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* Komar Integrals
* killing Horizons
* Smarr Formula L? )

Komar Integrals

First attempt to define a conserved quantity.

Tounderstand & motivate let 's first look atMaxwell

Du FMV = 41T Jen ( TT . E = ¥ )
¥Jne=o conserved current

Electric charge is then defined as .

Q = - §d3x VT nm JE

a#ah : induced metric onI#
n : normal vector

NZ = - l -

= - ¥ { d3x VT MTF
"
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OE : lonely of Z G : mud metric on 2-2

ox : normal to 0-2



Conservancy. Q (Ee ) = Q (Zz) indepot time !

Let's try to implement this in GR . The e. o- m

Rm - Egan R =. 81T Tru Thr Tm = O

Tru = Tum
Looks similar to Maxwell , we just need to build a
current . Consider

Ju = Zu TM
"

3 : killing rector

Check conservation:

⇒ The JM = The ( 3 , Tm ) = This , T
"

tf ThrTm
-
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⇒ TfuJ^= O
= O K - V

Define a conserved quantity
E = §d3x IT nm J

"

= { elk VT nµ3 , T
"

But if Tho -_ 0 then E=0 ! ! Boring ?

Second try : consider instead

IM =3 u
R
"

3 : killing vector

check that it is conserved

Tf gu = Th (312
" ) t O
#



To show (t) use : [Tfr , The] }
>
= R
'

am3*173
u t The 3M = O

⇒ Rmf = Th th 3M (9)

⇒ Flynn) = 7Th They 0

From (A) we see that

J
"

=3 u
R
"
= 1717^3

"

Furthermore we can define

Kru = Thu - The 3m

JM = {The
Ku

°

→
resembles TfuFm=4IJE

Next
, define the conserved charge

Qq ) = - after §d3xVTnmJ
"

o

= - Itg {
elk rn nm iz (pm guy

Tru --
O

= -

q #
DX F ng Qu G

"

}
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⇒ KOMAR INTEGRAL

tone :
"

Easy
"

Schur metric 3 = It ,
Evaluate Q( It)

Z : E- constant ht
= - (l- zig )

-42 nZ= - 1

OZ : r = constant qr= ( t - Zi )
"
2

, 92=1

dSoz= r2 ( DEZ + since 0102 )



Que) = M

Homework :

-

"

difficult
"

For Kerr
,

k = A M = Oof ,
check that

.

Q (Dol ) = - Z Ma = - Z J

J = - Iz Q (00 ) : Angular Momentum

↳adjusted to match class .
limit

Q (Ot) = M
.

Useful Notation

Q (71 = - ¥, # dsap 17×30

dsxp = 2 Nca Gp] To DX

n . ex = O hZ=
- I 9,2=1

killing Horizon
→

⇒ Hyper surface :

q , se, = constant

normal vector

nm = f-Cx) gmo Tf s

we select fcxl s - t .
it is normalized appropriately .



NZ = - I → spacelike Z

NZ = l → timelike Tu

NZ = o → null Z


