) theory

in planar limit, N — oo with A :g%MN fixed.

» Integrable structure = Exact physical quantities in g% = \/(4m)?!

Celebrated example: The cusp anomalous dimension |
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Korchemsky

governing operators with very large spin.

Beisert,Eden,Staudacher]

<matrix component

Ji(x) : Bessel f"
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Strategy: Focus on the simplest interacting 4D gauge theory

SU(N) maximally supersymmetric Yang-Mills (MSYM) theory
in planar limit, N — oo with A :g%MN fixed.

» Integrable structure = Exact physical quantities in g% = \/(4m)?!

Celebrated example: The cusp anomalous dimension 7ot Fden Standacher]

1
I‘cusp:492|: ] _492[1—K+K2+...]

1+Kli;1 - 11  <matrix component
i [t Ji(2gt) (29t
Kyj = 25(~1)"* / 7%]1(9)’ j=1,2,... Ji(x):Bessel f
el —

0

Korchemsky

governing operators with very large spin.

Can we hope for similar progress with amplitudes?
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Present and future of solving the simplest gauge theory

Amplitudes with n = 4,5 particles already known to all loops! For n > 6:
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Present and future of solving the simplest gauge theory

Amplitudes with n = 4,5 particles already known to all loops! For n > 6:

Strings / Y-System

Coupling A

Collinear /Multi - Regge

Amplitude Bootstrap

0 "Integrable limits" T
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Present and future of solving the simplest gauge theory

Amplitudes with n = 4,5 particles already known to all loops! For n > 6:

<
o Strings / Y-System
3l o
> ()]
8|3

14

==

p=}

2

s O

[}

=

3

o .

Amplitude Bootstrap
0 "Integrable limits" T

[ In this talk: New, “origin” limit for n = 6 at finite coupling ]
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Present and future of solving the simplest gauge theory

Amplitudes with n = 4,5 particles already known to all loops! For n > 6:

Strings / Y-System

Coupling A

Collinear /Multi - Regge
Origin

Amplitude Bootstrap

0 "Integrable limits" T

[ In this talk: New, “origin” limit for n = 6 at finite coupling ]
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Present and future of solving the simplest gauge theory

Amplitudes with n = 4,5 particles already known to all loops! For n > 6:

Strings / Y-System

!

[===) Allloop S-Matrix?

|

[5)

Coupling A

Origin

Collinear /Multi - Regge

Amplitude Bootstrap

0 "Integrable limits" T

[ In this talk: New, “origin” limit for n = 6 at finite coupling ]
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Outline

Intro: The Six-Gluon Amplitude in MSYM

The Origin of Intriguing Observations

Connection to Integrability

Finite-coupling Expression for Amplitude & Checks

Conclusions & Outlook
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The Six-Gluon Maximally Helicity Violating (MHV) Amplitude

Simplest nontrivial case, Ag(—,—,+,...,+). Remarkable properties,

ke k1

k5 k'2
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The Six-Gluon Maximally Helicity Violating (MHV) Amplitude

Simplest nontrivial case, Ag(—,—,+,...,+). Remarkable properties, i.e.

> is dual to null hexagonal Wilson loop W

[Alday,Maldacena] [Drummond(,Henn),Korchemsky,Sokatchev] [Brandhuber,Heslop, Travaglini]

1 ki =2 —x =24,
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The Six-Gluon Maximally Helicity Violating (MHV) Amplitude

Simplest nontrivial case, Ag(—,—,+,...,+). Remarkable properties, i.e.

> is dual to null hexagonal Wilson loop W

[Alday,Maldacena] [Drummond(,Henn),Korchemsky,Sokatchev] [Brandhuber,Heslop, Travaglini]

1 ki =2 —x =24,

[AG _ AﬁBDS—likCSG(ui) ]

» exhibits dual conformal symmetry under z — 2 [2?: After factoring
out universal IR-divergent Bern-Dixon-Smirnov(-like) part,
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The Six-Gluon Maximally Helicity Violating (MHV) Amplitude

Simplest nontrivial case, Ag(—,—,+,...,+). Remarkable properties, i.e.

> is dual to null hexagonal Wilson loop W

[Alday,Maldacena] [Drummond(,Henn),Korchemsky,Sokatchev] [Brandhuber,Heslop, Travaglini]

z1 ki=wiy1 -2 = Ti14,

Ze Z2

[AG _ AGBDS—likegG(ui)]

2 2
U1 =—5"—-9

= — + cyclic
x4 L36 L1

» exhibits dual conformal symmetry under z' — 2 [2?: After factoring
out universal IR-divergent Bern-Dixon-Smirnov(-like) part, function of
3 conformal cross ratios u;.
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The Origin of the Six-Gluon Amplitude

& (and &7) computed most efficiently in general kinematics & at fixed
order in the coupling via Amplitude Bootstrap.

[Recent Review: Caron-Huot,Dixon,Drummond,Dulat,Foster,Giirdogan,Hippel,McLeod, GP]

Natural to scan space of kinematics for all-loop patterns and
simplifications.
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The Origin of the Six-Gluon Amplitude

& (and &7) computed most efficiently in general kinematics & at fixed
order in the coupling via Amplitude Bootstrap.

[Recent Review: Caron-Huot,Dixon,Drummond,Dulat,Foster,Giirdogan,Hippel,McLeod, GP]

Natural to scan space of kinematics for all-loop patterns and
simplifications. Here: Focus on limit when u; — 0: “origin”
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An Original Discovery

GP — Origin of Six-Gluon Amplitude at Finite Coupling The Origin of Intriguing Observations 9/19



An Original Discovery

In the origin limit u; — 0, from perturbative results up to 7 loops, observed
that SIX_partlcle amplltude takes the form [Caron-Huot,Dixon,Dulat,McLeod,Hippel, GP]

In&g= —h In? (uugug) — Dhex z?):ln2 ( Ui )+Coh.
24 24 i-1 Ui+1
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In&g= —h In? (uugug) — Dhex z?):ln2 ( Ui )+Coh.
24 24 i-1 Ui+1

» Exponentiation: In &g contains only O(In?u;), O(In° u;) terms!
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An Original Discovery

In the origin limit u; — 0, from perturbative results up to 7 loops, observed
that SIX_partlcle amplltude takes the form [Caron-Huot,Dixon,Dulat,McLeod,Hippel, GP]

In& =—hln2(u U )—Fhex ilrﬂ( i )+ C
6= =51 1u2u3 24 & i 0-
» Exponentiation: In &g contains only O(In?u;), O(In° u;) terms!
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In the origin limit u; — 0, from perturbative results up to 7 loops, observed
that SIX_partlcle amplltude takes the form [Caron-Huot,Dixon,Dulat,McLeod,Hippel, GP]

In& =—hln2(u U )—Fhex ilrﬂ( i )+ C
6= =51 1u2u3 24 & i 0-
» Exponentiation: In &g contains only O(In?u;), O(In° u;) terms!
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ST, - g2 STY, 12870 108810
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An Original Discovery

In the origin limit u; — 0, from perturbative results up to 7 loops, observed
that SIX_partlcle amplltude takes the form [Caron-Huot,Dixon,Dulat,McLeod,Hippel, GP]

1—\oc r ex 2 1
lné’@:—T;ln2(u1u21L3)— b Zln2( Y )+Coh.

24 i=1 Ui+1
» Exponentiation: In &g contains only O(In?u;), O(In° u;) terms!

8r2gt 1287r4 6 1088x%* 0.
3 45 315

[Basso, Dixon, GP]

> 1_‘oct = 4.92
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> Toet > —5 Incosh (27g)
e
» Same quantity appears in lightlike limit of “simplest 4-point
Correlator” Of MSYM {\(\“ux‘unmlu |\<r?1ir\.|'ll\\«r\(v-.\t!‘u\H» Belitsky,Korchemsky

ee talks by Korchemsky,Fleury,Kostov]

GP — Origin of Six-Gluon Amplitude at Finite Coupling The Origin of Intriguing Observations 9/19



An Original Discovery

In the origin limit u; — 0, from perturbative results up to 7 loops, observed
that SIX_partlcle amplltude takes the form [Caron-Huot,Dixon,Dulat,McLeod,Hippel, GP]

In &= _Loct In? (uyugus) — Dhex ilrﬂ( i )+ C
6= =51 1u2u3 24 & i 0-
» Exponentiation: In &g contains only O(In?u;), O(In° u;) terms!
8r2gt . 1287¢%  10887%¢®
3 45 315

Basso, Dixon, GP]

+0(g"),

> 1_‘oct = 4.92 -

2

» Doct — —ancosh (2mg) !
e

» Same quantity appears in lightlike limit of “simplest 4-point

Correlatorn Of MSYM {‘(\‘;x:x‘un(v'hr Kostov,Petkova,Serban] [Belitsky,Korchemsky

talks by Korchemsky,Fleury,Kostov]

[Connection? How about 'y, Co? Finite coupling?]
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Integrability in Scattering Amplitudes/Wilson Loops?

Not yet understood in general kinematics. Good starting point, however,
particular collinear limit. In new kinem. variables 7,0, ¢, given by 7 — oo.
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Integrability in Scattering Amplitudes/Wilson Loops?

Not yet understood in general kinematics. Good starting point, however,
particular collinear limit. In new kinem. variables 7,0, ¢, given by 7 — oo.

In convenient normalization,

— chusp(02+72+§2)
W = Ege2
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Integrability in Scattering Amplitudes/Wilson Loops?

Not yet understood in general kinematics. Good starting point, however,
particular collinear limit. In new kinem. variables 7,0, ¢, given by 7 — oo.

In convenient normalization, conformal
symmetry implies

We = Z o~ EiT+ipio+ai¢ P(0)1;) P (1]0)
b
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Integrability in Scattering Amplitudes/Wilson Loops?

Not yet understood in general kinematics. Good starting point, however,
particular collinear limit. In new kinem. variables 7,0, ¢, given by 7 — oo.

In convenient normalization, conformal
symmetry implies

WG — Z(*I';/Tv/./)/ffﬁ’(l,trp(0|¢i)7j(’¢)i|0)
hi

» Propagation of flux tube excitation
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Integrability in Scattering Amplitudes/Wilson Loops?

Not yet understood in general kinematics. Good starting point, however,
particular collinear limit. In new kinem. variables 7,0, ¢, given by 7 — oo.

In convenient normalization, conformal
symmetry implies

WG — Z(/*l-:/,—ﬂp/rr#ru;u P(OW%)P(I/)ZK))
»i

» Propagation of flux tube excitation

» Emission/Absorption

Wilson Loop ‘Operator Product Expansion (OPE)’

Alday,Gaiotto,Maldacena,Sever,Vieira
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Integrability in Scattering Amplitudes/Wilson Loops?

Not yet understood in general kinematics. Good starting point, however,
particular collinear limit. In new kinem. variables 7,0, ¢, given by 7 — oo.

In convenient normalization, conformal
symmetry implies

WG — Z(7I'4~/,—vi/)/fr+u,u7)(0|,l/)i>73(®i|0)
»i

» Propagation of flux tube excitation

» Emission/Absorption

Wilson Loop ‘Operator Product Expansion (OPE)’

Alday,Gaiotto,Maldacena,Sever,Vieira

MSYM: 1); mapped to excitations of integrable SL(2,R) spin chain,
equivalently of Gubser-Polyakov-Klebanov string = exact E, P

[Basso+Sever,Vieira]
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Integrability in Scattering Amplitudes/Wilson Loops?

Not yet understood in general kinematics. Good starting point, however,
particular collinear limit. In new kinem. variables 7,0, ¢, given by 7 — oo.

In convenient normalization, conformal
symmetry implies

WG — Z(fl':/,—-i/)/frﬂl,u7)(0|,l/}i)73(wi|0)
»i

» Propagation of flux tube excitation

» Emission/Absorption

Wilson Loop ‘Operator Product Expansion (OPE)’

Alday,Gaiotto,Maldacena,Sever,Vieira

MSYM: 1); mapped to excitations of integrable SL(2,R) spin chain,
equivalently of Gubser-Polyakov-Klebanov string = exact E, P

[Basso-+Sever, Vieira)

[Belitsky,Bonini,Bork,Caetano,Cordova,Drummond,Fioravanti,Hippel,Lam,Onishchenko, GP,Piscaglia,Rossi. .
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A Path to Originality

U OPE
double scaling
origin
u,
U,
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A Path to Originality

U OPE » Origin does not intersect collinear limit
double scaling
origin » However part of
Only simpler, gluon flux tube excitations
Cont”bute, [Basso,Sever,Vieira] [Drummond,GP)]
DS _ <
7 Wﬁ = Z Wﬁ[N , €.8
2 N=1

- a du - u)T u)o
Wen = D¢ ¢f o Ha(u)e e (mpe (e,
a=1
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A Path to Originality

U OPE » Origin does not intersect collinear limit
double scaling
origin » However part of
Only simpler, gluon flux tube excitations
Contr'bute, [Basso,Sever,Vieira] [Drummond,GP)]
DS _ <
7 Wg> = Y. Weng» €8
2 N=1

- a du - u)T u)o
We) = e ¢/%ﬂa(u)e Ea(u)7+pa(u)o
a=1

u,

» Origin: ¢ — T — oo, outside of radius of convergence of sum ®
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A Path to Originality

U

u,

OPE
double scaling
origin

» Origin does not intersect collinear limit

» However part of
Only simpler, gluon flux tube excitations
Contr'bute, [Basso,Sever,Vieira] [Drummond,GP)]

= > Wen]» €8
No1

- a du - u)T u)o
We) = e ¢/%ﬂa(u)e Ea(u)7+pa(u)o
a=1

» Origin: ¢ — T — oo, outside of radius of convergence of sum ®

> Pert. resummation: Wy n

(9(92N ) = We1] good up to 3 loops ©
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A Path to Originality
» Origin does not intersect collinear limit

Uy OPE
double scaling
origin » However part of
Only simpler, gluon flux tube excitations
Contrlbute [Basso,Sever,Vieira] [Drummond,GP)]

= > Wen]» €8
No1

— a du - u)T u)o
iy 55 [ 8oy oo
a=1

u,

» Origin: ¢ — T — oo, outside of radius of convergence of sum ®
> Pert. resummation: Wy n ~0(g? 2) = We[1] good up to 3 loops ©
» Pert. resummation for N 2 2 possible, but much harder ©
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A Path to Originality

U

OPE
double scaling
origin

u,

» Origin does not intersect collinear limit

» However part of
Only simpler, gluon flux tube excitations
Contr'bute, [Basso,Sever,Vieira] [Drummond,GP)]

= > Wen]» €8
No1

- a du - u)T u)o
We) = e ¢/%ﬂa(u)e Ea(u)7+pa(u)o
a=1

» Origin: ¢ — T — oo, outside of radius of convergence of sum ®

> Pert. resummation: Wy n

~0(g? 2) = W1] good up to 3 loops ©

» Pert. resummation for N 2 2 possible, but much harder ©

» As we'll see however, not really necessary! ©
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Sommerfeld-Watson Transform

Similar to Regge theory, where it amounts to analytic continuation in spin,

. +aﬂdeif(a)da
;(—1) f(a) —>+oo_i5 2sin (ra)’

provided f(z) decays faster than 1/z as z — oo.

M
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Sommerfeld-Watson Transform

Similar to Regge theory, where it amounts to analytic continuation in spin,

+00+1€

if(a)da
YD (@) > | oo
et _ 2sin(7a)
+oo—-1€
provided f(z) decays faster than 1/z as z — oo. Indeed the case, and in
fact can deform contour to run parallel to imaginary axis, C.

C

~
—
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Sommerfeld-Watson Transform

Similar to Regge theory, where it amounts to analytic continuation in spin,

+00+1€

if(a)da
YD (@) > | oo
et _ 2sin(7a)
+oo—-1€
provided f(z) decays faster than 1/z as z — oo. Indeed the case, and in
fact can deform contour to run parallel to imaginary axis, C.

C

~
—

Finally, closing contour around a = 0 on the left-hand side yields all
nonvanishing terms at origin at finite coupling!
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The Origin of the Six-particle Amplitude at Finite Coupling

Further manipulating previously found integrand leads to finite-coupling
conjecture, ,
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The Origin of the Six-particle Amplitude at Finite Coupling

Further manipulating previously found integrand leads to finite-coupling
conjecture, ,

r Lz
In &= —2—Zlm2 (u1u2u;g)— /3 Zl 2( )+C’0,
i=1
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The Origin of the Six-particle Amplitude at Finite Coupling

Further manipulating previously found integrand leads to finite-coupling
conjecture, ,

r Lz
In &= —2—21112 (u1u2u;g)— /3 Zl 2( )+C’0,
1=1

Fa:492[ ! :| :492[1—K(a)+K2(a)+...]11,

1+K(a) |,
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The Origin of the Six-particle Amplitude at Finite Coupling

Further manipulating previously found integrand leads to finite-coupling
conjecture, in terms of tilted Beisert-Eden-Staudacher kernel K(«) ,

T I
In&= —2—21112 (u1u2u;g)— /3 Zl 2 )+C’0,
1=1

1
=40’ ———| =4¢*[1-K(a) +K*(a) +...
“ [1+K(a)]11 A & 2 b
K(a) = 2 cosaK,, sinaKe, Koo = Kont1,2m+1 5
@) =2cosa sinaKeo cosaKee Koo = Kop+1,2m €tc,
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The Origin of the Six-particle Amplitude at Finite Coupling

Further manipulating previously found integrand leads to finite-coupling
conjecture, in terms of tilted Beisert-Eden-Staudacher kernel K(«) ,

T I
In&= —2—21112 (u1u2u;g)— /3 Zl 2 )+C’0,
1=1

1
T, = 4g° [m]n = 44° [1 -K(a) +K?*(a) +.. .]11 )

K(a) = QCosa[ cosaKeo sinalKge ] Koo = Kont1,2m+1 5

sinKeo cosalee Koo = Kont1,2m etc,
\ 7

[Basso, Dixon,GP]

e [ dt Ji(2g)J;(2gt)
K, = 2j(-1 Wf——] ,
J j( ) y t et_l
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The Origin of the Six-particle Amplitude at Finite Coupling

Further manipulating previously found integrand leads to finite-coupling
conjecture, in terms of tilted Beisert-Eden-Staudacher kernel K(«) ,

Ty I
In&= —ﬁln (u1u2u;g)— /3 Zl 2 )+C’0,
1=1

1
T, = 4g° [m]n = 44° [1 -K(a) +K?*(a) +.. .]11 )

K(a) = QCosa[ cosaKeo sinalKge ] Koo = Kont1,2m+1 5

sinKeo cosalee Koo = Kont1,2m etc,
\ 7

[Basso, Dixon,GP]

e [ dt Ji(2g)J;(2gt)
K, = 2j(-1 Wf——] ,
J j( ) y t et_l

Co=~20y4 4 D(x/4) - D(xf3) ~ £ D(0),  D(a) =Indet [1+K(a)].
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Comparison: Finite-coupling numerics & weak/strong coupling analytics

Anomalous Dimensions —

< finite coupling
oct

cusp

hex

0.8 1

0.6 1

0.4+

0.2 1

0 T
0 0.5

1.5 2

1
g

Foct = FO ) Fcusp = F7r/4 ) Fhex = F7r/3
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Comparison: Finite-coupling numerics & weak/strong coupling analytics

Log of Determinants D(a)
2g
1.6
1.4
1.2 1
14
> - -
0.8 ° finite coupling
oct
cusp
097 K hex
°
0.4 1 <
o
o
0.2 1
0 T T T T T T 1
0 1 2 3 4 5 6 7

Dot = D(O) , Dcusp = D(7T/4) 5 Dhex = D(7T/3)
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Strong coupling: Expansion & Comparison with String Theory

Expanded T, to four orders in 1/g, and Cj to two. For example,

2
04 0("), D) =amg [y - %]+ O(").

*~ rsin (2a)
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Strong coupling: Expansion & Comparison with String Theory

Expanded T, to four orders in 1/g, and Cj to two. For example,

2
04 0("), D) =amg [y - %]+ O(").

*~ rsin (2a)

—2g(Area)

Via gauge/string duality, at leading strong-coupling order W ~ ¢

Alday,Maldacena]

of string ending on W at boundary of AdS space. !

Image Credit: A. Sever
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Strong coupling: Expansion & Comparison with String Theory

Expanded T, to four orders in 1/g, and Cj to two. For example,
8ag 1 2

+0(s"), D(a)=dmg[ ;- 5]+ 0(").

*~ rsin (2a)

Via gauge/string duality, at leading strong-coupling order W ~ e~29(Area)
of string ending on W at boundary of AdS space. "/ eldacensd

At uq = ug = uz — 0:

[Alday,Gaiotto,Maldacena] [Basso,Sever, Vieira)

In & 3 ™ 7T _
B T T T Lo (u)

Towp | dm 1276 72

Image Credit: A. Sever
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Strong coupling: Expansion & Comparison with String Theory

Expanded T, to four orders in 1/g, and Cj to two. For example,
8ag 1 2

+0(s"), D(a)=dmg[ ;- 5]+ 0(").

*~ rsin (2a)

Via gauge/string duality, at leading strong-coupling order W ~ e~29(Area)
of string ending on W at boundary of AdS space. "/ eldacensd

At uq = ug = uz — 0:

[Alday,Gaiotto,Maldacena] [Basso,Sever, Vieira)

In & 3 ™ 7T _
B T T T Lo (u)

Towp | dm 1276 72

Perfect agreement!

Image Credit: A. Sever
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Strong coupling: Expansion & Comparison with String Theory

Expanded T, to four orders in 1/g, and Cj to two. For example,

2
04 0("), D) =amg [y - %]+ O(").

*~ rsin (2a)

Via gauge/string duality, at leading strong-coupling order W ~ e~29(Area)
of string ending on W at boundary of AdS space. "/ eldacensd

At uq = ug = uz — 0:

[Alday,Gaiotto,Maldacena] [Basso,Sever, Vieira)

In & 3 ™ 7T _
B T T T Lo (u)

Towp | dm 1276 72

Perfect agreement!

Can also confirm Fhex- [Ito,Satoh,Suzuki .
Image Credit: A. Sever
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The high-energy/multi-Regge Limit (MRL)

May similarly relate integrable collinear limit with conceptually and
practically important 1 +2 - 3 +...+ N — 2 high-energy limit.
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The high-energy/multi-Regge Limit (MRL)

May similarly relate integrable collinear limit with conceptually and
practically important 1 +2 - 3 +...+ N — 2 high-energy limit.

Obtain well-defined dispersion integral represented graphically as

P2,+ P3, M Pa, ha PN-3,hn—5 Dn-2,hn—a Pn-1,+

Iy Cia Cn_ens Iy_s

and determine previously unknown building block, Ciis1 to all loops.
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The high-energy/multi-Regge Limit (MRL)

May similarly relate integrable collinear limit with conceptually and
practically important 1 +2 - 3 +...+ N — 2 high-energy limit.

Obtain well-defined dispersion integral represented graphically as

P2,+ P3, M Pa, ha PN-3,hn—5 Dn-2,hn—a Pn-1,+

Iy Cia Cn_ens In_s

P1= Pns—

and determine previously unknown building block, Ciis1 to all loops.

[ All-order amplitudes in MRL at any multiplicity! ]

[Del Duca,Druc,Drummond,Duhr,Dulat,Marzucca,GP,Verbeek;PRL 124, 161602 (2020)]
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Higher Multiplicity in General Kinematics

In improved perturbation theory (amplitude bootstrap), essential input is
knowledge of amplitude singularities.

GP — Origin of Six-Gluon Amplitude at Finite Coupling Finite-coupling Expression for Amplitude & Checks 18/19



Higher Multiplicity in General Kinematics

In improved perturbation theory (amplitude bootstrap), essential input is
knowledge of amplitude singularities.

» n =6,7: Strong indications that they are dictated by cluster algebras

[Golden,Goncharov, Spradlin,Vergu, Volovich]
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Higher Multiplicity in General Kinematics

In improved perturbation theory (amplitude bootstrap), essential input is
knowledge of amplitude singularities.

» n =6,7: Strong indications that they are dictated by cluster algebras

[Golden,Goncharov, Spradlin,Vergu, Volovich]

» n > 8, however, cluster algebra becomes infinite!

GP — Origin of Six-Gluon Amplitude at Finite Coupling Finite-coupling Expression for Amplitude & Checks 18/19



Higher Multiplicity in General Kinematics

In improved perturbation theory (amplitude bootstrap), essential input is
knowledge of amplitude singularities.

» n =6,7: Strong indications that they are dictated by cluster algebras

[Golden,Goncharov, Spradlin,Vergu,Volovich]

» n > 8, however, cluster algebra becomes infinite!

Very recently, proposal for finite subset in agreement with all known data

[Henke, Papathanasiou] [Arkani-Hamed,Lam,Spradlin] [Drummond,Foster,Gurdogan,Kalousios]
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Higher Multiplicity in General Kinematics

In improved perturbation theory (amplitude bootstrap), essential input is
knowledge of amplitude singularities.

» n =6,7: Strong indications that they are dictated by cluster algebras

[Golden,Goncharov, Spradlin,Vergu, Volovich]

» n > 8, however, cluster algebra becomes infinite!

Very recently, proposal for finite subset in agreement with all known data

[Henke, Papathanasiou] [Arkani-Hamed,Lam,Spradlin] [Drummond,Foster,Gurdogan,Kalousios]

based on relation of cluster algebras with tropical geometry.
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Conclusions

In this presentation, | talked about the beauty and simplicity of amplitudes
in maximally supersymmetric Yang-Mills theory.
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Conclusions

In this presentation, | talked about the beauty and simplicity of amplitudes
in maximally supersymmetric Yang-Mills theory.

Starting from tremendous improvements in perturbation theory, arrived at

[ Six-particle amplitude in new, origin limit at finite coupling ]

also in agreement with string theory predictions!
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Conclusions

In this presentation, | talked about the beauty and simplicity of amplitudes
in maximally supersymmetric Yang-Mills theory.

Starting from tremendous improvements in perturbation theory, arrived at

[ Six-particle amplitude in new, origin limit at finite coupling ]

also in agreement with string theory predictions!

» Tilt angle interpretation/connection to correlators? Vo Coneaives Borcind
> ngher Points? [Basso,Dixon,Liu,GP; in progress][Dixon,Liu]

» Resummation to more general kinematics? — multi-Regge
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Conclusions

In this presentation, | talked about the beauty and simplicity of amplitudes
in maximally supersymmetric Yang-Mills theory.

Starting from tremendous improvements in perturbation theory, arrived at

[ Six-particle amplitude in new, origin limit at finite coupling ]

also in agreement with string theory predictions!
» Tilt angle interpretation/connection to correlators?
> ngher POintS? [Basso,Dixon,Liu,GP; in progress] [Dixon,Liu]

» Resummation to more general kinematics? — multi-Regge

Ultimately, can the integrability of planar SYM theory, together with
a thorough knowledge of the analytic structure of its amplitudes, lead
us to the theory's exact S-matrix?
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Higher Loops and Legs: The Amplitude Bootstrap

Evade Feynman diagrams by exploiting analytic structure

QFT Property Computation
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Higher Loops and Legs: The Amplitude Bootstrap

Evade Feynman diagrams by exploiting analytic structure

QFT Property Computation

. L
Physical Branch Cuts Aé ) ,L=3,4
[Gaiotto,Maldacena, [Dixon,Drummond, (Henn,)
Sever, Vieira) Duhr/Hippel,Pennington]
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Higher Loops and Legs: The Amplitude Bootstrap

Evade Feynman diagrams by exploiting analytic structure

QFT Property

Computation

Physical Branch Cuts

[Gaiotto,Maldacena,

Sever, Vieira)

AP 1 -34

[Dixon,Drummond, (Henn,)

Duhr/Hippel,Pennington]

(3)
Cluster Algebras A?,MHV
[Golden,Goncharov, [Drummond, GP,
Spradlin,Vergu,Volovich] Spradlin]

AMH\/=A(——+...+)
ANMHV:A(___+---+)
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Higher Loops and Legs: The Amplitude Bootstrap

Evade Feynman diagrams by exploiting analytic structure

QFT Property Computation
: (L)
Physical Branch Cuts AG ,L=3,4
[Gaiotto,Maldacena, [Dixon,Drummond, (Henn,)
Sever, Vieira) Duhr/Hippel,Pennington]
(3)

Cluster Algebras A?,MHV
[Golden,Goncharov, [Drummond, GP,
Spradlin,Vergu,Volovich] Spradlin]

- - (5) 403) (4)

Steinmann Relation AG 7A7,NMHV7A7,MHV
[Steinmann] [Caron-Huot,Dixon,. . .]

[Dixon,. .., GP,Spradli;l]

AMH\/=A(——+...+)
ANMHV:A(___+---+)
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Higher Loops and Legs: The Amplitude Bootstrap

Evade Feynman diagrams by exploiting analytic structure

AMH\/=A(——+...+)
ANMHV:A(___+---+)

QFT Property

Computation

Physical Branch Cuts

[Gaiotto,Maldacena,

Sever, Vieira)

AP 1 -34

[Dixon,Drummond, (Henn,)

Duhr/Hippel,Pennington]

Cluster Algebras

A(3)

7,MHV
[Golden,Goncharov, [Drummond, GP,
Spradlin,Vergu,Volovich] Spradlin]
- - (5) 403) (4)
Steinmann Relation AG 7A77NMHV7A7,MHV

[Steinmann)]

[Caron-Huot,Dixon,. . .

[Dixon,. .., GP,Spradlin]

Cluster Adjacency

[Drummond,Foster,
Gurdogan]|

Extended Steinmann

Coaction Principle

€Y
AZNMHV

[Drummond,Foster,
Gurdogan, GP]

o A©® 4D
6 416 MHV

[Caron-Huot,Dixon,Dulat,
McLeod,Hippel, GP]
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Higher Loops and Legs: The Amplitude Bootstrap

Evade Feynman diagrams by exploiting analytic structure

AMH\/=A(——+...+)
ANMHV:A(___+---+)

QFT Property

Computation

Physical Branch Cuts

[Gaiotto,Maldacena,

Sever, Vieira)

AP 1 -34

[Dixon,Drummond, (Henn,)

Duhr/Hippel,Pennington]

(3)

Cluster Algebras A?,MHV
[Golden,Goncharov, [Drummond, GP,
Spradlin,Vergu,Volovich] Spradlin]

- - (5) 403) (4)

Steinmann Relation AG 7A77NMHV7A7,MHV

[Steinmann)]

[Caron-Huot,Dixon,. . .

[Dixon,. .., GP,Spradlin]

Cluster Adjacency

[Drummond,Foster,
Gurdogan]|

Extended Steinmann

Coaction Principle

[Drummond,Foster,
Gurdogan, GP]

o A©® 4D
6 416 MHV

[Caron-Huot,Dixon,Dulat,
McLeod,Hippel, GP]

See also recent S(A7) - A7 work by "ot
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Weak coupling expansion of T',,

L=1] L=2 L=3 L=4
oot | 4 | —16(s 2564 ~3264(6
Teusp | 4 | —8C 88(4 -876(6 - 323
[Mhex 4 —4Q2 34C4 —903 ¢ - 24C§
Co | -3¢ | ¢y | -18¢+2¢3 | 012 + 623 — 4035

r
—= = 1-4¢°Cag® + 8¢°(3+ 5¢%) (ug?
4g

—8c%[(25+42¢% +35¢) G +45° G| g° + .. .,
D(a) = 462C292 - 462(3 + 502)C4g4

8
+ §c2 [(30 +63c* +35c")¢g + 125 (5] g + ...

Loct =T, I‘cusp = F71-/4 y Thex = F7r/3
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Strong coupling expansion of I',,
Letting a = o/, find

Rag s1 asy  a(s182+ass)

La= sin (27a) 1= 2V 4\ 8(VA)3 e

where
ske1 = (U (1) = (3 + @)} + (-1 {ehp(1) - u(3 - @)},

and 95 (2) = 01 1InT(2) the polygamma function.
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Secretly Gaussian integral

Origin=0PE integrand in modified integration contour. Can recast as
infinite-dimensional integral,

£=N [ Tlder(©)e s,
1=1

where M = (1+K)-Q and F(&,¢,7,0) complicated Fredholm
determinant. Remarkably, observe that perturbatively

E=N f [ dé e EM+omDE,
=1

becomes Gaussian but with modified kernel= evaluate explicitly!
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The High-Energy or (Multi-)Regge Limit

Implications for (Quantum) Gravity

Rich history within analytic S-matrix program of the 60's.
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The High-Energy or (Multi-)Regge Limit

Implications for (Quantum) Gravity

Rich history within analytic S-matrix program of the 60's.

1+2-3+4: s>>-t, wheres:(p1+p2)2,t=(p2+p3)2,
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The High-Energy or (Multi-)Regge Limit

Implications for (Quantum) Gravity

Rich history within analytic S-matrix program of the 60's.
142->3+4: s>>—-t, wheres=(p +p2)2,t= (p2 +p3)2,

Due to analyticity in spin, behavior
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The High-Energy or (Multi-)Regge Limit

Implications for (Quantum) Gravity

Construction of a Crossing-Simmetric, Regge-Behaved Amplitude
for Linearly Rising Trajectories.

G. VENEZIANO (%)
CERN - Geneva

Rich history within analytic S-matrix program of the 60's.
142->3+4: s>>—-t, wheres=(p +p2)2,t= (p2 +p3)2,

Due to analyticity in spin, behavior

instrumental for the birth and development of string theory.
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The High-Energy or (Multi-)Regge Limit

Implications for (Quantum) Gravity

Construction of a Crossing-Simmetric, Regge-Behaved Amplitude
for Linearly Rising Trajectories.

G. VENEZIANO (%)
CERN - Geneva

Rich history within analytic S-matrix program of the 60's.
142->3+4: s>>—-t, wheres=(p +p2)2,t: (p2 +p3)2,

Due to analyticity in spin, behavior

instrumental for the birth and development of string theory.

» Recently, essential in resolving disputes in binary black hole dynamics

[Bern,Ita,Parra-Martinez,Ruf]
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The High-Energy or (Multi-)Regge Limit

Phenomenological Applications and Beyond

With establishment of QCD, Regge behavior obtained by perturbatively
resumming large logarithms in kinematic variables:

Ay~ sa(®)
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The High-Energy or (Multi-)Regge Limit

Phenomenological Applications and Beyond
With establishment of QCD, Regge behavior obtained by perturbatively
resumming large logarithms in kinematic variables:
Ag ~ s* planar: g% = \/(47)?
~ c,(lo)g% log" s : Leading Logarithmic Approximation (LLA)
n>0
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The High-Energy or (Multi-)Regge Limit

Phenomenological Applications and Beyond

With establishment of QCD, Regge behavior obtained by perturbatively
resumming large logarithms in kinematic variables:

Ay~ sa(®)

planar: g% = \/(47)?
~ c,(lo)g% log" s :

Leading Logarithmic Approximation (LLA)
n>0
+ Y Mg log" s : Next-to-LLA (NLLA) etc.
n>1
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The High-Energy or (Multi-)Regge Limit

Phenomenological Applications and Beyond

With establishment of QCD, Regge behavior obtained by perturbatively
resumming large logarithms in kinematic variables:

Ay~ sa(®)

planar: g% = \/(47)?
~ c,(lo)g% log" s :

Leading Logarithmic Approximation (LLA)
n>0
+ Y Mg log" s : Next-to-LLA (NLLA) etc.
n>1

» Gives rise to effective particle with ¢t-dependent spin: reggeized gluon,
and bound states [Balitsky,Fadin,Kuraev,Lipatov]
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The High-Energy or (Multi-)Regge Limit

Phenomenological Applications and Beyond

With establishment of QCD, Regge behavior obtained by perturbatively
resumming large logarithms in kinematic variables:

Ag ~ s* planar: g% = \/(47)?
~ 07(10)92” log" s : Leading Logarithmic Approximation (LLA)
n>0
+ Y Mg log" s : Next-to-LLA (NLLA) etc.
n>1

» Gives rise to effective particle with ¢t-dependent spin: reggeized gluon,
and bound states

» Utility: “Regge theory provides a very simple and economical
description of all total cross sections”
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The High-Energy or (Multi-)Regge Limit

Phenomenological Applications and Beyond

With establishment of QCD, Regge behavior obtained by perturbatively
resumming large logarithms in kinematic variables:

Ag ~ s* planar: g% = \/(47)?
~ 07(10)92” log" s : Leading Logarithmic Approximation (LLA)
n>0
+ Y Mg log" s : Next-to-LLA (NLLA) etc.
n>1

» Gives rise to effective particle with ¢t-dependent spin: reggeized gluon,
and bound states

» Utility: “Regge theory provides a very simple and economical
description of all total cross sections”

» Beauty: First instance of integrability in gauge theory!
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Multi-Regge Kinematics (MRK)

For 1+2 — 3 +...+n scattering, defined (in COM frame) as

p3
+ + +
Py > pi>»>pr, = . ”
+_.0 4 Npr
b; =p; +P; "
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Multi-Regge Kinematics (MRK)

For 1+2 — 3 +...+n scattering, defined (in COM frame) as

p3
+ + +
P3 > Py >> > Py, P2 > < »
+_.0 4 Nm
bi =D +D; e

with 2D transverse plane components held fixed,

_ 1 2 -
Pi+1 =P t Wi =X —Xi-1, t=1,...n -2
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Multi-Regge Kinematics (MRK)

For 1+2 — 3 +...+n scattering, defined (in COM frame) as

p3
+ + +
P3 > Py >> > Py, P2 > < »
+_.0 4 Nm
bi =D +D; e

with 2D transverse plane components held fixed,

Pi+1 Epzl+1+ip?+1 =X —Xi-1,t=1,...n-2.
MSYM: Dual conformal symmetry — SL(2,C) (plus small)!

2= (x1-Xi+3) (Xi+2—Xi+1) T = Ulir3Unis2 = 07 i=1...n-5.

T (x1—X41) (Xir2—%X443) ?
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Multi-Regge Kinematics (MRK)

For 1+2 — 3 +...+n scattering, defined (in COM frame) as

P3
+ + +
Py > pp> >l ) = .

2 p1

+__0 4 Nm
bi =D +D; e

with 2D transverse plane components held fixed,

_ 1 2 -
Pi+1 =P t Wi =X —Xi-1, t=1,...n -2

MSYM: Dual conformal symmetry — SL(2,C) (plus small)!

= (x1-x%4+3) (Xir2-%i+1) - :
Z; = Ti = /Uli+3Unio >0, =1...n-5.
T T (X1-Xi1) (Kiso—Xir3) 7 1i+3Uni+2 )

Euclidean region: R,, > 1. Here: analytically continue (2-Reggeon region)

-271
U2 n-1 > € U2 n-1 -
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The six-particle amplitude in the multi-Regge limit
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The six-particle amplitude in the multi-Regge limit
BFKL approach: Dispersion integral

[Bartels,Lipatov,Sabio Vera] [Caron-Huot]
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The six-particle amplitude in the multi-Regge limit
BFKL approach: Dispersion integral

[Bartels,Lipatov,Sabio Vera][Caron-Huot]

ni
%:Z<z_%)2 de1¢|Z |2’LV1 —L1w1:

ni
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The six-particle amplitude in the multi-Regge limit
BFKL approach: Dispersion integral

[Bartels,Lipatov,Sabio Vera] [Caron-Huot]

ny

We 21 )7 f dvi & 2iv, —L ‘
_ z oy i1 —Liwr _
> <zl* tfe1] X X

2T o

» Wy = R6€i66, with phase a contribution from BDS ansatz
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The six-particle amplitude in the multi-Regge limit
BFKL approach: Dispersion integral

[Bartels,Lipatov,Sabio Vera] [Caron-Huot]

ni

2 (2)°

ni

[ dVl(I) |Z |2’LV1 —Liwr _

» Wy = R6ei‘56, with phase a contribution from BDS ansatz

» v1,n1: Fourier-Mellin variables = SL(2,C) quantum numbers of
bound state of two Reggerized gluons
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The six-particle amplitude in the multi-Regge limit
BFKL approach: Dispersion integral

[Bartels,Lipatov,Sabio Vera] [Caron-Huot]

ny
W6 :Z(%) 2 [dqu) |Z |2w1 —Liwr _

27rz

» Wy = R6ei‘56, with phase a contribution from BDS ansatz

» v1,n1: Fourier-Mellin variables = SL(2,C) quantum numbers of
bound state of two Reggerized gluons

» w1 =w(v1,n1): (adjoint) BFKL eigenvalue = energy of this state
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The six-particle amplitude in the multi-Regge limit
BFKL approach: Dispersion integral

[Bartels,Lipatov,Sabio Vera] [Caron-Huot]

ni
%:Z(%) 2 [dqu) |Z |2’LV1 —Llwlz
ni

211

» Wy = R6ei56, with phase a contribution from BDS ansatz

v

vi,n1: Fourier-Mellin variables = SL(2,C) quantum numbers of
bound state of two Reggerized gluons

v

w1 =w(v1,n1): (adjoint) BFKL eigenvalue = energy of this state

v

P = @(yl,nl) = y1X1: Product of impact factors
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The six-particle amplitude in the multi-Regge limit
BFKL approach: Dispersion integral

211

ni
%:Z(%) 2 [dqu) |Z |2’LV1 —Llwlz
ni

» Wy = R6ei56, with phase a contribution from BDS ansatz

v

vi,n1: Fourier-Mellin variables = SL(2,C) quantum numbers of
bound state of two Reggerized gluons

v

w1 =w(v1,n1): (adjoint) BFKL eigenvalue = energy of this state

v

P = @(yl,nl) = y1X1: Product of impact factors

v

Kinematic dependence in z; and L; =logm + i

Direct computation very challenging beyond first few orders. However,
progress via collinear limit.
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From Collinear to Multi-Regge Limit for n = 6 particles

Coll. Kinematics: T'— 0 in convenient choice of kin.variables F, T, S.
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From Collinear to Multi-Regge Limit for n = 6 particles

Coll. Kinematics: T'— 0 in convenient choice of kin.variables F, T, S.

Dynamics: Governed by integrable “flux tube” or SL(2,R) spin chain,

[Alday,Gaiotto,Maldacena,Sever,Vieira]

coII Z(FT) / — Lg (U)Slpa(u)T'Ya(u) =

where v, Da, fha €XCitation energy, momentum and integration measure
known at finite coupling oo Seven Vicie
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From Collinear to Multi-Regge Limit for n = 6 particles

Coll. Kinematics: T'— 0 in convenient choice of kin.variables F, T, S.

Dynamics: Governed by integrable “flux tube” or SL(2,R) spin chain,

Alday,Gaiotto,Maldacena,Sever, Vieira)]

coII (FT) / — Lg (U)Slpa(u)T'Ya(u) =

where v, Da, fha €XCitation energy, momentum and integration measure
known at finite coupling oo Seven Vicie

H . W6 — Z1 % dl/1 2’LV1 Llwl
Compare with MRK: 9mi 2(2) f Dy 2]

ni
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From Collinear to Multi-Regge Limit for n = 6 particles

Coll. Kinematics: T'— 0 in convenient choice of kin.variables F, T, S.

Dynamics: Governed by integrable “flux tube” or SL(2,R) spin chain,

Alday,Gaiotto,Maldacena,Sever, Vieira)]

coII (FT) / — Lg (U)Slpa(u)T'Ya(u) =

where v, Da, fha €XCitation energy, momentum and integration measure
known at finite coupling oo Seven Vicie

H . W6 — Z1 % dl/1 2’LV1 Llwl
Compare with MRK: 9mi 2(2) f Dy 2]

ni

Intriguing resemblance. . .
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From Collinear to Multi-Regge Limit for n = 6 particles
Beyond resemblance

The two limits have overlapping domain of validity.
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From Collinear to Multi-Regge Limit for n = 6 particles
Beyond resemblance
The two limits have overlapping domain of validity.

» Compute W§°” perturbatively, and promote overlap to full Ws from
knowledge of space of functions Prummend.GFl
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From Collinear to Multi-Regge Limit for n = 6 particles
Beyond resemblance

The two limits have overlapping domain of validity.

» Compute W§°” perturbatively, and promote overlap to full Ws from
knowledge of space of functions Prummend.GFl
» Alternatively, analytic continuation C directly at the integrand level

Basso, Caron-Huot,Sever
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Beyond resemblance

The two limits have overlapping domain of validity.

» Compute W§°” perturbatively, and promote overlap to full Ws from
knowledge of space of functions Prummend.GFl
» Alternatively, analytic continuation C directly at the integrand level

Basso, Caron-Huot,Sever

Exact (Eq,pq) s (w,v), pedu Sddv.
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From Collinear to Multi-Regge Limit for n = 6 particles
Beyond resemblance

The two limits have overlapping domain of validity.

» Compute WC°” perturbatively, and promote overlap to full Ws from
knowledge of space of functions Prummend.GFl

» Alternatively, analytic continuation C directly at the integrand level

Basso, Caron-Huot,Sever

Exact (Eq,pq) s (w,v), pedu Sddv.
For example,

w(u,n)=-4g(M-x);, M=(1 +K)_1

o dt Ji(2gt) T (2gt
Kij:2j(_1)”ﬂf%w, i,j=1,2,... Ji(z):Bessel f
e p—
0

oo

T (2 t<1+< ) t(1-(=)7) _nt
kji(u,n) = —[ %L(Tglt) (2[ —(=)e = ]Cos(ut)e 2 —JO(th)) .
0
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Is similar progress at higher multiplicity possible?
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Is similar progress at higher multiplicity possible?

For n =7 at LLA, can generalize n = 6 BFKL approach.

[Bartels,Kormilitzin, Lipatov, Prygarin]

OO L R — [ — -

1=

X|Zi|2wie—Lz‘wz‘(I)1qu)2 _ X1 Cuivy Xvn—s
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Is similar progress at higher multiplicity possible?

For n =7 at LLA, can generalize n

[Bartels,Kormilitzin, Lipatov, Prygarin]

6 BFKL approach.

?
00 = I
2 N Wi Wy
g

MRL _ 2\ 72 dvs

w15 (2)? [aac )
=1 n; o

v C” _u,.,
2iv; _Liwi(i) (E (i) _ X 102 Xvn-s

><|Z’L'| € 1C19%9 =

New ingredient: Central emission vertex.
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Is similar progress at higher multiplicity possible?

For n =7 at LLA, can generalize n = 6 BFKL approach

Bartels,Kormilitzin, Lipatov, Prygarin]

R IR Y e

i=
Xvn—s

x |2i |22Vie_Liwi @1(/"1 Zi)Z —

é(O) B F(l—iul—%)F(1+iu2+%)1‘(wl —ivp— 5+
2 P(iyl_%)r(—wz‘*’%)I‘(l—wlﬂug—?

New ingredient: Central emission vertex. At leading O(1/g?) order
ni _2)

,_.

2
%)

31/19
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Is similar progress at higher multiplicity possible?

For n =7 at LLA, can generalize n = 6 BFKL approach.

[Bartels,Kormilitzin, Lipatov, Prygarin]

D e |

><|2i|2wi€7Liw"<I>1('1g<I>2 _ X1 Cuivy Xvn—s

New ingredient: Central emission vertex. At leading O(1/g?) order,

él(g) _ 1 (1-iv1 -2 )0 (1rivn+ B2 )T (i1 —iv- B+ 22 )

P
D (iv1 -2 )0 (—ivo+ 22 )0 (1-ivy +ivg- 422 )

Beyond LLA however, contains unphysical divergences!
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Is similar progress at higher multiplicity possible?

For n =7 at LLA, can generalize n = 6 BFKL approach.

[Bartels,Kormilitzin, Lipatov, Prygarin]

D e |

i=

X|2i|27,vi€*L¢wi(p1(vuq)2 — Xu Coivy Xvn—s

New ingredient: Central emission vertex. At leading O(1/g?) order,

G0 _ 1 (1-iv1 -2 )0 (1rivn+ B2 )T (i1 —iv- B+ 22 )
12~ F(iul—%)r(—iug-i-%)F(l_iyl+iy2_n7+%) .

Beyond LLA however, contains unphysical divergences! For n; = v; =0,
double pole ¢; — 1/{2 pinching integration contour.
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The seven-particle amplitude in MRK beyond the leading logarithm

Found finite-coupling regularization of dispersion integral: Exploit soft
Ilmlts [Del Duca,Druc,Drummond,Duhr,Dulat,Marzucca, GP,Verbeek’18]|
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The seven-particle amplitude in MRK beyond the leading logarithm

Found finite-coupling regularization of dispersion integral: Exploit soft
Ilmlts [Del Duca,Druc,Drummond,Duhr,Dulat,Marzucca, GP,Verbeek’18]|

. r
limOW;VIRL = |z TWIR (29) etc., T'= =2 = 21 0(gh).
zZ1—>

4
|~ | -
\772/ >|< T R(v1) }ﬁf‘ J{ " R(vs)
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The seven-particle amplitude in MRK beyond the leading logarithm

Found finite-coupling regularization of dispersion integral: Exploit soft
Ilmlts [Del Duca,Druc,Drummond,Duhr,Dulat,Marzucca, GP,Verbeek’18]|

» r
limOW;VIRL = |z TWIR (29) etc., T'= =2 = 21 0(gh).
zZ1—>

4
|~ | -
\}P‘z/ >|< - R(v1) E;T’f‘ J{ " R(v2)

These dictate location of poles on real axis, prescription around them, and
imply exact bootstrap conditions for integrand building blocks,
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The seven-particle amplitude in MRK beyond the leading logarithm

Found finite-coupling regularization of dispersion integral: Exploit soft
Ilmlts [Del Duca,Druc,Drummond,Duhr,Dulat,Marzucca, GP,Verbeek’18]|

» r
limOW;VIRL = |z TWIR (29) etc., T'= =2 = 21 0(gh).
zZ1—>

4
|~ | -
\}772/ >|< - R(v1) E;T’f‘ J{ " R(vs)

These dictate location of poles on real axis, prescription around them, and
imply exact bootstrap conditions for integrand building blocks, e.g

~ 1
wo(£7') =0, ResSy—irr ((I)(V, 0)) = :i:2—,
s
C(nT,0,v2,n2) = C(v1,n1,-7T,0) = 27i
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The seven-particle amplitude in MRK beyond the leading logarithm

Found finite-coupling regularization of dispersion integral: Exploit soft
Ilmlts [Del Duca,Druc,Drummond,Duhr,Dulat,Marzucca, GP,Verbeek’18]|

» r
limOW;VIRL = |z TWIR (29) etc., T'= =2 = 21 0(gh).
zZ1—>

4
|~ | -
\}772/ >|< - R(v1) E;T’f‘ J{ " R(vs)

These dictate location of poles on real axis, prescription around them, and
imply exact bootstrap conditions for integrand building blocks, e.g

~ 1
wo(£7') =0, ResSy—irr ((I)(V, 0)) = :i:2—,
s
C(nT,0,v2,n2) = C(v1,n1,-7T,0) = 27i

For earlier work on n = 6, see also [ on-tiuot]
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Determining the integrand for n = 7 particles
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Determining the integrand for n = 7 particles

Only unknown quantity: central emission block Co,

WL T 5 (3)% [ e ety Cray.

=1 n;=—o0
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Determining the integrand for n = 7 particles

Only unknown quantity: central emission block Co,

WIRL_TT 3 (2)? JEE R e

=1 n;=—o0

Compare with single-particle gluon OPE contribution,
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Determining the integrand for n = 7 particles

Only unknown quantity: central emission block Co,

WL T 5 (3)% [ e ety Cray.

=1 n;=—o0

Compare with single-particle gluon OPE contribution, 1

du;
1—[ Z (FT)”Z f Ui SplT%/“PlQ,u,g

i=1n;=1

where Pjs is the gluon ‘Pentagon transition’.
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Determining the integrand for n = 7 particles

Only unknown quantity: central emission block Co,

WL T 5 (3)% [ e ety Cray.

=1 n;=—o0

Compare with single-particle gluon OPE contribution, 1

du;
1—[ Z (FT)”Z f Ui SplT%/“PlQ,u,g

i=1n;=1

where Pjs is the gluon ‘Pentagon transition’.

. . . . C = . . .
Assuming analytic continuation Pjs — (2 exists, and imposing
consistency with soft limits and 3-loop perturbative data:
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Determining the integrand for n = 7 particles

Only unknown quantity: central emission block Co,

WMRL 1_{ Z ( )2 fdul|z |27,1/Z Lwlq)1012q)2
i=1 n;=—o0
/™

Compare with single-particle gluon OPE contribution, 1
n; dul iDg Y.
H Z (BT)™ f STy Prajis
i=1n;= N\ 7

where Pjs is the gluon ‘Pentagon transition’.

. . . . C = . . .
Assuming analytic continuation Pjs — (2 exists, and imposing
consistency with soft limits and 3-loop perturbative data:

[ 7-gluon amplitude (6'12) in MRL to all loops! ]
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Central Emission Block to All Loops

[Del Duca,Druc,Drummond,Duhr,Dulat,Marzucca,GP,Verbeek; PRL 124, 161602 (2020)]

O
012 = %212}“}@ eXp(le_fii_ifiQ"-iflé_A)
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Central Emission Block to All Loops

[Del Duca,Druc,Drummond,Duhr,Dulat,Marzucca,GP,Verbeek; PRL 124, 161602 (2020)]

T .
012 = %Zlghth eXp(le_fii_Zf12+Zf1§_A)

where C( ) the LO contribution, A known constant,
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Central Emission Block to All Loops

[Del Duca,Druc,Drummond,Duhr,Dulat,Marzucca,GP,Verbeek; PRL 124, 161602 (2020)]

T .
012 = %Zlghth eXp(le_fii_Zfﬁ"-Zflé_A)

where C( ) the LO contribution, A known constant,

(z125-9%)(2fz3-9%) & in 1 /
Z12 = (zi’mg—gz)(z%mz—g% sy = w(ur5r), w(ur) = 5(ur+ up - 4g%),

GP — Origin of Six-Gluon Amplitude at Finite Coupling Conclusions & Outlook 34/19



Central Emission Block to All Loops

[Del Duca,Druc,Drummond,Duhr,Dulat,Marzucca,GP,Verbeek; PRL 124, 161602 (2020)]

~(0)
012 = %Zlghth eXP(le - fii _ifﬁ +if1§ _A)

where C( ) the LO contribution, A known constant,

(z125-9%)(2fz3-9%) & in 1 /
Z12 = (zi’mg—gz)(z%mz—gz) sy = w(ur5r), w(ur) = 5(ur+ up - 4g%),

W 2gt)-1 1 L
L (ug—vi)+i [5° 4 Msm(ult)e gt
hi = 2 (ef-1) , h(u) = h(-u)
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Central Emission Block to All Loops

[Del Duca,Druc,Drummond,Duhr,Dulat,Marzucca,GP,Verbeek; PRL 124, 161602 (2020)]

-~ c _
012 = %Zlghth eXP(f12 - fii _ifiQ +if1§ _A)

where C( ) the LO contribution, A known constant,

(z125-9%)(2fz3-9%) & in 1 /
Z12 = (z%mg—gz)(z%mz—g% sy = w(ur5r), w(ur) = 5(ur+ up - 4g%),

1w oo dt (Jo(2gt) 1)(et+1)

R L R UL A TR
u§+%
frs = 46(ur,ny) - Q- M- k(us,ns), with Q5 = 5z~j(—1)i+1z’,

whereas the infinite-dimensional matrix M and vector s were defined
earlier (with similar definitions for kK - R, frs > fis)
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Amplitudes at Any Multiplicity in the Multi-Regge Limit

Our regularization works for any number of gluons n, yielding

WJ;/IRL H Z( )2 [dul|z|2zuzAn_f—[A]

=1 n;=00

as a well-defined (n —5)-fold Fourier-Mellin (FM) transform F.
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Amplitudes at Any Multiplicity in the Multi-Regge Limit

Our regularization works for any number of gluons n, yielding

WMRL H Z( )2 [dul|z|2zuzAn_f-[A]

=1 n;=00

as a well-defined (n —5)-fold Fourier-Mellin (FM) transform F.
P2,+ P3,ha P4, he Pn-ssPns PnozsPng Proayt
Integrand factorization:

n—6

H e_Llwl(I) x Iy H Crr+1In 5=
r=1
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Amplitudes at Any Multiplicity in the Multi-Regge Limit

Our regularization works for any number of gluons n, yielding

WMRL H Z( )2 [dul|z|2zuzAn_f-[A]

i=1 ni;=00
as a well-defined (n —5)-fold Fourier-Mellin (FM) transform F.
P2,+ P3,ha P4, he Pn-ssPns PnozsPng Proayt
Integrand factorization: 21 I ------ Zncs
n-6 . __‘:’}__( } _____ { )..‘"_":5__
H e_Llwl(I) x Iy H Crr+1In 5= T Tn-5
r=1

P1,-

[ All-order amplitudes in MRL at any multiplicity! ]

e uca,Druc,Drummond,Duhr,Dulat,Marzucca,GP,Verbeek; 2124 (¢
Del D D D 1,Duhr,Dulat,M GP,Verbeek; PRL 124 (2020
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Application: Integral Evaluation & Maximal Transcendentality
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Application: Integral Evaluation & Maximal Transcendentality

Crucially relies in understanding relevant class of functions in MRK:

[Del Duca,Druc,Drummond,Duhr,Dulat,Marzucca,GP,Verbeek’16] [Dixon,Duhr,Pennington]
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Application: Integral Evaluation & Maximal Transcendentality

Crucially relies in understanding relevant class of functions in MRK:

[Del Duca,Druc,Drummond,Duhr,Dulat,Marzucca,GP,Verbeek’16] [Dixon,Duhr,Pennington]

Single-valued combinations of multiple polylogarithms (SVMPLs),

z dty
G(ay,...,ap;z) = ——G(ag,...,a;t1), G(z)=1,
0 t1—a

k : weight or transcendentality,

+.Brown

with their complex conjugates, such that all branch cuts cancel.
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Application: Integral Evaluation & Maximal Transcendentality

Crucially relies in understanding relevant class of functions in MRK:

[Del Duca,Druc,Drummond,Duhr,Dulat,Marzucca,GP,Verbeek’16] [Dixon,Duhr,Pennington]

Single-valued combinations of multiple polylogarithms (SVMPLs),

z dty
G(ay,...,ap;z) = ——G(ag,...,a;t1), G(z)=1,
0 t1—a

k : weight or transcendentality,

*.Brown

with their complex conjugates, such that all branch cuts cancel.

Systematically expanding integrand at weak coupling, and applying Stokes’
theorem: prove principle of uniform & maximal transcendentality in MRK

[Kotikov,Lipatov(Onishchenko, Velizhanin)]
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Application: Integral Evaluation & Maximal Transcendentality

Crucially relies in understanding relevant class of functions in MRK:

[Del Duca,Druc,Drummond,Duhr,Dulat,Marzucca,GP,Verbeek’16] [Dixon,Duhr,Pennington]

Single-valued combinations of multiple polylogarithms (SVMPLs),

dtq
0 t1—ay

G(ay,...,ap;z) = G(ag,...,a;;t1), G(;2)=1,

k : weight or transcendentality,

*.Brown

with their complex conjugates, such that all branch cuts cancel.

Systematically expanding integrand at weak coupling, and applying Stokes’
theorem: prove principle of uniform & maximal transcendentality in MRK

[Kotikov,Lipatov(Onishchenko, Velizhanin)]

An L-loop gluon amplitude in multi-Regge kinematics in
planar MSYM has uniform weight 2L, for any helicity con-
figuration and any number of legs.
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Dual Conformal Invariance

» In reality DCI broken by divergences, (IR in massless N =4/UV in
cusped WL). Breaking controlled by conformal Ward identity.

Drummond,Henn,Korchemsky,Sokatchev]
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Dual Conformal Invariance

» In reality DCI broken by divergences, (IR in massless N =4/UV in
cusped WL). Breaking controlled by conformal Ward identity.

» For n = 4,5, latter uniquely determines dimensionally regularized
A, /W,,. Given by Bern-Dixon-Smirnov-like ansatz AEDS'hke,
essentially exponentiated 1-loop amplitude.
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Dual Conformal Invariance

» In reality DCI broken by divergences, (IR in massless N =4/UV in
cusped WL). Breaking controlled by conformal Ward identity.
Drummond,Henn,Korchemsky,Sokatchev

» For n=4,5, latter uniquely determines dimensionally regularized
A /W,. Given by Bern-Dixon-Smirnov-like ansatz ABDS-like
essentially exponentiated 1-loop amplitude.

» For n > 6,

BDS-like ¢
[An = An ' et/u (“’17 <o 7“’771)]

where &, is a conformally invariant function of cross ratios ;.
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Dual Conformal Invariance

» In reality DCI broken by divergences, (IR in massless N =4/UV in
cusped WL). Breaking controlled by conformal Ward identity.

Drummond,Henn,Korchemsky,Sokatchev]

» For n = 4,5, latter uniquely determines dimensionally regularized
A, /W,,. Given by Bern-Dixon-Smirnov-like ansatz AEDS'“ke,
essentially exponentiated 1-loop amplitude.

» For n > 6,

BDS-like ¢
[An = An ' et//l (“’17 ooc 7“711)]

where &, is a conformally invariant function of cross ratios ;.

4ol
2 .2 x L2
Tia T .
eg. n=6 wu= % = + cyclic
36Ty x 3
4
Conclusions & Outlook 37/19
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Dual Conformal Invariance

» In reality DCI broken by divergences, (IR in massless N =4/UV in
cusped WL). Breaking controlled by conformal Ward identity.
Drummond,Henn,Korchemsky,Sokatchev

» For n=4,5, latter uniquely determines dimensionally regularized
A /W,. Given by Bern-Dixon-Smirnov-like ansatz ABDS-like
essentially exponentiated 1-loop amplitude.

» For n > 6,

BDS-like ¢
[An = An ' et/u (“’17 <o 7“’771)]

where &, is a conformally invariant function of cross ratios ;.
il
2 .2 x L2
THie T .
= 46731 + cyclic

eg n=06: w =755
T36 Ty xz 3

» In general, # of independent u;: m=4n-n—-15=3n-15

Conclusions & Outlook 37/19
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Six-particle BDS(-like) Ansatz

[Bern,Dixon,Smirnov; Alday,Maldacena]

ARDS-ike expl Lf; () (£ P () (Le) + D)
=1

where

fe) = Z(g) Lo = cusp+(9(6)

and

Mg (€) =(4me” ) Y [-=[1+€ln + o | ——
6(€) =( ) ;[ €2 —S8ii+1 2 —Sii+1
+ 11r12 (M) - 1ln2 ( Siivl ) + §C2:| +0(e),

2 Sit1i+2) 4 Si+3i+4) 2

Relation to original, BDS ansatz:

ABDS AGBDS—likeeFf%spgél) , 5(1) ZLIQ (1 - l)
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Special Conformal Ward Identity

[Drummond,Henn,Korchemsky,Sokatchev]

K'InW, = Z(2w$x¢-8i—a:$0i”)lnwn
i=1
2 Fgl)sp n\ <
= _Zg F() Z( zlz+1:u’) :U?%—O(E),
>1 le i=1

I': collinear anomalous dimension
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The Collinear Limit
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The Collinear Limit

» Form null square (OPSF), by connecting two non-intersecting edges.
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» Form null square (OPSF), by connecting two non-intersecting edges.

» Put at origin, spacelike and null infinity in (2%, 2') by conformal
transf. Invariant under dilatations D, boosts My, Mas rotations .

» Collinear limit: Act with e”"(P=M01) on A and B, take 7 — oo.
Parametrize kinematics by group coordinates 7, o, ¢.
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The Collinear Limit

» Form null square (OPSF), by connecting two non-intersecting edges.
» Put at origin, spacelike and null infinity in (2%, 2') by conformal
transf. Invariant under dilatations D, boosts My, Mas rotations .

» Collinear limit: Act with e”"(P=M01) on A and B, take 7 — oo.
Parametrize kinematics by group coordinates 7, o, ¢.

1

_ 27+20
2T ’ =€
e“T+1

Uz = uj uu3 ,
1

1+€20 +2e7~Tcoshp +e27

us =
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Dynamics in the Collinear Limit

» Think of (PO),(SF') as color-electric flux tube sourced by ¢g.

GP — Origin of Six-Gluon Amplitude at Finite Coupling Conclusions & Outlook 41/19



Dynamics in the Collinear Limit

» Think of (PO),(SF') as color-electric flux tube sourced by ¢g.

» Flux tube vacuum=strict limit, and excitations ; =insertions of
gluon, scalar, fermion fields of theory on (OF).

GP — Origin of Six-Gluon Amplitude at Finite Coupling Conclusions & Outlook 41/19



Dynamics in the Collinear Limit

» Think of (PO),(SF') as color-electric flux tube sourced by ¢g.

» Flux tube vacuum=strict limit, and excitations ; =insertions of
gluon, scalar, fermion fields of theory on (OF).

Schematically, decompose Wilson loop as

W = Z e~ BiT+ipio+ai¢ P(O|¢i)73(¢i|0)
b
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» Think of (PO),(SF') as color-electric flux tube sourced by ¢g.

» Flux tube vacuum=strict limit, and excitations ; =insertions of
gluon, scalar, fermion fields of theory on (OF).

Schematically, decompose Wilson loop as

W _ Z (,7L‘, T+ipio+a;p 7)(() ()Z)P(’L)Z‘())
hi

» Propagation of square eigenstates
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Dynamics in the Collinear Limit

» Think of (PO),(SF') as color-electric flux tube sourced by ¢g.

» Flux tube vacuum=strict limit, and excitations ; =insertions of
gluon, scalar, fermion fields of theory on (OF).

Schematically, decompose Wilson loop as

W = Z (fb/ T+iP,0+a; P P(() (91)7)(1,)7‘())
i
» Propagation of square eigenstates

» Transition between squares

= WL ‘Operator Product Expansion’ (OPE),

[Alday,Gaiotto,Maldacena,Sever,Vieira)

~ 4-pt correlator
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Dynamics in the Collinear Limit

» Think of (PO),(SF') as color-electric flux tube sourced by ¢g.

» Flux tube vacuum=strict limit, and excitations ; =insertions of
gluon, scalar, fermion fields of theory on (OF).

Schematically, decompose Wilson loop as

W = Z € -E;T+ip;o+a;¢ P(()Mj’i)P(@i‘O)
¥
» Propagation of square eigenstates

» Transition between squares

= WL ‘Operator Product Expansion’ (OPE),

[Alday,Gaiotto,Maldacena,Sever,Vieira]

~ 4-pt correlator

MSYM (s mapped to excitations of integrable spin chain = exact E,P

3asso,Sever, Vieir:
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Single-particle Gluon Contribution to Six-Particle Wilson Loop/Amplitude

= l — du - w)T+pa(w)o+a
W] :;QZZWG([i] = Zlf 5 Halu)e Falwrspatworas,
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Single-particle Gluon Contribution to Six-Particle Wilson Loop/Amplitude

1 e , ,
6[1] _ngw(l) Z/ au g U)f’ L”(II,)TJr[)”(ll,)(T#»(L()7

Single sum + Fourier integral to do, but. ..
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Single-particle Gluon Contribution to Six-Particle Wilson Loop/Amplitude

s l s du —FEqo(uw)T+pg(u)o+ad
W] =l§£g21wﬁ([i] i Zlf 5 Ha(u)e e,
= a= =

Single sum + Fourier integral to do, but. ..

Eqo(u) =la|+4g [Q-M-k(a,u)]; , pa(u)=2u-4g [Q-M-£(a,u)]; ,
Qij = (51']‘(—1)“12', M = (1 + K)71 y

r dt J;(2g1) (Jo(2gt) - cos(ut) [ef/Q](‘l)]‘W'*l)
f@j(a,u)zf? ——
0
x . (-1)G+D_|g|+1
~ dt - Ji(2gt) sin(ut) etl2
s o e
0

o (u) = Fa(u)ef(“’")ff(“’") . fla,u) =2k(a,u)-Q-M-k(a,u),

/{—>/2;:f—>f
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Single-particle Gluon Contribution to Six-Particle Wilson Loop/Amplitude

s l s du —FEqo(uw)T+pg(u)o+ad
W] =l§£g21wﬁ([i] i Zlf 5 Ha(u)e e,
= a= =

Eq(u) = la|+4g [Q-M-k(a,u)]; , pa(u) =2u-4g [Q-M-F(a,u)]; ,
Qij =5ij(—1)i+1i, M = (1+K)_1,

o0

Jj Ji _cos(ut) [et/? (-1)7~|al+1
/ﬁj(a,u)zf% (29t)(Jo(2gt) “ _(1t)[ ] )

0
) .

_ rdt . Ji(2gt) sin(ut
Ri(au) = [ S (-1y o
0

“a(u) = Fa(u)ef(a,u)—f(a,u) ; f(CL, U) = 2’{'((1’ U) : Q M- li((l, U) ’

/-;—>f{:f—>f
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Single-particle Gluon Contribution to Six-Particle Wilson Loop/Amplitude

du

5[] _ZQZZWU) 2/7/1(1(1[)( L'“(u),”fl;“(11)ﬂ+(u'>7

1. Evaluated for a = 1,2, proved space of functions they span to all loops
[GP’13][GP’14]

2. Perturbatively resummed Vq. Prommend.GPl
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