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killing Horizon
→

⇒ Hyper surface :

Z : sex) = constant /|€7
normal vector

nm = f-Cx) gmo Tf s

we select fix) s - t .
it is normalized appropriately .

NZ = - I → spacelike Z

NZ = l → timelike Tu

NZ = o → null I

Focus on null case ,
neo

,
which have many interesting

properties :

i) n it is a normal E d tangent

2)
gap = - n

-MB - MNA + CAB eat EBB

where NB is an aux .

rector

Nunn = - l 142=0 Maeda = O on E

Asap = 2 Nca Mp3 Folk



Definition : a null hypersurface Z is a killing horizon .

of a killing vector X if X is normal to E on-2

Why do we care?

1) Event Horizon for stationary BH is killing Horizon .

E.g . Schw k= Of ⇒ Kyu = O-

f (f-2M)

killing

Note : a killing horizon is not nee . an Event Horizon .

Homework

Consider d5= - dt2 + did tdyztdzz

Boost in the x- direction are generated by
X = x Ot t tax

consider the null hypersurface Ets : XIt =D

Show that Ze is a killing horizon .

To every killing horizon we can associate a quantitycalled SURFACE GRAVITY . The definition is

Xu The X
"
E K X

"
on Z

↳ surface gravity .

⇒ Ko is constant on Z
Recall Oth law of Blt

mechanics
.



To show it (Homework)

e) Show that Xanth Xo] =D on E (Frobenius than )

z) show that
was - z (Tfa) 47MW) I

I

3) Show that
Xu the (wa) =D on E

4) For Bifurcate horizon
,
show

CI Th (Kt) -O on -2

mm

A
• : Bifurcate horizon @ X- O

•

men

Note : K depends on the normalization of X

E. g . X = aA convention is that a is picked sit .

X
>
→ - l for asymp flat
row

XZ→ -
r2 for asymp Ads .

rosa

Homework:

1) Evaluate Kr for Schue ( easy)

X = Dt →
ko = I

4M

2) Evaluate K for Kerr ( difficult )

X= Get 52*00
show that he = r

with htt = E rata
rf7a2



SMARR LAW

mm

+
We will assume (for simplicity)

n

• Tio Rmv - Egan R - fred

→ 12=0
v

mm (Tmr -_ O)
→ 12mV=D

Consider mass as a Komar integral

M = - ¥ §, TM
KB Asap K = A

{Stokes
= - I, § Ppl KP ) dsa - tz § Take dsxp

get

= - If § 1,21 Kp dsa - f, fo D
' KB dsxp

get

{ Einstein
0

earn

= - type § DikedSap
jyt

Consider angular momentum as a Komar integral .

J = fat §, Timo dsxp m = Of

= ÷ § TkmPdSap
at

Now lets consider a combination St . X = Ktr# m

appears in the integrand .

M - ZSH J = - £ § 7- XB dsxp
get



dSap = 2 X[a Np] To DZX

M - zr#J = - ¥ § XB Xx Np EDT
at
-

Xd Tk XB = K Xo

= - Iit § Kr XP Np Foix
-

zit ⇒ X-H = - I

= Ip fo k road2x
at

= Iff fo ro at
←
AH

⇒ M = tf AH t 2RAJ Smarr relation

"
t OI * Q

"

if electrically
charged .

First law of BH mechanics .

-

SM = kg, SAH t hit
8J t IE SQ

" If a stationary blackhole of massM , charge Q and ang. mom Jwith future event horizon of surface gravity kit , angular
✓doc rt

,
and electric potential It is perturbed suchthat it settles

down to another BH with mass Mt SM
, charge Qt SQ ,

and ang-

mom. Jt SJ then

SM
= Kay SAHtr*SJ t IO# SQ

"

OI#= WANT
rt



Assume

Proof M
,
J determine BH (uniqueness tnm )

M = M (AH , J )

M ( e- AH ,
ti J) = l MLA# , J)

}
AH 8M¥,t J 0¥ = Iz

M ( see them below )

= kingA- it + RAJ

⇒ one
OA#

= ITF I 8¥ =RH

⇒ SM = keg, SAH t hit
8J

AH - 41T Crista)

J -Ma

Euler's Homogeneous funct thereon

Let f- (x , 41 be a homogeneous function of order n

f- Ctx , ty ) = th f Cx , y )

Differentiate Wrt t

n th
- '

fcx , y) = × 8¥, t Y ¥Ey)
set C- = l

× 0¥ + y ¥ = n f


