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FIG. 1: Mass ranges for dark matter and mediator particle candidates, experimental anomalies,
and search techniques described in this document. All mass ranges are merely representative; for
details, see the text. The QCD axion mass upper bound is set by supernova constraints, and
may be significantly raised by astrophysical uncertainties. Axion-like dark matter may also have
lower masses than depicted. Ultralight Dark Matter and Hidden Sector Dark Matter are broad
frameworks. Mass ranges corresponding to various production mechanisms within each framework
are shown and are discussed in Sec. II. The Beryllium-8, muon (g � 2), and small-scale structure
anomalies are described in VII. The search techniques of Coherent Field Searches, Direct Detection,
and Accelerators are described in Secs. V, IV, and VI, respectively, and Nuclear and Atomic Physics
and Microlensing searches are described in Sec. VII.
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FIG. 14: In superWIMP scenarios, a WIMP freezes out as usual, but then decays to a superWIMP,
a superweakly-interacting particle that forms dark matter.

IV. SUPERWIMPS

In superWIMP scenarios [32, 33], a WIMP freezes out as usual, but then decays to a
stable dark matter particle that interacts superweakly, as shown in Fig. 14. The prototypical
example of a superWIMP is a weak-scale gravitino produced non-thermally in the late
decays of a weakly-interacting next-to-lightest supersymmetric particle (NLSP), such as a
neutralino, charged slepton, or sneutrino [32, 33, 56, 57, 58, 59, 60, 61]. Additional examples
include axinos [23, 62] and quintessinos [63] in supersymmetry, Kaluza-Klein graviton and
axion states in models with universal extra dimensions [64], and stable particles in models
that simultaneously address the problem of baryon asymmetry [65]. SuperWIMPs have
all of the virtues of WIMPs. They exist in the same well-motivated frameworks and are
stable for the same reasons. In addition, in many cases the WIMP and superWIMP masses
have the same origin. In these cases, the decaying WIMP and superWIMP naturally have
comparable masses, and superWIMPs also are automatically produced with relic densities
of the desired order of magnitude.

As noted above, superWIMPs exist in many different contexts. We concentrate here on
the case of gravitino superWIMPs. In the simplest supersymmetric models, supersymme-
try is transmitted to standard model superpartners through gravitational interactions, and
supersymmetry is broken at a high scale. The mass of the gravitino G̃ is

mG̃ =
F√
3M∗

, (11)
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sub-keV DM

• Very light DM is bosonic
• Heavier than
• More appropriately thought of as semiclassical wave, large n
• Or, absorption of DM, linear coupling to matter

10�22 eV

DRAFT
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FIG. 15: Mass range for ultralight dark matter. Very rough optimal frequency ranges are shown for
each experimental technique discussed in WG2. Names of particular experiments and proposals
discussed in this section are shown below their corresponding technique. The names are color-
coded by the DM coupling being searched for. This is only meant as a cartoon – for details of each
experiment’s sensitivity see the relevant discussion below.

Section Editors: Aaron Chou, Peter Graham1513

V. DETECTION OF ULTRA-LIGHT (SUB-MILLI-EV) DARK MATTER1514

The axion and hidden photon are well-motivated dark matter candidates with models1515

providing both viable production mechanisms and testable phenomenology. To date, only a1516

tiny fraction of the parameter space for such ultralight dark matter (as discussed in Section1517

III C) has been probed by existing experiments. Excitingly, thanks to significant growth in1518

interest in this area recently, there are now experiments or proposals which cover the entire1519

viable mass range down to 10�22 eV. These experiments are highly complementary in their1520

mass reach as well as coupling type; together they search for all four di↵erent possible types1521

of couplings the dark matter can have (discussed in Section III C). Figure 15 is a rough1522

cartoon of the complementary nature of these experiments, both in mass and coupling. In1523

particular, it now seems likely that a combination of these experiments can reach sensitivity1524

to the QCD axion over a broad range of axion masses.1525

Searches for dark matter in this mass range use techniques which are very di↵erent than1526

those used in traditional particle physics experiments. In this range the dark matter can1527

more usefully be thought of as a field (or wave) oscillating at a frequency equal to its1528

mass. Unlike a traditional particle detector (e.g. WIMP detection experiments) which looks1529

for the energy deposited by a single hard collision, detectors searching for such light dark1530

matter must look for the collective e↵ect of all the dark matter particles in the wave. This is1531

analogous to gravitational wave detectors which search not for individual graviton scattering1532

60

[US Cosmic Visions White papers]



DRAFTSIMPs	/	ELDERS	

Ultralight	Dark	Ma5er	

Muon	g-2

Small-Scale	Structure	

Microlensing	

Dark	Sector	Candidates,	Anomalies,	and	Search	Techniques	

Hidden	Sector	Dark	Ma5er	

Small	Experiments:	Coherent	Field	Searches,	Direct	DetecIon,	Nuclear	and	Atomic	Physics,	Accelerators	

GeV	 TeV	keV	eV	neV	feV	zeV	 MeV	aeV	 peV	 µeV	 meV	 PeV	 30M�	

WIMPs	QCD	Axion	

≈
GeV	 TeV	keV	eV	neV	feV	zeV	 MeV	aeV	 peV	 µeV	 meV	 PeV	 30M�	

≈

Beryllium-8	

Black	Holes	

Hidden	Thermal	Relics	/	WIMPless	DM	

Asymmetric	DM	

Freeze-In	DM	

Pre-InflaIonary	Axion	

Post-InflaIonary	Axion	

FIG. 1: Mass ranges for dark matter and mediator particle candidates, experimental anomalies,
and search techniques described in this document. All mass ranges are merely representative; for
details, see the text. The QCD axion mass upper bound is set by supernova constraints, and
may be significantly raised by astrophysical uncertainties. Axion-like dark matter may also have
lower masses than depicted. Ultralight Dark Matter and Hidden Sector Dark Matter are broad
frameworks. Mass ranges corresponding to various production mechanisms within each framework
are shown and are discussed in Sec. II. The Beryllium-8, muon (g � 2), and small-scale structure
anomalies are described in VII. The search techniques of Coherent Field Searches, Direct Detection,
and Accelerators are described in Secs. V, IV, and VI, respectively, and Nuclear and Atomic Physics
and Microlensing searches are described in Sec. VII.

II. SCIENCE CASE FOR A PROGRAM OF SMALL EXPERIMENTS426

Given the wide range of possible dark matter candidates, it is useful to focus the search427

for dark matter by putting it in the context of what is known about our cosmological history428

and the interactions of the Standard Model, by posing questions like: What is the (particle429

physics) origin of the dark matter particles’ mass? What is the (cosmological) origin of430

the abundance of dark matter seen today? How do dark matter particles interact, both431

with one another and with the constituents of familiar matter? And what other observable432

consequences might we expect from this physics, in addition to the existence of dark matter?433

Might existing observations or theoretical puzzles be closely tied to the physics of dark434

matter? These questions have many possible answers — indeed, this is one reason why435

13



• DM interacts through weak (or weak scale) couplings
• Lee-Weinberg and Unitarity constrain mass range 

• ~1 GeV —~10 TeV
• LPOPs of a BSM theory e.g. SUSY, Extra dims, Little Higgs 
(+ T-parity),…

• Usually consider a thermal relic
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WIMPs (theory)

• DM interacts through new mediators 
• “dark photon” (U-boson, Z’), dark Higgs, secluded 
mediator,…

• Thermal relic, annihilate within or through the dark sector
• Allows for lighter DM

• ~1 keV — ~100 TeV



WIMP (experiment)

[PDG]



WIMP (experiment)

Z

H

[PDG]





2-4 keV

 Time (day)

R
es

id
u

a
ls

 (
cp

d
/k

g
/k

eV
) DAMA/NaI (0.29 ton!yr)

(target mass = 87.3 kg)
DAMA/LIBRA (0.53 ton!yr)

(target mass = 232.8 kg)

2-5 keV

 Time (day)

R
es

id
u

a
ls

 (
cp

d
/k

g
/k

eV
) DAMA/NaI (0.29 ton!yr)

(target mass = 87.3 kg)
DAMA/LIBRA (0.53 ton!yr)

(target mass = 232.8 kg)

2-6 keV

 Time (day)

R
es

id
u

a
ls

 (
cp

d
/k

g
/k

eV
) DAMA/NaI (0.29 ton!yr)

(target mass = 87.3 kg)
DAMA/LIBRA (0.53 ton!yr)

(target mass = 232.8 kg)

Figure 2: Model-independent residual rate of the single-hit scintillation events, mea-
sured by the new DAMA/LIBRA experiment in the (2 – 4), (2 – 5) and (2 – 6) keV
energy intervals as a function of the time. The residuals measured by DAMA/NaI and
already published in ref. [4, 5] are also shown. The zero of the time scale is January
1st of the first year of data taking of the former DAMA/NaI experiment. The exper-
imental points present the errors as vertical bars and the associated time bin width
as horizontal bars. The superimposed curves represent the cosinusoidal functions be-
haviours A cosω(t − t0) with a period T = 2π

ω = 1 yr, with a phase t0 = 152.5 day
(June 2nd) and with modulation amplitudes, A, equal to the central values obtained by
best fit over the whole data, that is: (0.0215± 0.0026) cpd/kg/keV, (0.0176± 0.0020)
cpd/kg/keV and (0.0129±0.0016) cpd/kg/keV for the (2 – 4) keV, for the (2 – 5) keV
and for the (2 – 6) keV energy intervals, respectively. See text. The dashed vertical
lines correspond to the maximum of the signal (June 2nd), while the dotted vertical
lines correspond to the minimum. The total exposure is 0.82 ton×yr.
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Inelastic Dark Matter (iDM) [Weiner and Tucker-Smith]
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•Requires “large” momentum exchange to upscatter
•Favours high velocity tail of MB distribution
•Increased modulation
•Prefers heavy targets e.g. iodine, xenon, tungsten,..
•Recoil spectrum has a peak

All of the above helped to make DAMA consistent with 
CDMS, predicts events at other heavy element detectors
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A Theory of Dark Matter [Arkani-Hamed, Finkbeiner, Slatyer and 
Weiner; Pospelov and Ritz;….]

[Cirelli and Strumia]
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FIG. 3: The annihilation diagrams χχ → φφ both with (a) and without (b) the Sommerfeld enhancements.

for ordinary WIMP annihilations, mediated by W/Z/γ exchange).

Because of the presence of a new light state, the annihilation χχ → φφ can, and naturally will, be significant. In

order not to spoil the success of nucleosynthesis, we cannot have very light new states in this sector, with a mass <∼ 10

MeV, in thermal equilibrium with the standard model; the simplest picture is therefore that all the light states in the

dark sector have a mass ∼ GeV. Without any special symmetries, there is no reason for any of these particles to be

exactly stable, and the lightest ones can therefore only decay back to standard model states, indeed many SM states

are also likely kinematically inaccessible, thus favoring ones that produce high energy positrons and electrons. This

mechanism was first utilized in [19] to generate a large positron signal with smaller π0 and p̄ signals. Consequently, an

important question is the tendency of φ to decay to leptons. This is a simple matter of how φ couples to the standard

model. (A more detailed discussion of this can be found in [30].)

A scalar φ can couple with a dilaton-like coupling φFµνFµν , which will produce photons and hadrons (via gluons).

Such a possibility will generally fail to produce a hard e+e− spectrum. A more promising approach would be to mix

φ with the standard model Higgs with a term κφ2h†h. Should φ acquire a vev ⟨φ⟩ ∼ mφ, then we yield a small mixing

with the standard model Higgs, and the φ will decay into the heaviest fermion pair available. For mφ
<∼ 200 MeV

it will decay directly to e+e−, while for 200 MeV<∼ mφ
<∼ 250 MeV, φ will decay dominantly to muons. Above that

hadronic states appear, and pion modes will dominate. Both e+e− and µ+µ− give good fits to the PAMELA data,

while e+e− gives a better fit to PAMELA+ATIC.

A pseudoscalar, while not yielding a Sommerfeld enhancement, could naturally be present in this new sector. Such

a particle would typically couple to the heaviest particle available, or through the axion analog of the dilaton coupling

above. Consequently, the decays of a pseudoscalar would be similar to those of the scalar.

A vector boson will naturally mix with electromagnetism via the operator F ′
µνFµν . This possibility was considered

some time ago in [40]. Such an operator will cause a vector φµ to couple directly to charge. Thus, for mφ
<∼ 2mµ it

will decay to e+e−, while for 2mµ
<∼ mφ

<∼ 2mπ it will decay equally to e+e− and µ+µ−. Above 2mπ, it will decay

40% e+e−, 40% µ+µ− and 20%π+π−. At these masses, no direct decays into π0’s will occur because they are neutral

and the hadrons are the appropriate degrees of freedom. At higher masses, where quarks and QCD are the appropriate

degrees of freedom, the φ will decay to quarks, producing a wider range of hadronic states, including π0’s, and, at

suitably high masses mφ
>∼ 2 GeV, antiprotons as well [66]. In addition to XDM [18], some other important examples

of theories under which dark matter interacts with new forces include WIMPless models [41], mirror dark matter [42]

and secluded dark matter [43].

Note that, while these interactions between the sectors can be small, they are all large enough to keep the dark

and standard model sectors in thermal equilibrium down to temperatures far beneath the dark matter mass, and (as

mentioned in the previous section), we can naturally get the correct thermal relic abundance with a weak-scale dark

matter mass and perturbative annihilation cross sections. Kinetic equilibrium in these models is naturally maintained

down to the temperature TCMB ∼ mφ [44].

PAMELA sees a positron excess, but no anti-proton excess.  Rate too large to be 
vanilla DM annihilation

Light mediators!
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Hidden sector DM—interesting dynamics

Hidden sector dynamics, new force carriers

Composite dark matter, cannibalisation, DM form factors, 
inelastic splittings, dipole couplings, atomic DM, DM-DM self 
interactions, freeze-in,…
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II. THE MODEL

In addition to the WIMP state � which is a Dirac
fermion, we consider a messenger state, a Dirac fermion
 and a charged scalar ', both of which are SUW(2)
doublets with hypercharge Y = 1/2 and are heavier than
the WIMP. They couple to the WIMP state through a
Yukawa coupling which we denote by �. The Lagrangian
for this model is given by

L = �̄
�
i/@ �m�

�
��

1
2�m �C�+  ̄

�
i /D �Mf

�
 

+ (Dµ')† Dµ'�M2
s'

†'+ � ̄�'+ h.c. (3)

whereDµ = @µ�igW a
µ ⌧

a
�i 12g

0Bµ is the covariant deriva-
tive associated with the SUW(2) ⇥ UY (1) gauge-bosons,
W a

µ and Bµ, respectively, and ⌧a are the SUW(2) gener-

ators obeying tr
�
⌧a⌧ b

�
= 1

2�
ab and related to the Pauli

matrices through ⌧a = 1
2�

a. Aside from its Dirac mass,
m� , the WIMP states are split by a Majorana mass �m.

When the mass of the WIMP is much lower than that
of the messengers, its interactions with light fields such as
the photon and weak vector-bosons can be described by
an e↵ective Lagrangian. Gauge invariance forces these in-
teractions to appear as dimension 5, magnetic dipole op-
erator as well as dimension 7, Rayleigh operators2. Since
the model above is a renormalizable interacting theory
these operators can be computed in perturbation the-
ory. However, because we will be dealing with scenarios
where the new states are not much heavier than the dark
matter, it is important to include m�/Mf corrections to
these new operators (i.e., the form factors). In this let-
ter we include all m�/Mf e↵ects at 1-loop order when
computing the non-relativistic cross-sections relevant for
phenomenology.

We begin with the interactions of the WIMP with a
single gauge-boson. These are generated through the di-
agram shown in Fig. 1. Gauge-invariance forbids any
coupling to the non-abelian SUW(2) fields and the most
general vertex coupling to hypercharge consistent with
Lorentz invariance can be written as,

�µ(q2) = �µF1(q
2) + i

⇣µ�

2

⌘
�µ⌫q⌫ F2(q

2) (4)

where the form-factors F1(q2) and F2(q2) are given ex-
plicitly in the appendix3. The second part of this vertex
corresponds to an e↵ective dipole operator for the WIMP�µ�

2

�
�̄�µ⌫Bµ⌫� with the dipole strength being

µ� =
�2g0

32⇡2Mf
(5)

2
After EWSB other, lower dimensional operators may appear in-

volving the Higgs field, however those appear at higher loop order

and are correspondingly much further suppressed.
3
The F1(q2) form-factor need not vanish as it is related to non-

renormalizable terms of the form �̄�µ@⌫�Bµ⌫ . Gauge-invariance

only imposes the condition that F1(q2) should approach zero as

q2 ! 0.

p1

p2
q, µ

p1

p2
q, µ

FIG. 1. Magnetic dipole operator generated at 1-loop.

(a)

(c) (d)

(b)

FIG. 2. The loop diagrams generating the RayDM operators
at lowest order in perturbation theory. Diagrams (a), (b), and
(c) represent two separate contributions where the external
gauge-bosons are interchanged.

where g0 is the hypercharge coupling constant, q2 is the
momentum carried by the gauge-boson. More explicitly,
the coe�cient of the dipole operator is multiplied by the
hypercharge and by the size of the SUW(2) representa-
tion of the messengers in the loop, which in our case gives
a factor of unity. Similar comments apply to the coe�-
cient of F1(q2). To lowest order in an expansion in the
messenger mass these form-factors are

F1(q
2) = �

µ�q2

6Mf

 
2r2

�
3r2 � 3�

�
2 + r2

�
log r2

�

(1� r2)2

!
(6)

F2(q
2) =

2r2
�
r2 � 1� log r2

�

(1� r2)2
(7)

where r = Mf/Ms. We include the e↵ects of both F1

and F2 to all order in the messenger mass expansion in
the cross-sections discussed below.

The Rayleigh operators are generated by attaching
another external gauge-boson to the loop diagrams, as
shown in Fig. 2. In this case coupling to non-abelian
gauge-bosons is possible as well. The Rayleigh scales as-
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Hidden sector DM—thermal relics

V γ, Z

ψ

ψ

SM

ψ

ψ V

V

Figure 2: WIMP annihilation for: (A) mψ < mV on the left; and (B) mψ > mV on the right – the secluded
regime in which the annihilation may proceed via two metastable on-shell V ’s, which ultimately decay to
SM states.

energy scale for the problem, in this limit one may substitute ∂µBµν by the total hypercharge
current and neglect the influence of SM threshold effects. For small mixing, characterized
by β ≪ 1 where

β ≡

(

κe′

e cos θW

)2

, (4)

the resulting annihilation cross section for nonrelativistic WIMPs takes the following form,

⟨σannv⟩mψ≫mSM
≈ 1.3 pbn × β

(

500 GeV

mψ

)2

×

(

4m2
ψ

4m2
ψ − m2

V

)2

, (5)

proceeding in the l = 0 channel with an obvious pole at mψ = mV /2, in the vicinity of
which a more accurate treatment of the thermal average is required. The result depends
on the mixing parameter β and the sum of squares of the hypercharges for the SM fields,
∑

fermions Y 2
f + 1

2

∑

bosons Y 2
b = 10 + 0.25. Note that in the opposite limit, mb ≪ mψ ≪ mZ ,

the total cross section is instead proportional to the sum of squares of all the electric charges
of SM fermions with the exception of the t-quark.

This cross-section needs to be compared with the constraint on the dark matter energy
density provided by recent cosmological observations:

2 ×
109(mψ/Tf)

√

g∗(Tf ) × GeV × MPl⟨σv⟩
≤ ΩDMh2 ≃ 0.1, (6)

where Tf is the freeze-out temperature (it suffices here to take mψ/Tf ≃ 20), g∗ the effective
number of degrees of freedom at freeze-out, and the extra factor of two relative to the
standard formula (see e.g. [16]) is because annihilation can occur only between particles and
anti-particles.

In Fig. 3, we exhibit the abundance constraint on the β − mψ plane for a specific choice
of mediator mass, mV = 400 GeV, by saturating the inequality (6). This value of mV

lies outside the direct reach of LEP or the Tevatron but is certainly within range for the
LHC. One can clearly see the enhancement of the annihilation cross section in the vicinity
of the two vector resonance poles, Z and V , where the mixing parameter β is allowed to be
significantly smaller than 1.

This model is subject to various constraints from direct searches and collider physics.

4

Secluded DM
[Pospelov, Ritz, Voloshin]

m� > mA0

Decouples direct 
detection from 
thermal history

Light DM and CMB

[Finkbeiner, Slatyer et al]

Limits from Planck
• Planck Collaboration ’15 set bounds on DM annihilation; consistent with sensitivity 

predictions from TRS et al, Galli et al 09.

• Left plot shows Planck bound, right plot shows resulting cross-section limits for a range of 
channels from Slatyer ’15.

• These are general constraints; in terms of e.g. simple dark photon model, 1 GeV-100 TeV 
thermal-relic Dirac-fermion DM, annihilating into 1-100 MeV dark photons, appears to be 
ruled out (Cirelli et al 1612.07295).

region favored to explain 
AMS-02 positron excess

pCMB = feff
h�viT⇠eV

m�
< 3.5⇥ 10�11GeV�3



Portals

New light states allow for new ways to probe the dark sector

aFµ⌫ F̃
µ⌫
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Hidden sector U(1) — dark photon

No SM matter directly charged under U(1)dark use a portal

Lkinetic mixing = ✏Fµ⌫F 0
µ⌫

[Holdom]

SM picks up “dark milli-charge” 

• Small couplings to SM means small production rates
• Visible/invisible decays depending on thresholds
• Possibly long lived—displaced signatures
• Many possible ways to search for DM/dark photon
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FIG. 3. Inelastic DM production at electron beam fixed-target missing energy/momentum experiments. Left: Setup for an LDMX style
missing momentum experiment [2, 23] in which a (⇠ few GeV) beam electron produces DM in a thin target (⌧ radiation length) and thereby
loses a large fraction of its incident energy. The emerging lower energy electron passes through tracker material and registers as a signal event
if there is no additional energy deposited in the ECAL/HCAL system downstream, which serves primarily to veto SM activity. Right: Setup
for an NA64 style experiment in which the beam (typically at higher energies, ⇠ 30 GeV) produces the DM system by interacting with an
instrumented, active target volume [24]. As with LDMX, the instrumented region serves to verify that the beam electron has abruptly lost most
of its energy and that there is no additional SM activity downstream.

which the thermal target is largely an invariant under varia-
tion of couplings and of mass hierarchies.

A. Mediator Model Building

Unlike weak-scale WIMPs, which realize successful
freeze-out with only SM gauge interactions, sub-GeV DM is
overproduced in the absence of light (⌧ mZ) new mediators
to generate a sufficiently large annihilation rate [29, 30]. To
avoid detection thus far, such mediators must be neutral under
the SM and couple non-negligibly to visible particles.

If SM particles are neutral under the new interaction, a

renormalizable model (without additional fields) requires the
mediator to interact with the SM through the hypercharge,
Higgs, or lepton portals

Bµ⌫ , H
†
H , LH, (1)

for vector, scalar, and fermionic mediators, respectively.
However, coupling a fermionic mediator to the lepton por-
tal requires additional model building4 and scalar mediators,
which mix with the Higgs are ruled out for predictive mod-
els in which DM annihilates directly to SM final states (see

4 A fermionic mediator coupled to the lepton portal requires additional

Bremsstrahlung  
(LDMX, DarkLight, …)
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which the thermal target is largely an invariant under varia-
tion of couplings and of mass hierarchies.

A. Mediator Model Building

Unlike weak-scale WIMPs, which realize successful
freeze-out with only SM gauge interactions, sub-GeV DM is
overproduced in the absence of light (⌧ mZ) new mediators
to generate a sufficiently large annihilation rate [29, 30]. To
avoid detection thus far, such mediators must be neutral under
the SM and couple non-negligibly to visible particles.

If SM particles are neutral under the new interaction, a

renormalizable model (without additional fields) requires the
mediator to interact with the SM through the hypercharge,
Higgs, or lepton portals

Bµ⌫ , H
†
H , LH, (1)

for vector, scalar, and fermionic mediators, respectively.
However, coupling a fermionic mediator to the lepton por-
tal requires additional model building4 and scalar mediators,
which mix with the Higgs are ruled out for predictive mod-
els in which DM annihilates directly to SM final states (see

4 A fermionic mediator coupled to the lepton portal requires additional

Meson decay 
(NA48)

Figure 2: An illustration of the dark matter production modes and elastic scattering signatures.

π0, η

γ

V

χ

χ

χ χχχ

e e
N N

Figure 3: Top: The production of a WIMP pair through neutral meson decay. Bottom: The scattering
of a WIMP in the MiniBooNE detector. The cross again represents the kinetic mixing between the vector
mediator V and the photon.

p+p(n) → V ∗ → χ†χ. The second is through decays of mesons with large radiative branching
such as π0 and η in the form π0, η → V γ → χ†χγ. Once produced, the dark matter beam can
be detected via elastic scattering on nucleons or electrons in the detector, as the signature
is similar to the neutral current scattering of neutrinos. The basic production and detection
principle is summarized in Fig. 2.

At MiniBooNE, the most relevant production mechanisms are via π0 and η which subse-
quently decay to vectors that in turn decay to WIMPs. These WIMPs can then scatter on
the nuclei or electrons in the MiniBooNE detector. This process is detailed in Fig. 3. We
estimate the π0 and η production by averaging and scaling [5] the π+ and π− Sanford-Wang
distributions used in Ref. [30] and use the cuts from the analysis of neutral current scattering
(on nucleons) in Ref. [30] to obtain a total efficiency of about 35%. (Similar efficiencies were
adopted in analyzing electron scattering.) Contours in the parameter space of the model
were computed corresponding to 1, 10, and 1000 neutral current-like scattering events on
nucleons or electrons with 2× 1020 POT at MiniBooNE. While the Sanford-Wang distribu-
tion used corresponds to a beryllium target, the results are not expected to differ much when
steering the beam into the iron beam dump since the ratio of the charged hadron production
(which sets the number of neutrinos produced) to neutral hadrons (which sets the number
of WIMPs produced) does not strongly depend on atomic number.

In Fig. 4, these contours are shown in the plane of direct-detection scattering cross

7

Production and scattering  
(MiniBooNE, DUNE, SHiP,…)

Lepton jets, Emerging tracks 
(LHC)
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2021 for experimental sensitivity. All projections on left plot are repeated in gray here. Note that
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F. Summary of ongoing and proposed experiments

The experimental community for dedicated dark sector searches has grown substantially
in the last eight years and as the list above illustrates, the experiments, whether ongoing or
proposed, have expanded to cover a wide range of production modes and detection strate-
gies. Experiments like APEX, A1, HPS, and DarkLight, that take advantage of explicit
final state reconstruction, push deep into the "

2 parameter range, with sensitivity in mA0

up to a few hundred MeV. In the coming years, experiments like VEPP3, PADME, and
MMAPS will address a more limited parameter range, but as missing mass experiments,
eliminating aspects of model dependence by being fully agnostic as to the final state. Col-
lider experiments allow probes to much higher masses than can be reached in fixed-target
experiments. Some, like Belle-II and LHCb, will have trigger schemes specifically optimized
for dark sector searches. Taken together, the set of existing and planned experiments form
a suite of balanced and complementary approaches, well-suited to the search for new phe-
nomena whose physical characteristics and potential manifestations cannot be predicted in
detail ahead of time.
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which the thermal target is largely an invariant under varia-
tion of couplings and of mass hierarchies.

A. Mediator Model Building

Unlike weak-scale WIMPs, which realize successful
freeze-out with only SM gauge interactions, sub-GeV DM is
overproduced in the absence of light (⌧ mZ) new mediators
to generate a sufficiently large annihilation rate [29, 30]. To
avoid detection thus far, such mediators must be neutral under
the SM and couple non-negligibly to visible particles.

If SM particles are neutral under the new interaction, a

renormalizable model (without additional fields) requires the
mediator to interact with the SM through the hypercharge,
Higgs, or lepton portals

Bµ⌫ , H
†
H , LH, (1)

for vector, scalar, and fermionic mediators, respectively.
However, coupling a fermionic mediator to the lepton por-
tal requires additional model building4 and scalar mediators,
which mix with the Higgs are ruled out for predictive mod-
els in which DM annihilates directly to SM final states (see

4 A fermionic mediator coupled to the lepton portal requires additional
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which the thermal target is largely an invariant under varia-
tion of couplings and of mass hierarchies.

A. Mediator Model Building

Unlike weak-scale WIMPs, which realize successful
freeze-out with only SM gauge interactions, sub-GeV DM is
overproduced in the absence of light (⌧ mZ) new mediators
to generate a sufficiently large annihilation rate [29, 30]. To
avoid detection thus far, such mediators must be neutral under
the SM and couple non-negligibly to visible particles.

If SM particles are neutral under the new interaction, a

renormalizable model (without additional fields) requires the
mediator to interact with the SM through the hypercharge,
Higgs, or lepton portals

Bµ⌫ , H
†
H , LH, (1)

for vector, scalar, and fermionic mediators, respectively.
However, coupling a fermionic mediator to the lepton por-
tal requires additional model building4 and scalar mediators,
which mix with the Higgs are ruled out for predictive mod-
els in which DM annihilates directly to SM final states (see

4 A fermionic mediator coupled to the lepton portal requires additional
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<latexit sha1_base64="jxw8GvYAzGG7iiUMxussF2Hm2kw=">AAACAXicbVDLTgJBEJzFF+IL9ehlIjHxItlFEj2SePGIiTwSWMns0AsjM7ObmVmTDeHkD3jVP/BmvPol/oDf4QB7ELCSTipV3enuCmLOtHHdbye3tr6xuZXfLuzs7u0fFA+PmjpKFIUGjXik2gHRwJmEhmGGQztWQETAoRWMbqZ+6wmUZpG8N2kMviADyUJGibFSswucP1z0iiW37M6AV4mXkRLKUO8Vf7r9iCYCpKGcaN3x3Nj4Y6IMoxwmhW6iISZ0RAbQsVQSAdofz66d4DOr9HEYKVvS4Jn6d2JMhNapCGynIGaol72p+J/XSUx47Y+ZjBMDks4XhQnHJsLT13GfKaCGp5YQqpi9FdMhUYQaG9DClhBSKeJJwQbjLcewSpqVsndZrtxVS7VqFlEenaBTdI48dIVq6BbVUQNR9Ihe0Ct6c56dd+fD+Zy35pxs5hgtwPn6BW6Ml04=</latexit>

`+
<latexit sha1_base64="xhS2ZBTbjNMVUOAKYEkRA3sZkPc=">AAACAXicbVDLSgNBEJyNrxhfUY9eBoMgCGE3BvQY8OIxgnlAsobZSW8yZmZ2mZkVlpCTP+BV/8CbePVL/AG/w0myB5NY0FBUddPdFcScaeO6305ubX1jcyu/XdjZ3ds/KB4eNXWUKAoNGvFItQOigTMJDcMMh3asgIiAQysY3Uz91hMozSJ5b9IYfEEGkoWMEmOlZhc4f7joFUtu2Z0BrxIvIyWUod4r/nT7EU0ESEM50brjubHxx0QZRjlMCt1EQ0zoiAygY6kkArQ/nl07wWdW6eMwUrakwTP178SYCK1TEdhOQcxQL3tT8T+vk5jw2h8zGScGJJ0vChOOTYSnr+M+U0ANTy0hVDF7K6ZDogg1NqCFLSGkUsSTgg3GW45hlTQrZe+yXLmrlmrVLKI8OkGn6Bx56ArV0C2qowai6BG9oFf05jw7786H8zlvzTnZzDFagPP1C2tcl0w=</latexit>



2

�
<latexit sha1_base64="35AhcGyCls1bwmtZJNqtyAP5y+E=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKWxEUG9BLx4juCaQLGF2MpsdMo9lZlYIS37BiwcVr36RN//G2SSIJhY0FFXddHdFKWfG+v6XV1pZXVvfKG9WtrZ3dveq+wcPRmWa0IAornQnwoZyJmlgmeW0k2qKRcRpOxrdFH77kWrDlLy345SGAg8lixnBtpB6JGH9as2v+1OgH9JYJDWYo9WvfvYGimSCSks4Nqbb8FMb5lhbRjidVHqZoSkmIzykXUclFtSE+fTWCTpxygDFSruSFk3V3xM5FsaMReQ6BbaJWfQK8T+vm9n4MsyZTDNLJZktijOOrELF42jANCWWjx3BRDN3KyIJ1phYF0/FhbD08jIJzupXdf/uvNa8nqdRhiM4hlNowAU04RZaEACBBJ7gBV494T17b977rLXkzWcO4Q+8j29uEY4G</latexit><latexit sha1_base64="35AhcGyCls1bwmtZJNqtyAP5y+E=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKWxEUG9BLx4juCaQLGF2MpsdMo9lZlYIS37BiwcVr36RN//G2SSIJhY0FFXddHdFKWfG+v6XV1pZXVvfKG9WtrZ3dveq+wcPRmWa0IAornQnwoZyJmlgmeW0k2qKRcRpOxrdFH77kWrDlLy345SGAg8lixnBtpB6JGH9as2v+1OgH9JYJDWYo9WvfvYGimSCSks4Nqbb8FMb5lhbRjidVHqZoSkmIzykXUclFtSE+fTWCTpxygDFSruSFk3V3xM5FsaMReQ6BbaJWfQK8T+vm9n4MsyZTDNLJZktijOOrELF42jANCWWjx3BRDN3KyIJ1phYF0/FhbD08jIJzupXdf/uvNa8nqdRhiM4hlNowAU04RZaEACBBJ7gBV494T17b977rLXkzWcO4Q+8j29uEY4G</latexit><latexit sha1_base64="35AhcGyCls1bwmtZJNqtyAP5y+E=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKWxEUG9BLx4juCaQLGF2MpsdMo9lZlYIS37BiwcVr36RN//G2SSIJhY0FFXddHdFKWfG+v6XV1pZXVvfKG9WtrZ3dveq+wcPRmWa0IAornQnwoZyJmlgmeW0k2qKRcRpOxrdFH77kWrDlLy345SGAg8lixnBtpB6JGH9as2v+1OgH9JYJDWYo9WvfvYGimSCSks4Nqbb8FMb5lhbRjidVHqZoSkmIzykXUclFtSE+fTWCTpxygDFSruSFk3V3xM5FsaMReQ6BbaJWfQK8T+vm9n4MsyZTDNLJZktijOOrELF42jANCWWjx3BRDN3KyIJ1phYF0/FhbD08jIJzupXdf/uvNa8nqdRhiM4hlNowAU04RZaEACBBJ7gBV494T17b977rLXkzWcO4Q+8j29uEY4G</latexit>

�̄
<latexit sha1_base64="0p/xhwtC1DuAKrwsfIpCRdrcOVM=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lFUG9FLx4rGFtoQplsN+3SzSbd3Qgl9E948aDi1d/jzX/j9gPR1gcDj/dmmJkXpoJr47pfTmFldW19o7hZ2tre2d0r7x886CRTlHk0EYlqhaiZ4JJ5hhvBWqliGIeCNcPBzcRvPjKleSLvzShlQYw9ySNO0Vip5YeofNrnnXLFrbpTkB9SWyQVmKPRKX/63YRmMZOGCtS6XXNTE+SoDKeCjUt+plmKdIA91rZUYsx0kE/vHZMTq3RJlChb0pCp+nsix1jrURzazhhNXy96E/E/r52Z6DLIuUwzwySdLYoyQUxCJs+TLleMGjGyBKni9lZC+6iQGhtRyYaw9PIy8c6qV1X37rxSv56nUYQjOIZTqMEF1OEWGuABBQFP8AKvztB5dt6c91lrwZnPHMIfOB/faJ6Pvw==</latexit><latexit sha1_base64="0p/xhwtC1DuAKrwsfIpCRdrcOVM=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lFUG9FLx4rGFtoQplsN+3SzSbd3Qgl9E948aDi1d/jzX/j9gPR1gcDj/dmmJkXpoJr47pfTmFldW19o7hZ2tre2d0r7x886CRTlHk0EYlqhaiZ4JJ5hhvBWqliGIeCNcPBzcRvPjKleSLvzShlQYw9ySNO0Vip5YeofNrnnXLFrbpTkB9SWyQVmKPRKX/63YRmMZOGCtS6XXNTE+SoDKeCjUt+plmKdIA91rZUYsx0kE/vHZMTq3RJlChb0pCp+nsix1jrURzazhhNXy96E/E/r52Z6DLIuUwzwySdLYoyQUxCJs+TLleMGjGyBKni9lZC+6iQGhtRyYaw9PIy8c6qV1X37rxSv56nUYQjOIZTqMEF1OEWGuABBQFP8AKvztB5dt6c91lrwZnPHMIfOB/faJ6Pvw==</latexit><latexit sha1_base64="0p/xhwtC1DuAKrwsfIpCRdrcOVM=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lFUG9FLx4rGFtoQplsN+3SzSbd3Qgl9E948aDi1d/jzX/j9gPR1gcDj/dmmJkXpoJr47pfTmFldW19o7hZ2tre2d0r7x886CRTlHk0EYlqhaiZ4JJ5hhvBWqliGIeCNcPBzcRvPjKleSLvzShlQYw9ySNO0Vip5YeofNrnnXLFrbpTkB9SWyQVmKPRKX/63YRmMZOGCtS6XXNTE+SoDKeCjUt+plmKdIA91rZUYsx0kE/vHZMTq3RJlChb0pCp+nsix1jrURzazhhNXy96E/E/r52Z6DLIuUwzwySdLYoyQUxCJs+TLleMGjGyBKni9lZC+6iQGhtRyYaw9PIy8c6qV1X37rxSv56nUYQjOIZTqMEF1OEWGuABBQFP8AKvztB5dt6c91lrwZnPHMIfOB/faJ6Pvw==</latexit>

⇡0, ⌘, . . .
<latexit sha1_base64="BckLZBXk/rlHpe3CKqfurnO9mJk=">AAAB+nicbVDLSgMxFM34rPU11qWbYBFcSJkRQd0V3bis4NhCO5ZMeqcNzTxI7ohl6K+4caHi1i9x59+YtrPQ1gMJh3PuITcnSKXQ6Djf1tLyyuraemmjvLm1vbNr71XudZIpDh5PZKJaAdMgRQweCpTQShWwKJDQDIbXE7/5CEqLJL7DUQp+xPqxCAVnaKSuXemk4sE5oR1AZu5egrprV52aMwVdJG5BqqRAo2t/mRzPIoiRS6Z123VS9HOmUHAJ43In05AyPmR9aBsaswi0n093H9Mjo/RomChzYqRT9XciZ5HWoygwkxHDgZ73JuJ/XjvD8MLPRZxmCDGfPRRmkmJCJ0XQnlDAUY4MYVwJsyvlA6YYR1NX2ZTgzn95kXintcuac3tWrV8VbZTIATkkx8Ql56RObkiDeISTJ/JMXsmbNbZerHfrYza6ZBWZffIH1ucP2X6TOQ==</latexit><latexit sha1_base64="BckLZBXk/rlHpe3CKqfurnO9mJk=">AAAB+nicbVDLSgMxFM34rPU11qWbYBFcSJkRQd0V3bis4NhCO5ZMeqcNzTxI7ohl6K+4caHi1i9x59+YtrPQ1gMJh3PuITcnSKXQ6Djf1tLyyuraemmjvLm1vbNr71XudZIpDh5PZKJaAdMgRQweCpTQShWwKJDQDIbXE7/5CEqLJL7DUQp+xPqxCAVnaKSuXemk4sE5oR1AZu5egrprV52aMwVdJG5BqqRAo2t/mRzPIoiRS6Z123VS9HOmUHAJ43In05AyPmR9aBsaswi0n093H9Mjo/RomChzYqRT9XciZ5HWoygwkxHDgZ73JuJ/XjvD8MLPRZxmCDGfPRRmkmJCJ0XQnlDAUY4MYVwJsyvlA6YYR1NX2ZTgzn95kXintcuac3tWrV8VbZTIATkkx8Ql56RObkiDeISTJ/JMXsmbNbZerHfrYza6ZBWZffIH1ucP2X6TOQ==</latexit><latexit sha1_base64="BckLZBXk/rlHpe3CKqfurnO9mJk=">AAAB+nicbVDLSgMxFM34rPU11qWbYBFcSJkRQd0V3bis4NhCO5ZMeqcNzTxI7ohl6K+4caHi1i9x59+YtrPQ1gMJh3PuITcnSKXQ6Djf1tLyyuraemmjvLm1vbNr71XudZIpDh5PZKJaAdMgRQweCpTQShWwKJDQDIbXE7/5CEqLJL7DUQp+xPqxCAVnaKSuXemk4sE5oR1AZu5egrprV52aMwVdJG5BqqRAo2t/mRzPIoiRS6Z123VS9HOmUHAJ43In05AyPmR9aBsaswi0n093H9Mjo/RomChzYqRT9XciZ5HWoygwkxHDgZ73JuJ/XjvD8MLPRZxmCDGfPRRmkmJCJ0XQnlDAUY4MYVwJsyvlA6YYR1NX2ZTgzn95kXintcuac3tWrV8VbZTIATkkx8Ql56RObkiDeISTJ/JMXsmbNbZerHfrYza6ZBWZffIH1ucP2X6TOQ==</latexit>

A0⇤
<latexit sha1_base64="PF5u0shNoytuzsGJ2YUtSnjXsqY=">AAAB6nicdVDLSsNAFJ3UV62vqks3g0UUF2FSNW12VTcuKxhbaGOZTCft0MmDmYlQQn/BjQsVt36RO//GSVtBRQ9cOJxzL/fe4yecSYXQh1FYWFxaXimultbWNza3yts7tzJOBaEuiXks2j6WlLOIuoopTtuJoDj0OW35o8vcb91TIVkc3ahxQr0QDyIWMIJVLp0f3h33yhVkWlXbrp5AZNpOre7YmiDbsc/q0DLRFBUwR7NXfu/2Y5KGNFKEYyk7FkqUl2GhGOF0UuqmkiaYjPCAdjSNcEill01vncADrfRhEAtdkYJT9ftEhkMpx6GvO0OshvK3l4t/eZ1UBXUvY1GSKhqR2aIg5VDFMH8c9pmgRPGxJpgIpm+FZIgFJkrHU9IhfH0K/ydu1XRMdH1aaVzM0yiCPbAPjoAFaqABrkATuICAIXgAT+DZCI1H48V4nbUWjPnMLvgB4+0TCEGNyA==</latexit><latexit sha1_base64="PF5u0shNoytuzsGJ2YUtSnjXsqY=">AAAB6nicdVDLSsNAFJ3UV62vqks3g0UUF2FSNW12VTcuKxhbaGOZTCft0MmDmYlQQn/BjQsVt36RO//GSVtBRQ9cOJxzL/fe4yecSYXQh1FYWFxaXimultbWNza3yts7tzJOBaEuiXks2j6WlLOIuoopTtuJoDj0OW35o8vcb91TIVkc3ahxQr0QDyIWMIJVLp0f3h33yhVkWlXbrp5AZNpOre7YmiDbsc/q0DLRFBUwR7NXfu/2Y5KGNFKEYyk7FkqUl2GhGOF0UuqmkiaYjPCAdjSNcEill01vncADrfRhEAtdkYJT9ftEhkMpx6GvO0OshvK3l4t/eZ1UBXUvY1GSKhqR2aIg5VDFMH8c9pmgRPGxJpgIpm+FZIgFJkrHU9IhfH0K/ydu1XRMdH1aaVzM0yiCPbAPjoAFaqABrkATuICAIXgAT+DZCI1H48V4nbUWjPnMLvgB4+0TCEGNyA==</latexit><latexit sha1_base64="PF5u0shNoytuzsGJ2YUtSnjXsqY=">AAAB6nicdVDLSsNAFJ3UV62vqks3g0UUF2FSNW12VTcuKxhbaGOZTCft0MmDmYlQQn/BjQsVt36RO//GSVtBRQ9cOJxzL/fe4yecSYXQh1FYWFxaXimultbWNza3yts7tzJOBaEuiXks2j6WlLOIuoopTtuJoDj0OW35o8vcb91TIVkc3ahxQr0QDyIWMIJVLp0f3h33yhVkWlXbrp5AZNpOre7YmiDbsc/q0DLRFBUwR7NXfu/2Y5KGNFKEYyk7FkqUl2GhGOF0UuqmkiaYjPCAdjSNcEill01vncADrfRhEAtdkYJT9ftEhkMpx6GvO0OshvK3l4t/eZ1UBXUvY1GSKhqR2aIg5VDFMH8c9pmgRPGxJpgIpm+FZIgFJkrHU9IhfH0K/ydu1XRMdH1aaVzM0yiCPbAPjoAFaqABrkATuICAIXgAT+DZCI1H48V4nbUWjPnMLvgB4+0TCEGNyA==</latexit>

�
<latexit sha1_base64="VNOLMmk11Nk4YovNtEk1FRQe8Ac=">AAAB7HicbVDLSgNBEJz1GeMr6tHLYBA8hV0R1FvQi8cIbhJIltA7mU3GzGOZmRXCkn/w4kHFqx/kzb9xkuxBEwsaiqpuurvilDNjff/bW1ldW9/YLG2Vt3d29/YrB4dNozJNaEgUV7odg6GcSRpaZjltp5qCiDltxaPbqd96otowJR/sOKWRgIFkCSNgndTsDkAI6FWqfs2fAS+ToCBVVKDRq3x1+4pkgkpLOBjTCfzURjloywink3I3MzQFMoIB7TgqQVAT5bNrJ/jUKX2cKO1KWjxTf0/kIIwZi9h1CrBDs+hNxf+8TmaTqyhnMs0slWS+KMk4tgpPX8d9pimxfOwIEM3crZgMQQOxLqCyCyFYfHmZhOe165p/f1Gt3xRplNAxOkFnKECXqI7uUAOFiKBH9Ixe0ZunvBfv3fuYt654xcwR+gPv8wfzBI7o</latexit><latexit sha1_base64="VNOLMmk11Nk4YovNtEk1FRQe8Ac=">AAAB7HicbVDLSgNBEJz1GeMr6tHLYBA8hV0R1FvQi8cIbhJIltA7mU3GzGOZmRXCkn/w4kHFqx/kzb9xkuxBEwsaiqpuurvilDNjff/bW1ldW9/YLG2Vt3d29/YrB4dNozJNaEgUV7odg6GcSRpaZjltp5qCiDltxaPbqd96otowJR/sOKWRgIFkCSNgndTsDkAI6FWqfs2fAS+ToCBVVKDRq3x1+4pkgkpLOBjTCfzURjloywink3I3MzQFMoIB7TgqQVAT5bNrJ/jUKX2cKO1KWjxTf0/kIIwZi9h1CrBDs+hNxf+8TmaTqyhnMs0slWS+KMk4tgpPX8d9pimxfOwIEM3crZgMQQOxLqCyCyFYfHmZhOe165p/f1Gt3xRplNAxOkFnKECXqI7uUAOFiKBH9Ixe0ZunvBfv3fuYt654xcwR+gPv8wfzBI7o</latexit><latexit sha1_base64="VNOLMmk11Nk4YovNtEk1FRQe8Ac=">AAAB7HicbVDLSgNBEJz1GeMr6tHLYBA8hV0R1FvQi8cIbhJIltA7mU3GzGOZmRXCkn/w4kHFqx/kzb9xkuxBEwsaiqpuurvilDNjff/bW1ldW9/YLG2Vt3d29/YrB4dNozJNaEgUV7odg6GcSRpaZjltp5qCiDltxaPbqd96otowJR/sOKWRgIFkCSNgndTsDkAI6FWqfs2fAS+ToCBVVKDRq3x1+4pkgkpLOBjTCfzURjloywink3I3MzQFMoIB7TgqQVAT5bNrJ/jUKX2cKO1KWjxTf0/kIIwZi9h1CrBDs+hNxf+8TmaTqyhnMs0slWS+KMk4tgpPX8d9pimxfOwIEM3crZgMQQOxLqCyCyFYfHmZhOe165p/f1Gt3xRplNAxOkFnKECXqI7uUAOFiKBH9Ixe0ZunvBfv3fuYt654xcwR+gPv8wfzBI7o</latexit>

�
<latexit sha1_base64="35AhcGyCls1bwmtZJNqtyAP5y+E=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKWxEUG9BLx4juCaQLGF2MpsdMo9lZlYIS37BiwcVr36RN//G2SSIJhY0FFXddHdFKWfG+v6XV1pZXVvfKG9WtrZ3dveq+wcPRmWa0IAornQnwoZyJmlgmeW0k2qKRcRpOxrdFH77kWrDlLy345SGAg8lixnBtpB6JGH9as2v+1OgH9JYJDWYo9WvfvYGimSCSks4Nqbb8FMb5lhbRjidVHqZoSkmIzykXUclFtSE+fTWCTpxygDFSruSFk3V3xM5FsaMReQ6BbaJWfQK8T+vm9n4MsyZTDNLJZktijOOrELF42jANCWWjx3BRDN3KyIJ1phYF0/FhbD08jIJzupXdf/uvNa8nqdRhiM4hlNowAU04RZaEACBBJ7gBV494T17b977rLXkzWcO4Q+8j29uEY4G</latexit><latexit sha1_base64="35AhcGyCls1bwmtZJNqtyAP5y+E=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKWxEUG9BLx4juCaQLGF2MpsdMo9lZlYIS37BiwcVr36RN//G2SSIJhY0FFXddHdFKWfG+v6XV1pZXVvfKG9WtrZ3dveq+wcPRmWa0IAornQnwoZyJmlgmeW0k2qKRcRpOxrdFH77kWrDlLy345SGAg8lixnBtpB6JGH9as2v+1OgH9JYJDWYo9WvfvYGimSCSks4Nqbb8FMb5lhbRjidVHqZoSkmIzykXUclFtSE+fTWCTpxygDFSruSFk3V3xM5FsaMReQ6BbaJWfQK8T+vm9n4MsyZTDNLJZktijOOrELF42jANCWWjx3BRDN3KyIJ1phYF0/FhbD08jIJzupXdf/uvNa8nqdRhiM4hlNowAU04RZaEACBBJ7gBV494T17b977rLXkzWcO4Q+8j29uEY4G</latexit><latexit sha1_base64="35AhcGyCls1bwmtZJNqtyAP5y+E=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKWxEUG9BLx4juCaQLGF2MpsdMo9lZlYIS37BiwcVr36RN//G2SSIJhY0FFXddHdFKWfG+v6XV1pZXVvfKG9WtrZ3dveq+wcPRmWa0IAornQnwoZyJmlgmeW0k2qKRcRpOxrdFH77kWrDlLy345SGAg8lixnBtpB6JGH9as2v+1OgH9JYJDWYo9WvfvYGimSCSks4Nqbb8FMb5lhbRjidVHqZoSkmIzykXUclFtSE+fTWCTpxygDFSruSFk3V3xM5FsaMReQ6BbaJWfQK8T+vm9n4MsyZTDNLJZktijOOrELF42jANCWWjx3BRDN3KyIJ1phYF0/FhbD08jIJzupXdf/uvNa8nqdRhiM4hlNowAU04RZaEACBBJ7gBV494T17b977rLXkzWcO4Q+8j29uEY4G</latexit>

�̄
<latexit sha1_base64="0p/xhwtC1DuAKrwsfIpCRdrcOVM=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lFUG9FLx4rGFtoQplsN+3SzSbd3Qgl9E948aDi1d/jzX/j9gPR1gcDj/dmmJkXpoJr47pfTmFldW19o7hZ2tre2d0r7x886CRTlHk0EYlqhaiZ4JJ5hhvBWqliGIeCNcPBzcRvPjKleSLvzShlQYw9ySNO0Vip5YeofNrnnXLFrbpTkB9SWyQVmKPRKX/63YRmMZOGCtS6XXNTE+SoDKeCjUt+plmKdIA91rZUYsx0kE/vHZMTq3RJlChb0pCp+nsix1jrURzazhhNXy96E/E/r52Z6DLIuUwzwySdLYoyQUxCJs+TLleMGjGyBKni9lZC+6iQGhtRyYaw9PIy8c6qV1X37rxSv56nUYQjOIZTqMEF1OEWGuABBQFP8AKvztB5dt6c91lrwZnPHMIfOB/faJ6Pvw==</latexit><latexit sha1_base64="0p/xhwtC1DuAKrwsfIpCRdrcOVM=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lFUG9FLx4rGFtoQplsN+3SzSbd3Qgl9E948aDi1d/jzX/j9gPR1gcDj/dmmJkXpoJr47pfTmFldW19o7hZ2tre2d0r7x886CRTlHk0EYlqhaiZ4JJ5hhvBWqliGIeCNcPBzcRvPjKleSLvzShlQYw9ySNO0Vip5YeofNrnnXLFrbpTkB9SWyQVmKPRKX/63YRmMZOGCtS6XXNTE+SoDKeCjUt+plmKdIA91rZUYsx0kE/vHZMTq3RJlChb0pCp+nsix1jrURzazhhNXy96E/E/r52Z6DLIuUwzwySdLYoyQUxCJs+TLleMGjGyBKni9lZC+6iQGhtRyYaw9PIy8c6qV1X37rxSv56nUYQjOIZTqMEF1OEWGuABBQFP8AKvztB5dt6c91lrwZnPHMIfOB/faJ6Pvw==</latexit><latexit sha1_base64="0p/xhwtC1DuAKrwsfIpCRdrcOVM=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lFUG9FLx4rGFtoQplsN+3SzSbd3Qgl9E948aDi1d/jzX/j9gPR1gcDj/dmmJkXpoJr47pfTmFldW19o7hZ2tre2d0r7x886CRTlHk0EYlqhaiZ4JJ5hhvBWqliGIeCNcPBzcRvPjKleSLvzShlQYw9ySNO0Vip5YeofNrnnXLFrbpTkB9SWyQVmKPRKX/63YRmMZOGCtS6XXNTE+SoDKeCjUt+plmKdIA91rZUYsx0kE/vHZMTq3RJlChb0pCp+nsix1jrURzazhhNXy96E/E/r52Z6DLIuUwzwySdLYoyQUxCJs+TLleMGjGyBKni9lZC+6iQGhtRyYaw9PIy8c6qV1X37rxSv56nUYQjOIZTqMEF1OEWGuABBQFP8AKvztB5dt6c91lrwZnPHMIfOB/faJ6Pvw==</latexit>

�
<latexit sha1_base64="35AhcGyCls1bwmtZJNqtyAP5y+E=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKWxEUG9BLx4juCaQLGF2MpsdMo9lZlYIS37BiwcVr36RN//G2SSIJhY0FFXddHdFKWfG+v6XV1pZXVvfKG9WtrZ3dveq+wcPRmWa0IAornQnwoZyJmlgmeW0k2qKRcRpOxrdFH77kWrDlLy345SGAg8lixnBtpB6JGH9as2v+1OgH9JYJDWYo9WvfvYGimSCSks4Nqbb8FMb5lhbRjidVHqZoSkmIzykXUclFtSE+fTWCTpxygDFSruSFk3V3xM5FsaMReQ6BbaJWfQK8T+vm9n4MsyZTDNLJZktijOOrELF42jANCWWjx3BRDN3KyIJ1phYF0/FhbD08jIJzupXdf/uvNa8nqdRhiM4hlNowAU04RZaEACBBJ7gBV494T17b977rLXkzWcO4Q+8j29uEY4G</latexit><latexit sha1_base64="35AhcGyCls1bwmtZJNqtyAP5y+E=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKWxEUG9BLx4juCaQLGF2MpsdMo9lZlYIS37BiwcVr36RN//G2SSIJhY0FFXddHdFKWfG+v6XV1pZXVvfKG9WtrZ3dveq+wcPRmWa0IAornQnwoZyJmlgmeW0k2qKRcRpOxrdFH77kWrDlLy345SGAg8lixnBtpB6JGH9as2v+1OgH9JYJDWYo9WvfvYGimSCSks4Nqbb8FMb5lhbRjidVHqZoSkmIzykXUclFtSE+fTWCTpxygDFSruSFk3V3xM5FsaMReQ6BbaJWfQK8T+vm9n4MsyZTDNLJZktijOOrELF42jANCWWjx3BRDN3KyIJ1phYF0/FhbD08jIJzupXdf/uvNa8nqdRhiM4hlNowAU04RZaEACBBJ7gBV494T17b977rLXkzWcO4Q+8j29uEY4G</latexit><latexit sha1_base64="35AhcGyCls1bwmtZJNqtyAP5y+E=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKWxEUG9BLx4juCaQLGF2MpsdMo9lZlYIS37BiwcVr36RN//G2SSIJhY0FFXddHdFKWfG+v6XV1pZXVvfKG9WtrZ3dveq+wcPRmWa0IAornQnwoZyJmlgmeW0k2qKRcRpOxrdFH77kWrDlLy345SGAg8lixnBtpB6JGH9as2v+1OgH9JYJDWYo9WvfvYGimSCSks4Nqbb8FMb5lhbRjidVHqZoSkmIzykXUclFtSE+fTWCTpxygDFSruSFk3V3xM5FsaMReQ6BbaJWfQK8T+vm9n4MsyZTDNLJZktijOOrELF42jANCWWjx3BRDN3KyIJ1phYF0/FhbD08jIJzupXdf/uvNa8nqdRhiM4hlNowAU04RZaEACBBJ7gBV494T17b977rLXkzWcO4Q+8j29uEY4G</latexit>

�
<latexit sha1_base64="35AhcGyCls1bwmtZJNqtyAP5y+E=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKWxEUG9BLx4juCaQLGF2MpsdMo9lZlYIS37BiwcVr36RN//G2SSIJhY0FFXddHdFKWfG+v6XV1pZXVvfKG9WtrZ3dveq+wcPRmWa0IAornQnwoZyJmlgmeW0k2qKRcRpOxrdFH77kWrDlLy345SGAg8lixnBtpB6JGH9as2v+1OgH9JYJDWYo9WvfvYGimSCSks4Nqbb8FMb5lhbRjidVHqZoSkmIzykXUclFtSE+fTWCTpxygDFSruSFk3V3xM5FsaMReQ6BbaJWfQK8T+vm9n4MsyZTDNLJZktijOOrELF42jANCWWjx3BRDN3KyIJ1phYF0/FhbD08jIJzupXdf/uvNa8nqdRhiM4hlNowAU04RZaEACBBJ7gBV494T17b977rLXkzWcO4Q+8j29uEY4G</latexit><latexit sha1_base64="35AhcGyCls1bwmtZJNqtyAP5y+E=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKWxEUG9BLx4juCaQLGF2MpsdMo9lZlYIS37BiwcVr36RN//G2SSIJhY0FFXddHdFKWfG+v6XV1pZXVvfKG9WtrZ3dveq+wcPRmWa0IAornQnwoZyJmlgmeW0k2qKRcRpOxrdFH77kWrDlLy345SGAg8lixnBtpB6JGH9as2v+1OgH9JYJDWYo9WvfvYGimSCSks4Nqbb8FMb5lhbRjidVHqZoSkmIzykXUclFtSE+fTWCTpxygDFSruSFk3V3xM5FsaMReQ6BbaJWfQK8T+vm9n4MsyZTDNLJZktijOOrELF42jANCWWjx3BRDN3KyIJ1phYF0/FhbD08jIJzupXdf/uvNa8nqdRhiM4hlNowAU04RZaEACBBJ7gBV494T17b977rLXkzWcO4Q+8j29uEY4G</latexit><latexit sha1_base64="35AhcGyCls1bwmtZJNqtyAP5y+E=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKWxEUG9BLx4juCaQLGF2MpsdMo9lZlYIS37BiwcVr36RN//G2SSIJhY0FFXddHdFKWfG+v6XV1pZXVvfKG9WtrZ3dveq+wcPRmWa0IAornQnwoZyJmlgmeW0k2qKRcRpOxrdFH77kWrDlLy345SGAg8lixnBtpB6JGH9as2v+1OgH9JYJDWYo9WvfvYGimSCSks4Nqbb8FMb5lhbRjidVHqZoSkmIzykXUclFtSE+fTWCTpxygDFSruSFk3V3xM5FsaMReQ6BbaJWfQK8T+vm9n4MsyZTDNLJZktijOOrELF42jANCWWjx3BRDN3KyIJ1phYF0/FhbD08jIJzupXdf/uvNa8nqdRhiM4hlNowAU04RZaEACBBJ7gBV494T17b977rLXkzWcO4Q+8j29uEY4G</latexit>

A0⇤
<latexit sha1_base64="PF5u0shNoytuzsGJ2YUtSnjXsqY=">AAAB6nicdVDLSsNAFJ3UV62vqks3g0UUF2FSNW12VTcuKxhbaGOZTCft0MmDmYlQQn/BjQsVt36RO//GSVtBRQ9cOJxzL/fe4yecSYXQh1FYWFxaXimultbWNza3yts7tzJOBaEuiXks2j6WlLOIuoopTtuJoDj0OW35o8vcb91TIVkc3ahxQr0QDyIWMIJVLp0f3h33yhVkWlXbrp5AZNpOre7YmiDbsc/q0DLRFBUwR7NXfu/2Y5KGNFKEYyk7FkqUl2GhGOF0UuqmkiaYjPCAdjSNcEill01vncADrfRhEAtdkYJT9ftEhkMpx6GvO0OshvK3l4t/eZ1UBXUvY1GSKhqR2aIg5VDFMH8c9pmgRPGxJpgIpm+FZIgFJkrHU9IhfH0K/ydu1XRMdH1aaVzM0yiCPbAPjoAFaqABrkATuICAIXgAT+DZCI1H48V4nbUWjPnMLvgB4+0TCEGNyA==</latexit><latexit sha1_base64="PF5u0shNoytuzsGJ2YUtSnjXsqY=">AAAB6nicdVDLSsNAFJ3UV62vqks3g0UUF2FSNW12VTcuKxhbaGOZTCft0MmDmYlQQn/BjQsVt36RO//GSVtBRQ9cOJxzL/fe4yecSYXQh1FYWFxaXimultbWNza3yts7tzJOBaEuiXks2j6WlLOIuoopTtuJoDj0OW35o8vcb91TIVkc3ahxQr0QDyIWMIJVLp0f3h33yhVkWlXbrp5AZNpOre7YmiDbsc/q0DLRFBUwR7NXfu/2Y5KGNFKEYyk7FkqUl2GhGOF0UuqmkiaYjPCAdjSNcEill01vncADrfRhEAtdkYJT9ftEhkMpx6GvO0OshvK3l4t/eZ1UBXUvY1GSKhqR2aIg5VDFMH8c9pmgRPGxJpgIpm+FZIgFJkrHU9IhfH0K/ydu1XRMdH1aaVzM0yiCPbAPjoAFaqABrkATuICAIXgAT+DZCI1H48V4nbUWjPnMLvgB4+0TCEGNyA==</latexit><latexit sha1_base64="PF5u0shNoytuzsGJ2YUtSnjXsqY=">AAAB6nicdVDLSsNAFJ3UV62vqks3g0UUF2FSNW12VTcuKxhbaGOZTCft0MmDmYlQQn/BjQsVt36RO//GSVtBRQ9cOJxzL/fe4yecSYXQh1FYWFxaXimultbWNza3yts7tzJOBaEuiXks2j6WlLOIuoopTtuJoDj0OW35o8vcb91TIVkc3ahxQr0QDyIWMIJVLp0f3h33yhVkWlXbrp5AZNpOre7YmiDbsc/q0DLRFBUwR7NXfu/2Y5KGNFKEYyk7FkqUl2GhGOF0UuqmkiaYjPCAdjSNcEill01vncADrfRhEAtdkYJT9ftEhkMpx6GvO0OshvK3l4t/eZ1UBXUvY1GSKhqR2aIg5VDFMH8c9pmgRPGxJpgIpm+FZIgFJkrHU9IhfH0K/ydu1XRMdH1aaVzM0yiCPbAPjoAFaqABrkATuICAIXgAT+DZCI1H48V4nbUWjPnMLvgB4+0TCEGNyA==</latexit>

A0
<latexit sha1_base64="Ykxb1xAbd1eqMVvQXRbw2GoOIj0=">AAAB6HicdVDLSsNAFJ34rPVVdelmsIiuwqRq2uyqblxWMbbQhjKZTtqhk0mYmQgl9A/cuFBx6ye582+cPgQVPXDhcM693HtPmHKmNEIf1sLi0vLKamGtuL6xubVd2tm9U0kmCfVJwhPZCrGinAnqa6Y5baWS4jjktBkOLyd+855KxRJxq0cpDWLcFyxiBGsj3ZwfdUtlZDsV162cQGS7XrXmuYYg13PPatCx0RRlMEejW3rv9BKSxVRowrFSbQelOsix1IxwOi52MkVTTIa4T9uGChxTFeTTS8fw0Cg9GCXSlNBwqn6fyHGs1CgOTWeM9UD99ibiX14701EtyJlIM00FmS2KMg51Aidvwx6TlGg+MgQTycytkAywxESbcIomhK9P4f/Er9ieja5Py/WLeRoFsA8OwDFwQBXUwRVoAB8QEIEH8ASeraH1aL1Yr7PWBWs+swd+wHr7BO+RjSw=</latexit><latexit sha1_base64="Ykxb1xAbd1eqMVvQXRbw2GoOIj0=">AAAB6HicdVDLSsNAFJ34rPVVdelmsIiuwqRq2uyqblxWMbbQhjKZTtqhk0mYmQgl9A/cuFBx6ye582+cPgQVPXDhcM693HtPmHKmNEIf1sLi0vLKamGtuL6xubVd2tm9U0kmCfVJwhPZCrGinAnqa6Y5baWS4jjktBkOLyd+855KxRJxq0cpDWLcFyxiBGsj3ZwfdUtlZDsV162cQGS7XrXmuYYg13PPatCx0RRlMEejW3rv9BKSxVRowrFSbQelOsix1IxwOi52MkVTTIa4T9uGChxTFeTTS8fw0Cg9GCXSlNBwqn6fyHGs1CgOTWeM9UD99ibiX14701EtyJlIM00FmS2KMg51Aidvwx6TlGg+MgQTycytkAywxESbcIomhK9P4f/Er9ieja5Py/WLeRoFsA8OwDFwQBXUwRVoAB8QEIEH8ASeraH1aL1Yr7PWBWs+swd+wHr7BO+RjSw=</latexit><latexit sha1_base64="Ykxb1xAbd1eqMVvQXRbw2GoOIj0=">AAAB6HicdVDLSsNAFJ34rPVVdelmsIiuwqRq2uyqblxWMbbQhjKZTtqhk0mYmQgl9A/cuFBx6ye582+cPgQVPXDhcM693HtPmHKmNEIf1sLi0vLKamGtuL6xubVd2tm9U0kmCfVJwhPZCrGinAnqa6Y5baWS4jjktBkOLyd+855KxRJxq0cpDWLcFyxiBGsj3ZwfdUtlZDsV162cQGS7XrXmuYYg13PPatCx0RRlMEejW3rv9BKSxVRowrFSbQelOsix1IxwOi52MkVTTIa4T9uGChxTFeTTS8fw0Cg9GCXSlNBwqn6fyHGs1CgOTWeM9UD99ibiX14701EtyJlIM00FmS2KMg51Aidvwx6TlGg+MgQTycytkAywxESbcIomhK9P4f/Er9ieja5Py/WLeRoFsA8OwDFwQBXUwRVoAB8QEIEH8ASeraH1aL1Yr7PWBWs+swd+wHr7BO+RjSw=</latexit>

e�
<latexit sha1_base64="eS2LtIJXQn7LP4Kg2TcklegVLIo=">AAAB6XicdVDLSgNBEOyNrxhfUY9eBoPgxbCRgHoLevEY0TWBZA2zk95kyOzsMjMrhCWf4MWDilf/yJt/4+QhxFdBQ1HVTXdXkAiujet+OLmFxaXllfxqYW19Y3OruL1zq+NUMfRYLGLVDKhGwSV6hhuBzUQhjQKBjWBwMfYb96g0j+WNGSboR7QnecgZNVa6xrujTrFUKbsTEPcX+bJKMEO9U3xvd2OWRigNE1TrVsVNjJ9RZTgTOCq0U40JZQPaw5alkkao/Wxy6ogcWKVLwljZkoZM1PmJjEZaD6PAdkbU9PVPbyz+5bVSE576GZdJalCy6aIwFcTEZPw36XKFzIihJZQpbm8lrE8VZcamU5gP4X/iHZfPyu5VtVQ7n6WRhz3Yh0OowAnU4BLq4AGDHjzAEzw7wnl0XpzXaWvOmc3swjc4b59WM41c</latexit><latexit sha1_base64="eS2LtIJXQn7LP4Kg2TcklegVLIo=">AAAB6XicdVDLSgNBEOyNrxhfUY9eBoPgxbCRgHoLevEY0TWBZA2zk95kyOzsMjMrhCWf4MWDilf/yJt/4+QhxFdBQ1HVTXdXkAiujet+OLmFxaXllfxqYW19Y3OruL1zq+NUMfRYLGLVDKhGwSV6hhuBzUQhjQKBjWBwMfYb96g0j+WNGSboR7QnecgZNVa6xrujTrFUKbsTEPcX+bJKMEO9U3xvd2OWRigNE1TrVsVNjJ9RZTgTOCq0U40JZQPaw5alkkao/Wxy6ogcWKVLwljZkoZM1PmJjEZaD6PAdkbU9PVPbyz+5bVSE576GZdJalCy6aIwFcTEZPw36XKFzIihJZQpbm8lrE8VZcamU5gP4X/iHZfPyu5VtVQ7n6WRhz3Yh0OowAnU4BLq4AGDHjzAEzw7wnl0XpzXaWvOmc3swjc4b59WM41c</latexit><latexit sha1_base64="eS2LtIJXQn7LP4Kg2TcklegVLIo=">AAAB6XicdVDLSgNBEOyNrxhfUY9eBoPgxbCRgHoLevEY0TWBZA2zk95kyOzsMjMrhCWf4MWDilf/yJt/4+QhxFdBQ1HVTXdXkAiujet+OLmFxaXllfxqYW19Y3OruL1zq+NUMfRYLGLVDKhGwSV6hhuBzUQhjQKBjWBwMfYb96g0j+WNGSboR7QnecgZNVa6xrujTrFUKbsTEPcX+bJKMEO9U3xvd2OWRigNE1TrVsVNjJ9RZTgTOCq0U40JZQPaw5alkkao/Wxy6ogcWKVLwljZkoZM1PmJjEZaD6PAdkbU9PVPbyz+5bVSE576GZdJalCy6aIwFcTEZPw36XKFzIihJZQpbm8lrE8VZcamU5gP4X/iHZfPyu5VtVQ7n6WRhz3Yh0OowAnU4BLq4AGDHjzAEzw7wnl0XpzXaWvOmc3swjc4b59WM41c</latexit>

e+
<latexit sha1_base64="x8GRq/un8r5F95Dm3AzCp310aMU=">AAAB6XicdVDLSgNBEOyNrxhfUY9eBoMgCGEjAfUW9OIxomsCyRpmJ73JkNnZZWZWCEs+wYsHFa/+kTf/xslDiK+ChqKqm+6uIBFcG9f9cHILi0vLK/nVwtr6xuZWcXvnVsepYuixWMSqGVCNgkv0DDcCm4lCGgUCG8HgYuw37lFpHssbM0zQj2hP8pAzaqx0jXdHnWKpUnYnIO4v8mWVYIZ6p/je7sYsjVAaJqjWrYqbGD+jynAmcFRopxoTyga0hy1LJY1Q+9nk1BE5sEqXhLGyJQ2ZqPMTGY20HkaB7Yyo6euf3lj8y2ulJjz1My6T1KBk00VhKoiJyfhv0uUKmRFDSyhT3N5KWJ8qyoxNpzAfwv/EOy6fld2raql2PksjD3uwD4dQgROowSXUwQMGPXiAJ3h2hPPovDiv09acM5vZhW9w3j4BUy2NWg==</latexit><latexit sha1_base64="x8GRq/un8r5F95Dm3AzCp310aMU=">AAAB6XicdVDLSgNBEOyNrxhfUY9eBoMgCGEjAfUW9OIxomsCyRpmJ73JkNnZZWZWCEs+wYsHFa/+kTf/xslDiK+ChqKqm+6uIBFcG9f9cHILi0vLK/nVwtr6xuZWcXvnVsepYuixWMSqGVCNgkv0DDcCm4lCGgUCG8HgYuw37lFpHssbM0zQj2hP8pAzaqx0jXdHnWKpUnYnIO4v8mWVYIZ6p/je7sYsjVAaJqjWrYqbGD+jynAmcFRopxoTyga0hy1LJY1Q+9nk1BE5sEqXhLGyJQ2ZqPMTGY20HkaB7Yyo6euf3lj8y2ulJjz1My6T1KBk00VhKoiJyfhv0uUKmRFDSyhT3N5KWJ8qyoxNpzAfwv/EOy6fld2raql2PksjD3uwD4dQgROowSXUwQMGPXiAJ3h2hPPovDiv09acM5vZhW9w3j4BUy2NWg==</latexit><latexit sha1_base64="x8GRq/un8r5F95Dm3AzCp310aMU=">AAAB6XicdVDLSgNBEOyNrxhfUY9eBoMgCGEjAfUW9OIxomsCyRpmJ73JkNnZZWZWCEs+wYsHFa/+kTf/xslDiK+ChqKqm+6uIBFcG9f9cHILi0vLK/nVwtr6xuZWcXvnVsepYuixWMSqGVCNgkv0DDcCm4lCGgUCG8HgYuw37lFpHssbM0zQj2hP8pAzaqx0jXdHnWKpUnYnIO4v8mWVYIZ6p/je7sYsjVAaJqjWrYqbGD+jynAmcFRopxoTyga0hy1LJY1Q+9nk1BE5sEqXhLGyJQ2ZqPMTGY20HkaB7Yyo6euf3lj8y2ulJjz1My6T1KBk00VhKoiJyfhv0uUKmRFDSyhT3N5KWJ8qyoxNpzAfwv/EOy6fld2raql2PksjD3uwD4dQgROowSXUwQMGPXiAJ3h2hPPovDiv09acM5vZhW9w3j4BUy2NWg==</latexit>

Ar
<latexit sha1_base64="Lppey50Sn1vG/Fwqi6nS/nH9b3g=">AAAB7HicbVDLSgNBEOyNrxhfUY9eBoPgKWxEUG9RLx4juEkgWcLsZDYZM49lZlYIS/7BiwcVr36QN//GSbIHTSxoKKq66e6KEs6M9f1vr7Cyura+UdwsbW3v7O6V9w+aRqWa0IAornQ7woZyJmlgmeW0nWiKRcRpKxrdTv3WE9WGKflgxwkNBR5IFjOCrZOaXS3Qte6VK37VnwEtk1pOKpCj0St/dfuKpIJKSzg2plPzExtmWFtGOJ2UuqmhCSYjPKAdRyUW1ITZ7NoJOnFKH8VKu5IWzdTfExkWxoxF5DoFtkOz6E3F/7xOauPLMGMySS2VZL4oTjmyCk1fR32mKbF87AgmmrlbERlijYl1AZVcCLXFl5dJcFa9qvr355X6TZ5GEY7gGE6hBhdQhztoQAAEHuEZXuHNU96L9+59zFsLXj5zCH/gff4AeBuOlw==</latexit><latexit sha1_base64="Lppey50Sn1vG/Fwqi6nS/nH9b3g=">AAAB7HicbVDLSgNBEOyNrxhfUY9eBoPgKWxEUG9RLx4juEkgWcLsZDYZM49lZlYIS/7BiwcVr36QN//GSbIHTSxoKKq66e6KEs6M9f1vr7Cyura+UdwsbW3v7O6V9w+aRqWa0IAornQ7woZyJmlgmeW0nWiKRcRpKxrdTv3WE9WGKflgxwkNBR5IFjOCrZOaXS3Qte6VK37VnwEtk1pOKpCj0St/dfuKpIJKSzg2plPzExtmWFtGOJ2UuqmhCSYjPKAdRyUW1ITZ7NoJOnFKH8VKu5IWzdTfExkWxoxF5DoFtkOz6E3F/7xOauPLMGMySS2VZL4oTjmyCk1fR32mKbF87AgmmrlbERlijYl1AZVcCLXFl5dJcFa9qvr355X6TZ5GEY7gGE6hBhdQhztoQAAEHuEZXuHNU96L9+59zFsLXj5zCH/gff4AeBuOlw==</latexit><latexit sha1_base64="Lppey50Sn1vG/Fwqi6nS/nH9b3g=">AAAB7HicbVDLSgNBEOyNrxhfUY9eBoPgKWxEUG9RLx4juEkgWcLsZDYZM49lZlYIS/7BiwcVr36QN//GSbIHTSxoKKq66e6KEs6M9f1vr7Cyura+UdwsbW3v7O6V9w+aRqWa0IAornQ7woZyJmlgmeW0nWiKRcRpKxrdTv3WE9WGKflgxwkNBR5IFjOCrZOaXS3Qte6VK37VnwEtk1pOKpCj0St/dfuKpIJKSzg2plPzExtmWFtGOJ2UuqmhCSYjPKAdRyUW1ITZ7NoJOnFKH8VKu5IWzdTfExkWxoxF5DoFtkOz6E3F/7xOauPLMGMySS2VZL4oTjmyCk1fR32mKbF87AgmmrlbERlijYl1AZVcCLXFl5dJcFa9qvr355X6TZ5GEY7gGE6hBhdQhztoQAAEHuEZXuHNU96L9+59zFsLXj5zCH/gff4AeBuOlw==</latexit>
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FIG. 1. Dark trident production in the benchmark dark sector model, described in the text. Protons on target produce mesons
whose decays produce pairs of dark matter particles, � and �̄. Some of the dark matter particles will reach the detector (not
to scale) and will scatter with the argon nuclei that fill the detector. The scattering event can lead to the emission of one (or
several) dark photon(s) A0, which decays to a pair of charged leptons (electrons in the case of the figure).

associated to equally light mediators (see e.g. [16, 17]).⇤ We consider the simplest such model, described in detail
in Section II. The dark matter particle is a standard model singlet charged under a new U(1)D gauge interaction.
None of the standard model particles are charged under U(1)D but, assuming the U(1)D symmetry is broken, kinetic
mixing allows the new gauge boson – the dark photon – to interact with charged standard model particles.

In this scenario,† it is possible to produce dark photons in the near detectors of neutrino beam experiments and
have the dark photon decay predominantly and promptly into a lepton–antilepton pair, as depicted in Figure 1. First,
a dark matter particle � is produced at the target. It is very long-lived and weakly interacting so it easily finds its
way to the detector unperturbed, regardless of how far away it is. Second, the dark photon A0 is produced on-shell
by in the collision of a dark matter particle with a nucleus. The dark photon decays promptly in the detector. The
relevance of the dark trident channel depends dramatically on the parameters of the model. First, the branching ratio
of the dark photon into leptons must be large. This can only be achieved if the decay of the dark photon into dark
sector particles, including the dark matter particle, is forbidden, i.e., mA0 < 2m�. Second, the probability of emitting
a dark photon during � scattering must be large. This requires the dark coupling constant to be large or the dark
photon mass to be very small. Third, the dark matter production rate should not be too small. Here, the condition
mA0 < 2m� is a hindrance as it implies that dark matter production involves o↵-shell dark photon intermediate states.
The literature reveals [23, 24] that it is possible to produce enough dark matter particles when the dark photons are
o↵-shell, an issue we discuss in detail in Sec. III. Previous studies considered only leading-order dark-matter–nucleus
scattering as the detection signal. One narrow interpretation of our contribution is that we are exploring the benefits
of the rarer, but much more distinct, detection signal in the region of parameter space where dark matter production
is suppressed.

The dark trident signal provides ample experimental handles. In the remainder of this manuscript, we study the
phenomenology of the signal and show that, for our benchmark dark matter model, o↵-axis liquid argon detectors,
including the ones currently running or under construction at Fermilab, have improved sensitivity because neutrino
backgrounds can be suppressed [5]. The kinematics of dark trident events, including angular distributions, invariant
mass, as well as particle identification will be useful in further suppressing backgrounds.

II. A BENCHMARK MODEL

We consider the model where a fermionic dark matter particle � with mass M� interacts with those in the standard
model through a massive dark photon A0 with mass MA0 and its kinetic mixing with the photon. The Lagrangian

⇤ Dark matter models with light mediators have also been proposed in other contexts [18–20].
† This type of signal is not endemic to dark matter models. Frameworks in which a heavy sterile neutrino is produced in neutrino beams
and then proceeds to decay to a dark photon have been recently proposed to explain the MiniBooNE low energy excess [21, 22]. These
also lead to similar phenomenology.

mV < 2m�
<latexit sha1_base64="35/7FC5SbxJfj9gfe1rSp8hD83w=">AAACCXicdVDLSgMxFM3UV62vqks3wSK4GmamtQ9wUXTjsoJthXYsmTTThiaZIckIZegX+ANu9Q/ciVu/wh/wO0wfghU9cOFwzr3ce08QM6q043xYmZXVtfWN7GZua3tndy+/f9BSUSIxaeKIRfI2QIowKkhTU83IbSwJ4gEj7WB0OfXb90QqGokbPY6Jz9FA0JBipI10x3steA49yHtdPKS9fMGxK17V86rQsZ2Ke+aVp6RYrpVq0LWdGQpggUYv/9ntRzjhRGjMkFId14m1nyKpKWZkkusmisQIj9CAdAwViBPlp7OrJ/DEKH0YRtKU0HCm/pxIEVdqzAPTyZEeqt/eVPzL6yQ6rPopFXGiicDzRWHCoI7gNALYp5JgzcaGICypuRXiIZIIaxPU0paQjAWPJzkTzPf38H/S8my3aHvXpUL9YhFRFhyBY3AKXFABdXAFGqAJMJDgETyBZ+vBerFerbd5a8ZazByCJVjvX5qdmiU=</latexit> 2

�
<latexit sha1_base64="35AhcGyCls1bwmtZJNqtyAP5y+E=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKWxEUG9BLx4juCaQLGF2MpsdMo9lZlYIS37BiwcVr36RN//G2SSIJhY0FFXddHdFKWfG+v6XV1pZXVvfKG9WtrZ3dveq+wcPRmWa0IAornQnwoZyJmlgmeW0k2qKRcRpOxrdFH77kWrDlLy345SGAg8lixnBtpB6JGH9as2v+1OgH9JYJDWYo9WvfvYGimSCSks4Nqbb8FMb5lhbRjidVHqZoSkmIzykXUclFtSE+fTWCTpxygDFSruSFk3V3xM5FsaMReQ6BbaJWfQK8T+vm9n4MsyZTDNLJZktijOOrELF42jANCWWjx3BRDN3KyIJ1phYF0/FhbD08jIJzupXdf/uvNa8nqdRhiM4hlNowAU04RZaEACBBJ7gBV494T17b977rLXkzWcO4Q+8j29uEY4G</latexit><latexit sha1_base64="35AhcGyCls1bwmtZJNqtyAP5y+E=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKWxEUG9BLx4juCaQLGF2MpsdMo9lZlYIS37BiwcVr36RN//G2SSIJhY0FFXddHdFKWfG+v6XV1pZXVvfKG9WtrZ3dveq+wcPRmWa0IAornQnwoZyJmlgmeW0k2qKRcRpOxrdFH77kWrDlLy345SGAg8lixnBtpB6JGH9as2v+1OgH9JYJDWYo9WvfvYGimSCSks4Nqbb8FMb5lhbRjidVHqZoSkmIzykXUclFtSE+fTWCTpxygDFSruSFk3V3xM5FsaMReQ6BbaJWfQK8T+vm9n4MsyZTDNLJZktijOOrELF42jANCWWjx3BRDN3KyIJ1phYF0/FhbD08jIJzupXdf/uvNa8nqdRhiM4hlNowAU04RZaEACBBJ7gBV494T17b977rLXkzWcO4Q+8j29uEY4G</latexit><latexit sha1_base64="35AhcGyCls1bwmtZJNqtyAP5y+E=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKWxEUG9BLx4juCaQLGF2MpsdMo9lZlYIS37BiwcVr36RN//G2SSIJhY0FFXddHdFKWfG+v6XV1pZXVvfKG9WtrZ3dveq+wcPRmWa0IAornQnwoZyJmlgmeW0k2qKRcRpOxrdFH77kWrDlLy345SGAg8lixnBtpB6JGH9as2v+1OgH9JYJDWYo9WvfvYGimSCSks4Nqbb8FMb5lhbRjidVHqZoSkmIzykXUclFtSE+fTWCTpxygDFSruSFk3V3xM5FsaMReQ6BbaJWfQK8T+vm9n4MsyZTDNLJZktijOOrELF42jANCWWjx3BRDN3KyIJ1phYF0/FhbD08jIJzupXdf/uvNa8nqdRhiM4hlNowAU04RZaEACBBJ7gBV494T17b977rLXkzWcO4Q+8j29uEY4G</latexit>

�̄
<latexit sha1_base64="0p/xhwtC1DuAKrwsfIpCRdrcOVM=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lFUG9FLx4rGFtoQplsN+3SzSbd3Qgl9E948aDi1d/jzX/j9gPR1gcDj/dmmJkXpoJr47pfTmFldW19o7hZ2tre2d0r7x886CRTlHk0EYlqhaiZ4JJ5hhvBWqliGIeCNcPBzcRvPjKleSLvzShlQYw9ySNO0Vip5YeofNrnnXLFrbpTkB9SWyQVmKPRKX/63YRmMZOGCtS6XXNTE+SoDKeCjUt+plmKdIA91rZUYsx0kE/vHZMTq3RJlChb0pCp+nsix1jrURzazhhNXy96E/E/r52Z6DLIuUwzwySdLYoyQUxCJs+TLleMGjGyBKni9lZC+6iQGhtRyYaw9PIy8c6qV1X37rxSv56nUYQjOIZTqMEF1OEWGuABBQFP8AKvztB5dt6c91lrwZnPHMIfOB/faJ6Pvw==</latexit><latexit sha1_base64="0p/xhwtC1DuAKrwsfIpCRdrcOVM=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lFUG9FLx4rGFtoQplsN+3SzSbd3Qgl9E948aDi1d/jzX/j9gPR1gcDj/dmmJkXpoJr47pfTmFldW19o7hZ2tre2d0r7x886CRTlHk0EYlqhaiZ4JJ5hhvBWqliGIeCNcPBzcRvPjKleSLvzShlQYw9ySNO0Vip5YeofNrnnXLFrbpTkB9SWyQVmKPRKX/63YRmMZOGCtS6XXNTE+SoDKeCjUt+plmKdIA91rZUYsx0kE/vHZMTq3RJlChb0pCp+nsix1jrURzazhhNXy96E/E/r52Z6DLIuUwzwySdLYoyQUxCJs+TLleMGjGyBKni9lZC+6iQGhtRyYaw9PIy8c6qV1X37rxSv56nUYQjOIZTqMEF1OEWGuABBQFP8AKvztB5dt6c91lrwZnPHMIfOB/faJ6Pvw==</latexit><latexit sha1_base64="0p/xhwtC1DuAKrwsfIpCRdrcOVM=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lFUG9FLx4rGFtoQplsN+3SzSbd3Qgl9E948aDi1d/jzX/j9gPR1gcDj/dmmJkXpoJr47pfTmFldW19o7hZ2tre2d0r7x886CRTlHk0EYlqhaiZ4JJ5hhvBWqliGIeCNcPBzcRvPjKleSLvzShlQYw9ySNO0Vip5YeofNrnnXLFrbpTkB9SWyQVmKPRKX/63YRmMZOGCtS6XXNTE+SoDKeCjUt+plmKdIA91rZUYsx0kE/vHZMTq3RJlChb0pCp+nsix1jrURzazhhNXy96E/E/r52Z6DLIuUwzwySdLYoyQUxCJs+TLleMGjGyBKni9lZC+6iQGhtRyYaw9PIy8c6qV1X37rxSv56nUYQjOIZTqMEF1OEWGuABBQFP8AKvztB5dt6c91lrwZnPHMIfOB/faJ6Pvw==</latexit>

⇡0, ⌘, . . .
<latexit sha1_base64="BckLZBXk/rlHpe3CKqfurnO9mJk=">AAAB+nicbVDLSgMxFM34rPU11qWbYBFcSJkRQd0V3bis4NhCO5ZMeqcNzTxI7ohl6K+4caHi1i9x59+YtrPQ1gMJh3PuITcnSKXQ6Djf1tLyyuraemmjvLm1vbNr71XudZIpDh5PZKJaAdMgRQweCpTQShWwKJDQDIbXE7/5CEqLJL7DUQp+xPqxCAVnaKSuXemk4sE5oR1AZu5egrprV52aMwVdJG5BqqRAo2t/mRzPIoiRS6Z123VS9HOmUHAJ43In05AyPmR9aBsaswi0n093H9Mjo/RomChzYqRT9XciZ5HWoygwkxHDgZ73JuJ/XjvD8MLPRZxmCDGfPRRmkmJCJ0XQnlDAUY4MYVwJsyvlA6YYR1NX2ZTgzn95kXintcuac3tWrV8VbZTIATkkx8Ql56RObkiDeISTJ/JMXsmbNbZerHfrYza6ZBWZffIH1ucP2X6TOQ==</latexit><latexit sha1_base64="BckLZBXk/rlHpe3CKqfurnO9mJk=">AAAB+nicbVDLSgMxFM34rPU11qWbYBFcSJkRQd0V3bis4NhCO5ZMeqcNzTxI7ohl6K+4caHi1i9x59+YtrPQ1gMJh3PuITcnSKXQ6Djf1tLyyuraemmjvLm1vbNr71XudZIpDh5PZKJaAdMgRQweCpTQShWwKJDQDIbXE7/5CEqLJL7DUQp+xPqxCAVnaKSuXemk4sE5oR1AZu5egrprV52aMwVdJG5BqqRAo2t/mRzPIoiRS6Z123VS9HOmUHAJ43In05AyPmR9aBsaswi0n093H9Mjo/RomChzYqRT9XciZ5HWoygwkxHDgZ73JuJ/XjvD8MLPRZxmCDGfPRRmkmJCJ0XQnlDAUY4MYVwJsyvlA6YYR1NX2ZTgzn95kXintcuac3tWrV8VbZTIATkkx8Ql56RObkiDeISTJ/JMXsmbNbZerHfrYza6ZBWZffIH1ucP2X6TOQ==</latexit><latexit sha1_base64="BckLZBXk/rlHpe3CKqfurnO9mJk=">AAAB+nicbVDLSgMxFM34rPU11qWbYBFcSJkRQd0V3bis4NhCO5ZMeqcNzTxI7ohl6K+4caHi1i9x59+YtrPQ1gMJh3PuITcnSKXQ6Djf1tLyyuraemmjvLm1vbNr71XudZIpDh5PZKJaAdMgRQweCpTQShWwKJDQDIbXE7/5CEqLJL7DUQp+xPqxCAVnaKSuXemk4sE5oR1AZu5egrprV52aMwVdJG5BqqRAo2t/mRzPIoiRS6Z123VS9HOmUHAJ43In05AyPmR9aBsaswi0n093H9Mjo/RomChzYqRT9XciZ5HWoygwkxHDgZ73JuJ/XjvD8MLPRZxmCDGfPRRmkmJCJ0XQnlDAUY4MYVwJsyvlA6YYR1NX2ZTgzn95kXintcuac3tWrV8VbZTIATkkx8Ql56RObkiDeISTJ/JMXsmbNbZerHfrYza6ZBWZffIH1ucP2X6TOQ==</latexit>

A0⇤
<latexit sha1_base64="PF5u0shNoytuzsGJ2YUtSnjXsqY=">AAAB6nicdVDLSsNAFJ3UV62vqks3g0UUF2FSNW12VTcuKxhbaGOZTCft0MmDmYlQQn/BjQsVt36RO//GSVtBRQ9cOJxzL/fe4yecSYXQh1FYWFxaXimultbWNza3yts7tzJOBaEuiXks2j6WlLOIuoopTtuJoDj0OW35o8vcb91TIVkc3ahxQr0QDyIWMIJVLp0f3h33yhVkWlXbrp5AZNpOre7YmiDbsc/q0DLRFBUwR7NXfu/2Y5KGNFKEYyk7FkqUl2GhGOF0UuqmkiaYjPCAdjSNcEill01vncADrfRhEAtdkYJT9ftEhkMpx6GvO0OshvK3l4t/eZ1UBXUvY1GSKhqR2aIg5VDFMH8c9pmgRPGxJpgIpm+FZIgFJkrHU9IhfH0K/ydu1XRMdH1aaVzM0yiCPbAPjoAFaqABrkATuICAIXgAT+DZCI1H48V4nbUWjPnMLvgB4+0TCEGNyA==</latexit><latexit sha1_base64="PF5u0shNoytuzsGJ2YUtSnjXsqY=">AAAB6nicdVDLSsNAFJ3UV62vqks3g0UUF2FSNW12VTcuKxhbaGOZTCft0MmDmYlQQn/BjQsVt36RO//GSVtBRQ9cOJxzL/fe4yecSYXQh1FYWFxaXimultbWNza3yts7tzJOBaEuiXks2j6WlLOIuoopTtuJoDj0OW35o8vcb91TIVkc3ahxQr0QDyIWMIJVLp0f3h33yhVkWlXbrp5AZNpOre7YmiDbsc/q0DLRFBUwR7NXfu/2Y5KGNFKEYyk7FkqUl2GhGOF0UuqmkiaYjPCAdjSNcEill01vncADrfRhEAtdkYJT9ftEhkMpx6GvO0OshvK3l4t/eZ1UBXUvY1GSKhqR2aIg5VDFMH8c9pmgRPGxJpgIpm+FZIgFJkrHU9IhfH0K/ydu1XRMdH1aaVzM0yiCPbAPjoAFaqABrkATuICAIXgAT+DZCI1H48V4nbUWjPnMLvgB4+0TCEGNyA==</latexit><latexit sha1_base64="PF5u0shNoytuzsGJ2YUtSnjXsqY=">AAAB6nicdVDLSsNAFJ3UV62vqks3g0UUF2FSNW12VTcuKxhbaGOZTCft0MmDmYlQQn/BjQsVt36RO//GSVtBRQ9cOJxzL/fe4yecSYXQh1FYWFxaXimultbWNza3yts7tzJOBaEuiXks2j6WlLOIuoopTtuJoDj0OW35o8vcb91TIVkc3ahxQr0QDyIWMIJVLp0f3h33yhVkWlXbrp5AZNpOre7YmiDbsc/q0DLRFBUwR7NXfu/2Y5KGNFKEYyk7FkqUl2GhGOF0UuqmkiaYjPCAdjSNcEill01vncADrfRhEAtdkYJT9ftEhkMpx6GvO0OshvK3l4t/eZ1UBXUvY1GSKhqR2aIg5VDFMH8c9pmgRPGxJpgIpm+FZIgFJkrHU9IhfH0K/ydu1XRMdH1aaVzM0yiCPbAPjoAFaqABrkATuICAIXgAT+DZCI1H48V4nbUWjPnMLvgB4+0TCEGNyA==</latexit>

�
<latexit sha1_base64="VNOLMmk11Nk4YovNtEk1FRQe8Ac=">AAAB7HicbVDLSgNBEJz1GeMr6tHLYBA8hV0R1FvQi8cIbhJIltA7mU3GzGOZmRXCkn/w4kHFqx/kzb9xkuxBEwsaiqpuurvilDNjff/bW1ldW9/YLG2Vt3d29/YrB4dNozJNaEgUV7odg6GcSRpaZjltp5qCiDltxaPbqd96otowJR/sOKWRgIFkCSNgndTsDkAI6FWqfs2fAS+ToCBVVKDRq3x1+4pkgkpLOBjTCfzURjloywink3I3MzQFMoIB7TgqQVAT5bNrJ/jUKX2cKO1KWjxTf0/kIIwZi9h1CrBDs+hNxf+8TmaTqyhnMs0slWS+KMk4tgpPX8d9pimxfOwIEM3crZgMQQOxLqCyCyFYfHmZhOe165p/f1Gt3xRplNAxOkFnKECXqI7uUAOFiKBH9Ixe0ZunvBfv3fuYt654xcwR+gPv8wfzBI7o</latexit><latexit sha1_base64="VNOLMmk11Nk4YovNtEk1FRQe8Ac=">AAAB7HicbVDLSgNBEJz1GeMr6tHLYBA8hV0R1FvQi8cIbhJIltA7mU3GzGOZmRXCkn/w4kHFqx/kzb9xkuxBEwsaiqpuurvilDNjff/bW1ldW9/YLG2Vt3d29/YrB4dNozJNaEgUV7odg6GcSRpaZjltp5qCiDltxaPbqd96otowJR/sOKWRgIFkCSNgndTsDkAI6FWqfs2fAS+ToCBVVKDRq3x1+4pkgkpLOBjTCfzURjloywink3I3MzQFMoIB7TgqQVAT5bNrJ/jUKX2cKO1KWjxTf0/kIIwZi9h1CrBDs+hNxf+8TmaTqyhnMs0slWS+KMk4tgpPX8d9pimxfOwIEM3crZgMQQOxLqCyCyFYfHmZhOe165p/f1Gt3xRplNAxOkFnKECXqI7uUAOFiKBH9Ixe0ZunvBfv3fuYt654xcwR+gPv8wfzBI7o</latexit><latexit sha1_base64="VNOLMmk11Nk4YovNtEk1FRQe8Ac=">AAAB7HicbVDLSgNBEJz1GeMr6tHLYBA8hV0R1FvQi8cIbhJIltA7mU3GzGOZmRXCkn/w4kHFqx/kzb9xkuxBEwsaiqpuurvilDNjff/bW1ldW9/YLG2Vt3d29/YrB4dNozJNaEgUV7odg6GcSRpaZjltp5qCiDltxaPbqd96otowJR/sOKWRgIFkCSNgndTsDkAI6FWqfs2fAS+ToCBVVKDRq3x1+4pkgkpLOBjTCfzURjloywink3I3MzQFMoIB7TgqQVAT5bNrJ/jUKX2cKO1KWjxTf0/kIIwZi9h1CrBDs+hNxf+8TmaTqyhnMs0slWS+KMk4tgpPX8d9pimxfOwIEM3crZgMQQOxLqCyCyFYfHmZhOe165p/f1Gt3xRplNAxOkFnKECXqI7uUAOFiKBH9Ixe0ZunvBfv3fuYt654xcwR+gPv8wfzBI7o</latexit>

�
<latexit sha1_base64="35AhcGyCls1bwmtZJNqtyAP5y+E=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKWxEUG9BLx4juCaQLGF2MpsdMo9lZlYIS37BiwcVr36RN//G2SSIJhY0FFXddHdFKWfG+v6XV1pZXVvfKG9WtrZ3dveq+wcPRmWa0IAornQnwoZyJmlgmeW0k2qKRcRpOxrdFH77kWrDlLy345SGAg8lixnBtpB6JGH9as2v+1OgH9JYJDWYo9WvfvYGimSCSks4Nqbb8FMb5lhbRjidVHqZoSkmIzykXUclFtSE+fTWCTpxygDFSruSFk3V3xM5FsaMReQ6BbaJWfQK8T+vm9n4MsyZTDNLJZktijOOrELF42jANCWWjx3BRDN3KyIJ1phYF0/FhbD08jIJzupXdf/uvNa8nqdRhiM4hlNowAU04RZaEACBBJ7gBV494T17b977rLXkzWcO4Q+8j29uEY4G</latexit><latexit sha1_base64="35AhcGyCls1bwmtZJNqtyAP5y+E=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKWxEUG9BLx4juCaQLGF2MpsdMo9lZlYIS37BiwcVr36RN//G2SSIJhY0FFXddHdFKWfG+v6XV1pZXVvfKG9WtrZ3dveq+wcPRmWa0IAornQnwoZyJmlgmeW0k2qKRcRpOxrdFH77kWrDlLy345SGAg8lixnBtpB6JGH9as2v+1OgH9JYJDWYo9WvfvYGimSCSks4Nqbb8FMb5lhbRjidVHqZoSkmIzykXUclFtSE+fTWCTpxygDFSruSFk3V3xM5FsaMReQ6BbaJWfQK8T+vm9n4MsyZTDNLJZktijOOrELF42jANCWWjx3BRDN3KyIJ1phYF0/FhbD08jIJzupXdf/uvNa8nqdRhiM4hlNowAU04RZaEACBBJ7gBV494T17b977rLXkzWcO4Q+8j29uEY4G</latexit><latexit sha1_base64="35AhcGyCls1bwmtZJNqtyAP5y+E=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKWxEUG9BLx4juCaQLGF2MpsdMo9lZlYIS37BiwcVr36RN//G2SSIJhY0FFXddHdFKWfG+v6XV1pZXVvfKG9WtrZ3dveq+wcPRmWa0IAornQnwoZyJmlgmeW0k2qKRcRpOxrdFH77kWrDlLy345SGAg8lixnBtpB6JGH9as2v+1OgH9JYJDWYo9WvfvYGimSCSks4Nqbb8FMb5lhbRjidVHqZoSkmIzykXUclFtSE+fTWCTpxygDFSruSFk3V3xM5FsaMReQ6BbaJWfQK8T+vm9n4MsyZTDNLJZktijOOrELF42jANCWWjx3BRDN3KyIJ1phYF0/FhbD08jIJzupXdf/uvNa8nqdRhiM4hlNowAU04RZaEACBBJ7gBV494T17b977rLXkzWcO4Q+8j29uEY4G</latexit>

�̄
<latexit sha1_base64="0p/xhwtC1DuAKrwsfIpCRdrcOVM=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lFUG9FLx4rGFtoQplsN+3SzSbd3Qgl9E948aDi1d/jzX/j9gPR1gcDj/dmmJkXpoJr47pfTmFldW19o7hZ2tre2d0r7x886CRTlHk0EYlqhaiZ4JJ5hhvBWqliGIeCNcPBzcRvPjKleSLvzShlQYw9ySNO0Vip5YeofNrnnXLFrbpTkB9SWyQVmKPRKX/63YRmMZOGCtS6XXNTE+SoDKeCjUt+plmKdIA91rZUYsx0kE/vHZMTq3RJlChb0pCp+nsix1jrURzazhhNXy96E/E/r52Z6DLIuUwzwySdLYoyQUxCJs+TLleMGjGyBKni9lZC+6iQGhtRyYaw9PIy8c6qV1X37rxSv56nUYQjOIZTqMEF1OEWGuABBQFP8AKvztB5dt6c91lrwZnPHMIfOB/faJ6Pvw==</latexit><latexit sha1_base64="0p/xhwtC1DuAKrwsfIpCRdrcOVM=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lFUG9FLx4rGFtoQplsN+3SzSbd3Qgl9E948aDi1d/jzX/j9gPR1gcDj/dmmJkXpoJr47pfTmFldW19o7hZ2tre2d0r7x886CRTlHk0EYlqhaiZ4JJ5hhvBWqliGIeCNcPBzcRvPjKleSLvzShlQYw9ySNO0Vip5YeofNrnnXLFrbpTkB9SWyQVmKPRKX/63YRmMZOGCtS6XXNTE+SoDKeCjUt+plmKdIA91rZUYsx0kE/vHZMTq3RJlChb0pCp+nsix1jrURzazhhNXy96E/E/r52Z6DLIuUwzwySdLYoyQUxCJs+TLleMGjGyBKni9lZC+6iQGhtRyYaw9PIy8c6qV1X37rxSv56nUYQjOIZTqMEF1OEWGuABBQFP8AKvztB5dt6c91lrwZnPHMIfOB/faJ6Pvw==</latexit><latexit sha1_base64="0p/xhwtC1DuAKrwsfIpCRdrcOVM=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lFUG9FLx4rGFtoQplsN+3SzSbd3Qgl9E948aDi1d/jzX/j9gPR1gcDj/dmmJkXpoJr47pfTmFldW19o7hZ2tre2d0r7x886CRTlHk0EYlqhaiZ4JJ5hhvBWqliGIeCNcPBzcRvPjKleSLvzShlQYw9ySNO0Vip5YeofNrnnXLFrbpTkB9SWyQVmKPRKX/63YRmMZOGCtS6XXNTE+SoDKeCjUt+plmKdIA91rZUYsx0kE/vHZMTq3RJlChb0pCp+nsix1jrURzazhhNXy96E/E/r52Z6DLIuUwzwySdLYoyQUxCJs+TLleMGjGyBKni9lZC+6iQGhtRyYaw9PIy8c6qV1X37rxSv56nUYQjOIZTqMEF1OEWGuABBQFP8AKvztB5dt6c91lrwZnPHMIfOB/faJ6Pvw==</latexit>

�
<latexit sha1_base64="35AhcGyCls1bwmtZJNqtyAP5y+E=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKWxEUG9BLx4juCaQLGF2MpsdMo9lZlYIS37BiwcVr36RN//G2SSIJhY0FFXddHdFKWfG+v6XV1pZXVvfKG9WtrZ3dveq+wcPRmWa0IAornQnwoZyJmlgmeW0k2qKRcRpOxrdFH77kWrDlLy345SGAg8lixnBtpB6JGH9as2v+1OgH9JYJDWYo9WvfvYGimSCSks4Nqbb8FMb5lhbRjidVHqZoSkmIzykXUclFtSE+fTWCTpxygDFSruSFk3V3xM5FsaMReQ6BbaJWfQK8T+vm9n4MsyZTDNLJZktijOOrELF42jANCWWjx3BRDN3KyIJ1phYF0/FhbD08jIJzupXdf/uvNa8nqdRhiM4hlNowAU04RZaEACBBJ7gBV494T17b977rLXkzWcO4Q+8j29uEY4G</latexit><latexit sha1_base64="35AhcGyCls1bwmtZJNqtyAP5y+E=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKWxEUG9BLx4juCaQLGF2MpsdMo9lZlYIS37BiwcVr36RN//G2SSIJhY0FFXddHdFKWfG+v6XV1pZXVvfKG9WtrZ3dveq+wcPRmWa0IAornQnwoZyJmlgmeW0k2qKRcRpOxrdFH77kWrDlLy345SGAg8lixnBtpB6JGH9as2v+1OgH9JYJDWYo9WvfvYGimSCSks4Nqbb8FMb5lhbRjidVHqZoSkmIzykXUclFtSE+fTWCTpxygDFSruSFk3V3xM5FsaMReQ6BbaJWfQK8T+vm9n4MsyZTDNLJZktijOOrELF42jANCWWjx3BRDN3KyIJ1phYF0/FhbD08jIJzupXdf/uvNa8nqdRhiM4hlNowAU04RZaEACBBJ7gBV494T17b977rLXkzWcO4Q+8j29uEY4G</latexit><latexit sha1_base64="35AhcGyCls1bwmtZJNqtyAP5y+E=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKWxEUG9BLx4juCaQLGF2MpsdMo9lZlYIS37BiwcVr36RN//G2SSIJhY0FFXddHdFKWfG+v6XV1pZXVvfKG9WtrZ3dveq+wcPRmWa0IAornQnwoZyJmlgmeW0k2qKRcRpOxrdFH77kWrDlLy345SGAg8lixnBtpB6JGH9as2v+1OgH9JYJDWYo9WvfvYGimSCSks4Nqbb8FMb5lhbRjidVHqZoSkmIzykXUclFtSE+fTWCTpxygDFSruSFk3V3xM5FsaMReQ6BbaJWfQK8T+vm9n4MsyZTDNLJZktijOOrELF42jANCWWjx3BRDN3KyIJ1phYF0/FhbD08jIJzupXdf/uvNa8nqdRhiM4hlNowAU04RZaEACBBJ7gBV494T17b977rLXkzWcO4Q+8j29uEY4G</latexit>

�
<latexit sha1_base64="35AhcGyCls1bwmtZJNqtyAP5y+E=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKWxEUG9BLx4juCaQLGF2MpsdMo9lZlYIS37BiwcVr36RN//G2SSIJhY0FFXddHdFKWfG+v6XV1pZXVvfKG9WtrZ3dveq+wcPRmWa0IAornQnwoZyJmlgmeW0k2qKRcRpOxrdFH77kWrDlLy345SGAg8lixnBtpB6JGH9as2v+1OgH9JYJDWYo9WvfvYGimSCSks4Nqbb8FMb5lhbRjidVHqZoSkmIzykXUclFtSE+fTWCTpxygDFSruSFk3V3xM5FsaMReQ6BbaJWfQK8T+vm9n4MsyZTDNLJZktijOOrELF42jANCWWjx3BRDN3KyIJ1phYF0/FhbD08jIJzupXdf/uvNa8nqdRhiM4hlNowAU04RZaEACBBJ7gBV494T17b977rLXkzWcO4Q+8j29uEY4G</latexit><latexit sha1_base64="35AhcGyCls1bwmtZJNqtyAP5y+E=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKWxEUG9BLx4juCaQLGF2MpsdMo9lZlYIS37BiwcVr36RN//G2SSIJhY0FFXddHdFKWfG+v6XV1pZXVvfKG9WtrZ3dveq+wcPRmWa0IAornQnwoZyJmlgmeW0k2qKRcRpOxrdFH77kWrDlLy345SGAg8lixnBtpB6JGH9as2v+1OgH9JYJDWYo9WvfvYGimSCSks4Nqbb8FMb5lhbRjidVHqZoSkmIzykXUclFtSE+fTWCTpxygDFSruSFk3V3xM5FsaMReQ6BbaJWfQK8T+vm9n4MsyZTDNLJZktijOOrELF42jANCWWjx3BRDN3KyIJ1phYF0/FhbD08jIJzupXdf/uvNa8nqdRhiM4hlNowAU04RZaEACBBJ7gBV494T17b977rLXkzWcO4Q+8j29uEY4G</latexit><latexit sha1_base64="35AhcGyCls1bwmtZJNqtyAP5y+E=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKWxEUG9BLx4juCaQLGF2MpsdMo9lZlYIS37BiwcVr36RN//G2SSIJhY0FFXddHdFKWfG+v6XV1pZXVvfKG9WtrZ3dveq+wcPRmWa0IAornQnwoZyJmlgmeW0k2qKRcRpOxrdFH77kWrDlLy345SGAg8lixnBtpB6JGH9as2v+1OgH9JYJDWYo9WvfvYGimSCSks4Nqbb8FMb5lhbRjidVHqZoSkmIzykXUclFtSE+fTWCTpxygDFSruSFk3V3xM5FsaMReQ6BbaJWfQK8T+vm9n4MsyZTDNLJZktijOOrELF42jANCWWjx3BRDN3KyIJ1phYF0/FhbD08jIJzupXdf/uvNa8nqdRhiM4hlNowAU04RZaEACBBJ7gBV494T17b977rLXkzWcO4Q+8j29uEY4G</latexit>

A0⇤
<latexit sha1_base64="PF5u0shNoytuzsGJ2YUtSnjXsqY=">AAAB6nicdVDLSsNAFJ3UV62vqks3g0UUF2FSNW12VTcuKxhbaGOZTCft0MmDmYlQQn/BjQsVt36RO//GSVtBRQ9cOJxzL/fe4yecSYXQh1FYWFxaXimultbWNza3yts7tzJOBaEuiXks2j6WlLOIuoopTtuJoDj0OW35o8vcb91TIVkc3ahxQr0QDyIWMIJVLp0f3h33yhVkWlXbrp5AZNpOre7YmiDbsc/q0DLRFBUwR7NXfu/2Y5KGNFKEYyk7FkqUl2GhGOF0UuqmkiaYjPCAdjSNcEill01vncADrfRhEAtdkYJT9ftEhkMpx6GvO0OshvK3l4t/eZ1UBXUvY1GSKhqR2aIg5VDFMH8c9pmgRPGxJpgIpm+FZIgFJkrHU9IhfH0K/ydu1XRMdH1aaVzM0yiCPbAPjoAFaqABrkATuICAIXgAT+DZCI1H48V4nbUWjPnMLvgB4+0TCEGNyA==</latexit><latexit sha1_base64="PF5u0shNoytuzsGJ2YUtSnjXsqY=">AAAB6nicdVDLSsNAFJ3UV62vqks3g0UUF2FSNW12VTcuKxhbaGOZTCft0MmDmYlQQn/BjQsVt36RO//GSVtBRQ9cOJxzL/fe4yecSYXQh1FYWFxaXimultbWNza3yts7tzJOBaEuiXks2j6WlLOIuoopTtuJoDj0OW35o8vcb91TIVkc3ahxQr0QDyIWMIJVLp0f3h33yhVkWlXbrp5AZNpOre7YmiDbsc/q0DLRFBUwR7NXfu/2Y5KGNFKEYyk7FkqUl2GhGOF0UuqmkiaYjPCAdjSNcEill01vncADrfRhEAtdkYJT9ftEhkMpx6GvO0OshvK3l4t/eZ1UBXUvY1GSKhqR2aIg5VDFMH8c9pmgRPGxJpgIpm+FZIgFJkrHU9IhfH0K/ydu1XRMdH1aaVzM0yiCPbAPjoAFaqABrkATuICAIXgAT+DZCI1H48V4nbUWjPnMLvgB4+0TCEGNyA==</latexit><latexit sha1_base64="PF5u0shNoytuzsGJ2YUtSnjXsqY=">AAAB6nicdVDLSsNAFJ3UV62vqks3g0UUF2FSNW12VTcuKxhbaGOZTCft0MmDmYlQQn/BjQsVt36RO//GSVtBRQ9cOJxzL/fe4yecSYXQh1FYWFxaXimultbWNza3yts7tzJOBaEuiXks2j6WlLOIuoopTtuJoDj0OW35o8vcb91TIVkc3ahxQr0QDyIWMIJVLp0f3h33yhVkWlXbrp5AZNpOre7YmiDbsc/q0DLRFBUwR7NXfu/2Y5KGNFKEYyk7FkqUl2GhGOF0UuqmkiaYjPCAdjSNcEill01vncADrfRhEAtdkYJT9ftEhkMpx6GvO0OshvK3l4t/eZ1UBXUvY1GSKhqR2aIg5VDFMH8c9pmgRPGxJpgIpm+FZIgFJkrHU9IhfH0K/ydu1XRMdH1aaVzM0yiCPbAPjoAFaqABrkATuICAIXgAT+DZCI1H48V4nbUWjPnMLvgB4+0TCEGNyA==</latexit>

A0
<latexit sha1_base64="Ykxb1xAbd1eqMVvQXRbw2GoOIj0=">AAAB6HicdVDLSsNAFJ34rPVVdelmsIiuwqRq2uyqblxWMbbQhjKZTtqhk0mYmQgl9A/cuFBx6ye582+cPgQVPXDhcM693HtPmHKmNEIf1sLi0vLKamGtuL6xubVd2tm9U0kmCfVJwhPZCrGinAnqa6Y5baWS4jjktBkOLyd+855KxRJxq0cpDWLcFyxiBGsj3ZwfdUtlZDsV162cQGS7XrXmuYYg13PPatCx0RRlMEejW3rv9BKSxVRowrFSbQelOsix1IxwOi52MkVTTIa4T9uGChxTFeTTS8fw0Cg9GCXSlNBwqn6fyHGs1CgOTWeM9UD99ibiX14701EtyJlIM00FmS2KMg51Aidvwx6TlGg+MgQTycytkAywxESbcIomhK9P4f/Er9ieja5Py/WLeRoFsA8OwDFwQBXUwRVoAB8QEIEH8ASeraH1aL1Yr7PWBWs+swd+wHr7BO+RjSw=</latexit><latexit sha1_base64="Ykxb1xAbd1eqMVvQXRbw2GoOIj0=">AAAB6HicdVDLSsNAFJ34rPVVdelmsIiuwqRq2uyqblxWMbbQhjKZTtqhk0mYmQgl9A/cuFBx6ye582+cPgQVPXDhcM693HtPmHKmNEIf1sLi0vLKamGtuL6xubVd2tm9U0kmCfVJwhPZCrGinAnqa6Y5baWS4jjktBkOLyd+855KxRJxq0cpDWLcFyxiBGsj3ZwfdUtlZDsV162cQGS7XrXmuYYg13PPatCx0RRlMEejW3rv9BKSxVRowrFSbQelOsix1IxwOi52MkVTTIa4T9uGChxTFeTTS8fw0Cg9GCXSlNBwqn6fyHGs1CgOTWeM9UD99ibiX14701EtyJlIM00FmS2KMg51Aidvwx6TlGg+MgQTycytkAywxESbcIomhK9P4f/Er9ieja5Py/WLeRoFsA8OwDFwQBXUwRVoAB8QEIEH8ASeraH1aL1Yr7PWBWs+swd+wHr7BO+RjSw=</latexit><latexit sha1_base64="Ykxb1xAbd1eqMVvQXRbw2GoOIj0=">AAAB6HicdVDLSsNAFJ34rPVVdelmsIiuwqRq2uyqblxWMbbQhjKZTtqhk0mYmQgl9A/cuFBx6ye582+cPgQVPXDhcM693HtPmHKmNEIf1sLi0vLKamGtuL6xubVd2tm9U0kmCfVJwhPZCrGinAnqa6Y5baWS4jjktBkOLyd+855KxRJxq0cpDWLcFyxiBGsj3ZwfdUtlZDsV162cQGS7XrXmuYYg13PPatCx0RRlMEejW3rv9BKSxVRowrFSbQelOsix1IxwOi52MkVTTIa4T9uGChxTFeTTS8fw0Cg9GCXSlNBwqn6fyHGs1CgOTWeM9UD99ibiX14701EtyJlIM00FmS2KMg51Aidvwx6TlGg+MgQTycytkAywxESbcIomhK9P4f/Er9ieja5Py/WLeRoFsA8OwDFwQBXUwRVoAB8QEIEH8ASeraH1aL1Yr7PWBWs+swd+wHr7BO+RjSw=</latexit>

e�
<latexit sha1_base64="eS2LtIJXQn7LP4Kg2TcklegVLIo=">AAAB6XicdVDLSgNBEOyNrxhfUY9eBoPgxbCRgHoLevEY0TWBZA2zk95kyOzsMjMrhCWf4MWDilf/yJt/4+QhxFdBQ1HVTXdXkAiujet+OLmFxaXllfxqYW19Y3OruL1zq+NUMfRYLGLVDKhGwSV6hhuBzUQhjQKBjWBwMfYb96g0j+WNGSboR7QnecgZNVa6xrujTrFUKbsTEPcX+bJKMEO9U3xvd2OWRigNE1TrVsVNjJ9RZTgTOCq0U40JZQPaw5alkkao/Wxy6ogcWKVLwljZkoZM1PmJjEZaD6PAdkbU9PVPbyz+5bVSE576GZdJalCy6aIwFcTEZPw36XKFzIihJZQpbm8lrE8VZcamU5gP4X/iHZfPyu5VtVQ7n6WRhz3Yh0OowAnU4BLq4AGDHjzAEzw7wnl0XpzXaWvOmc3swjc4b59WM41c</latexit><latexit sha1_base64="eS2LtIJXQn7LP4Kg2TcklegVLIo=">AAAB6XicdVDLSgNBEOyNrxhfUY9eBoPgxbCRgHoLevEY0TWBZA2zk95kyOzsMjMrhCWf4MWDilf/yJt/4+QhxFdBQ1HVTXdXkAiujet+OLmFxaXllfxqYW19Y3OruL1zq+NUMfRYLGLVDKhGwSV6hhuBzUQhjQKBjWBwMfYb96g0j+WNGSboR7QnecgZNVa6xrujTrFUKbsTEPcX+bJKMEO9U3xvd2OWRigNE1TrVsVNjJ9RZTgTOCq0U40JZQPaw5alkkao/Wxy6ogcWKVLwljZkoZM1PmJjEZaD6PAdkbU9PVPbyz+5bVSE576GZdJalCy6aIwFcTEZPw36XKFzIihJZQpbm8lrE8VZcamU5gP4X/iHZfPyu5VtVQ7n6WRhz3Yh0OowAnU4BLq4AGDHjzAEzw7wnl0XpzXaWvOmc3swjc4b59WM41c</latexit><latexit sha1_base64="eS2LtIJXQn7LP4Kg2TcklegVLIo=">AAAB6XicdVDLSgNBEOyNrxhfUY9eBoPgxbCRgHoLevEY0TWBZA2zk95kyOzsMjMrhCWf4MWDilf/yJt/4+QhxFdBQ1HVTXdXkAiujet+OLmFxaXllfxqYW19Y3OruL1zq+NUMfRYLGLVDKhGwSV6hhuBzUQhjQKBjWBwMfYb96g0j+WNGSboR7QnecgZNVa6xrujTrFUKbsTEPcX+bJKMEO9U3xvd2OWRigNE1TrVsVNjJ9RZTgTOCq0U40JZQPaw5alkkao/Wxy6ogcWKVLwljZkoZM1PmJjEZaD6PAdkbU9PVPbyz+5bVSE576GZdJalCy6aIwFcTEZPw36XKFzIihJZQpbm8lrE8VZcamU5gP4X/iHZfPyu5VtVQ7n6WRhz3Yh0OowAnU4BLq4AGDHjzAEzw7wnl0XpzXaWvOmc3swjc4b59WM41c</latexit>

e+
<latexit sha1_base64="x8GRq/un8r5F95Dm3AzCp310aMU=">AAAB6XicdVDLSgNBEOyNrxhfUY9eBoMgCGEjAfUW9OIxomsCyRpmJ73JkNnZZWZWCEs+wYsHFa/+kTf/xslDiK+ChqKqm+6uIBFcG9f9cHILi0vLK/nVwtr6xuZWcXvnVsepYuixWMSqGVCNgkv0DDcCm4lCGgUCG8HgYuw37lFpHssbM0zQj2hP8pAzaqx0jXdHnWKpUnYnIO4v8mWVYIZ6p/je7sYsjVAaJqjWrYqbGD+jynAmcFRopxoTyga0hy1LJY1Q+9nk1BE5sEqXhLGyJQ2ZqPMTGY20HkaB7Yyo6euf3lj8y2ulJjz1My6T1KBk00VhKoiJyfhv0uUKmRFDSyhT3N5KWJ8qyoxNpzAfwv/EOy6fld2raql2PksjD3uwD4dQgROowSXUwQMGPXiAJ3h2hPPovDiv09acM5vZhW9w3j4BUy2NWg==</latexit><latexit sha1_base64="x8GRq/un8r5F95Dm3AzCp310aMU=">AAAB6XicdVDLSgNBEOyNrxhfUY9eBoMgCGEjAfUW9OIxomsCyRpmJ73JkNnZZWZWCEs+wYsHFa/+kTf/xslDiK+ChqKqm+6uIBFcG9f9cHILi0vLK/nVwtr6xuZWcXvnVsepYuixWMSqGVCNgkv0DDcCm4lCGgUCG8HgYuw37lFpHssbM0zQj2hP8pAzaqx0jXdHnWKpUnYnIO4v8mWVYIZ6p/je7sYsjVAaJqjWrYqbGD+jynAmcFRopxoTyga0hy1LJY1Q+9nk1BE5sEqXhLGyJQ2ZqPMTGY20HkaB7Yyo6euf3lj8y2ulJjz1My6T1KBk00VhKoiJyfhv0uUKmRFDSyhT3N5KWJ8qyoxNpzAfwv/EOy6fld2raql2PksjD3uwD4dQgROowSXUwQMGPXiAJ3h2hPPovDiv09acM5vZhW9w3j4BUy2NWg==</latexit><latexit sha1_base64="x8GRq/un8r5F95Dm3AzCp310aMU=">AAAB6XicdVDLSgNBEOyNrxhfUY9eBoMgCGEjAfUW9OIxomsCyRpmJ73JkNnZZWZWCEs+wYsHFa/+kTf/xslDiK+ChqKqm+6uIBFcG9f9cHILi0vLK/nVwtr6xuZWcXvnVsepYuixWMSqGVCNgkv0DDcCm4lCGgUCG8HgYuw37lFpHssbM0zQj2hP8pAzaqx0jXdHnWKpUnYnIO4v8mWVYIZ6p/je7sYsjVAaJqjWrYqbGD+jynAmcFRopxoTyga0hy1LJY1Q+9nk1BE5sEqXhLGyJQ2ZqPMTGY20HkaB7Yyo6euf3lj8y2ulJjz1My6T1KBk00VhKoiJyfhv0uUKmRFDSyhT3N5KWJ8qyoxNpzAfwv/EOy6fld2raql2PksjD3uwD4dQgROowSXUwQMGPXiAJ3h2hPPovDiv09acM5vZhW9w3j4BUy2NWg==</latexit>

Ar
<latexit sha1_base64="Lppey50Sn1vG/Fwqi6nS/nH9b3g=">AAAB7HicbVDLSgNBEOyNrxhfUY9eBoPgKWxEUG9RLx4juEkgWcLsZDYZM49lZlYIS/7BiwcVr36QN//GSbIHTSxoKKq66e6KEs6M9f1vr7Cyura+UdwsbW3v7O6V9w+aRqWa0IAornQ7woZyJmlgmeW0nWiKRcRpKxrdTv3WE9WGKflgxwkNBR5IFjOCrZOaXS3Qte6VK37VnwEtk1pOKpCj0St/dfuKpIJKSzg2plPzExtmWFtGOJ2UuqmhCSYjPKAdRyUW1ITZ7NoJOnFKH8VKu5IWzdTfExkWxoxF5DoFtkOz6E3F/7xOauPLMGMySS2VZL4oTjmyCk1fR32mKbF87AgmmrlbERlijYl1AZVcCLXFl5dJcFa9qvr355X6TZ5GEY7gGE6hBhdQhztoQAAEHuEZXuHNU96L9+59zFsLXj5zCH/gff4AeBuOlw==</latexit><latexit sha1_base64="Lppey50Sn1vG/Fwqi6nS/nH9b3g=">AAAB7HicbVDLSgNBEOyNrxhfUY9eBoPgKWxEUG9RLx4juEkgWcLsZDYZM49lZlYIS/7BiwcVr36QN//GSbIHTSxoKKq66e6KEs6M9f1vr7Cyura+UdwsbW3v7O6V9w+aRqWa0IAornQ7woZyJmlgmeW0nWiKRcRpKxrdTv3WE9WGKflgxwkNBR5IFjOCrZOaXS3Qte6VK37VnwEtk1pOKpCj0St/dfuKpIJKSzg2plPzExtmWFtGOJ2UuqmhCSYjPKAdRyUW1ITZ7NoJOnFKH8VKu5IWzdTfExkWxoxF5DoFtkOz6E3F/7xOauPLMGMySS2VZL4oTjmyCk1fR32mKbF87AgmmrlbERlijYl1AZVcCLXFl5dJcFa9qvr355X6TZ5GEY7gGE6hBhdQhztoQAAEHuEZXuHNU96L9+59zFsLXj5zCH/gff4AeBuOlw==</latexit><latexit sha1_base64="Lppey50Sn1vG/Fwqi6nS/nH9b3g=">AAAB7HicbVDLSgNBEOyNrxhfUY9eBoPgKWxEUG9RLx4juEkgWcLsZDYZM49lZlYIS/7BiwcVr36QN//GSbIHTSxoKKq66e6KEs6M9f1vr7Cyura+UdwsbW3v7O6V9w+aRqWa0IAornQ7woZyJmlgmeW0nWiKRcRpKxrdTv3WE9WGKflgxwkNBR5IFjOCrZOaXS3Qte6VK37VnwEtk1pOKpCj0St/dfuKpIJKSzg2plPzExtmWFtGOJ2UuqmhCSYjPKAdRyUW1ITZ7NoJOnFKH8VKu5IWzdTfExkWxoxF5DoFtkOz6E3F/7xOauPLMGMySS2VZL4oTjmyCk1fR32mKbF87AgmmrlbERlijYl1AZVcCLXFl5dJcFa9qvr355X6TZ5GEY7gGE6hBhdQhztoQAAEHuEZXuHNU96L9+59zFsLXj5zCH/gff4AeBuOlw==</latexit>

Ar
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FIG. 1. Dark trident production in the benchmark dark sector model, described in the text. Protons on target produce mesons
whose decays produce pairs of dark matter particles, � and �̄. Some of the dark matter particles will reach the detector (not
to scale) and will scatter with the argon nuclei that fill the detector. The scattering event can lead to the emission of one (or
several) dark photon(s) A0, which decays to a pair of charged leptons (electrons in the case of the figure).

associated to equally light mediators (see e.g. [16, 17]).⇤ We consider the simplest such model, described in detail
in Section II. The dark matter particle is a standard model singlet charged under a new U(1)D gauge interaction.
None of the standard model particles are charged under U(1)D but, assuming the U(1)D symmetry is broken, kinetic
mixing allows the new gauge boson – the dark photon – to interact with charged standard model particles.

In this scenario,† it is possible to produce dark photons in the near detectors of neutrino beam experiments and
have the dark photon decay predominantly and promptly into a lepton–antilepton pair, as depicted in Figure 1. First,
a dark matter particle � is produced at the target. It is very long-lived and weakly interacting so it easily finds its
way to the detector unperturbed, regardless of how far away it is. Second, the dark photon A0 is produced on-shell
by in the collision of a dark matter particle with a nucleus. The dark photon decays promptly in the detector. The
relevance of the dark trident channel depends dramatically on the parameters of the model. First, the branching ratio
of the dark photon into leptons must be large. This can only be achieved if the decay of the dark photon into dark
sector particles, including the dark matter particle, is forbidden, i.e., mA0 < 2m�. Second, the probability of emitting
a dark photon during � scattering must be large. This requires the dark coupling constant to be large or the dark
photon mass to be very small. Third, the dark matter production rate should not be too small. Here, the condition
mA0 < 2m� is a hindrance as it implies that dark matter production involves o↵-shell dark photon intermediate states.
The literature reveals [23, 24] that it is possible to produce enough dark matter particles when the dark photons are
o↵-shell, an issue we discuss in detail in Sec. III. Previous studies considered only leading-order dark-matter–nucleus
scattering as the detection signal. One narrow interpretation of our contribution is that we are exploring the benefits
of the rarer, but much more distinct, detection signal in the region of parameter space where dark matter production
is suppressed.

The dark trident signal provides ample experimental handles. In the remainder of this manuscript, we study the
phenomenology of the signal and show that, for our benchmark dark matter model, o↵-axis liquid argon detectors,
including the ones currently running or under construction at Fermilab, have improved sensitivity because neutrino
backgrounds can be suppressed [5]. The kinematics of dark trident events, including angular distributions, invariant
mass, as well as particle identification will be useful in further suppressing backgrounds.

II. A BENCHMARK MODEL

We consider the model where a fermionic dark matter particle � with mass M� interacts with those in the standard
model through a massive dark photon A0 with mass MA0 and its kinetic mixing with the photon. The Lagrangian

⇤ Dark matter models with light mediators have also been proposed in other contexts [18–20].
† This type of signal is not endemic to dark matter models. Frameworks in which a heavy sterile neutrino is produced in neutrino beams
and then proceeds to decay to a dark photon have been recently proposed to explain the MiniBooNE low energy excess [21, 22]. These
also lead to similar phenomenology.
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�̄
<latexit sha1_base64="0p/xhwtC1DuAKrwsfIpCRdrcOVM=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lFUG9FLx4rGFtoQplsN+3SzSbd3Qgl9E948aDi1d/jzX/j9gPR1gcDj/dmmJkXpoJr47pfTmFldW19o7hZ2tre2d0r7x886CRTlHk0EYlqhaiZ4JJ5hhvBWqliGIeCNcPBzcRvPjKleSLvzShlQYw9ySNO0Vip5YeofNrnnXLFrbpTkB9SWyQVmKPRKX/63YRmMZOGCtS6XXNTE+SoDKeCjUt+plmKdIA91rZUYsx0kE/vHZMTq3RJlChb0pCp+nsix1jrURzazhhNXy96E/E/r52Z6DLIuUwzwySdLYoyQUxCJs+TLleMGjGyBKni9lZC+6iQGhtRyYaw9PIy8c6qV1X37rxSv56nUYQjOIZTqMEF1OEWGuABBQFP8AKvztB5dt6c91lrwZnPHMIfOB/faJ6Pvw==</latexit><latexit sha1_base64="0p/xhwtC1DuAKrwsfIpCRdrcOVM=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lFUG9FLx4rGFtoQplsN+3SzSbd3Qgl9E948aDi1d/jzX/j9gPR1gcDj/dmmJkXpoJr47pfTmFldW19o7hZ2tre2d0r7x886CRTlHk0EYlqhaiZ4JJ5hhvBWqliGIeCNcPBzcRvPjKleSLvzShlQYw9ySNO0Vip5YeofNrnnXLFrbpTkB9SWyQVmKPRKX/63YRmMZOGCtS6XXNTE+SoDKeCjUt+plmKdIA91rZUYsx0kE/vHZMTq3RJlChb0pCp+nsix1jrURzazhhNXy96E/E/r52Z6DLIuUwzwySdLYoyQUxCJs+TLleMGjGyBKni9lZC+6iQGhtRyYaw9PIy8c6qV1X37rxSv56nUYQjOIZTqMEF1OEWGuABBQFP8AKvztB5dt6c91lrwZnPHMIfOB/faJ6Pvw==</latexit><latexit sha1_base64="0p/xhwtC1DuAKrwsfIpCRdrcOVM=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lFUG9FLx4rGFtoQplsN+3SzSbd3Qgl9E948aDi1d/jzX/j9gPR1gcDj/dmmJkXpoJr47pfTmFldW19o7hZ2tre2d0r7x886CRTlHk0EYlqhaiZ4JJ5hhvBWqliGIeCNcPBzcRvPjKleSLvzShlQYw9ySNO0Vip5YeofNrnnXLFrbpTkB9SWyQVmKPRKX/63YRmMZOGCtS6XXNTE+SoDKeCjUt+plmKdIA91rZUYsx0kE/vHZMTq3RJlChb0pCp+nsix1jrURzazhhNXy96E/E/r52Z6DLIuUwzwySdLYoyQUxCJs+TLleMGjGyBKni9lZC+6iQGhtRyYaw9PIy8c6qV1X37rxSv56nUYQjOIZTqMEF1OEWGuABBQFP8AKvztB5dt6c91lrwZnPHMIfOB/faJ6Pvw==</latexit>

⇡0, ⌘, . . .
<latexit sha1_base64="BckLZBXk/rlHpe3CKqfurnO9mJk=">AAAB+nicbVDLSgMxFM34rPU11qWbYBFcSJkRQd0V3bis4NhCO5ZMeqcNzTxI7ohl6K+4caHi1i9x59+YtrPQ1gMJh3PuITcnSKXQ6Djf1tLyyuraemmjvLm1vbNr71XudZIpDh5PZKJaAdMgRQweCpTQShWwKJDQDIbXE7/5CEqLJL7DUQp+xPqxCAVnaKSuXemk4sE5oR1AZu5egrprV52aMwVdJG5BqqRAo2t/mRzPIoiRS6Z123VS9HOmUHAJ43In05AyPmR9aBsaswi0n093H9Mjo/RomChzYqRT9XciZ5HWoygwkxHDgZ73JuJ/XjvD8MLPRZxmCDGfPRRmkmJCJ0XQnlDAUY4MYVwJsyvlA6YYR1NX2ZTgzn95kXintcuac3tWrV8VbZTIATkkx8Ql56RObkiDeISTJ/JMXsmbNbZerHfrYza6ZBWZffIH1ucP2X6TOQ==</latexit><latexit sha1_base64="BckLZBXk/rlHpe3CKqfurnO9mJk=">AAAB+nicbVDLSgMxFM34rPU11qWbYBFcSJkRQd0V3bis4NhCO5ZMeqcNzTxI7ohl6K+4caHi1i9x59+YtrPQ1gMJh3PuITcnSKXQ6Djf1tLyyuraemmjvLm1vbNr71XudZIpDh5PZKJaAdMgRQweCpTQShWwKJDQDIbXE7/5CEqLJL7DUQp+xPqxCAVnaKSuXemk4sE5oR1AZu5egrprV52aMwVdJG5BqqRAo2t/mRzPIoiRS6Z123VS9HOmUHAJ43In05AyPmR9aBsaswi0n093H9Mjo/RomChzYqRT9XciZ5HWoygwkxHDgZ73JuJ/XjvD8MLPRZxmCDGfPRRmkmJCJ0XQnlDAUY4MYVwJsyvlA6YYR1NX2ZTgzn95kXintcuac3tWrV8VbZTIATkkx8Ql56RObkiDeISTJ/JMXsmbNbZerHfrYza6ZBWZffIH1ucP2X6TOQ==</latexit><latexit sha1_base64="BckLZBXk/rlHpe3CKqfurnO9mJk=">AAAB+nicbVDLSgMxFM34rPU11qWbYBFcSJkRQd0V3bis4NhCO5ZMeqcNzTxI7ohl6K+4caHi1i9x59+YtrPQ1gMJh3PuITcnSKXQ6Djf1tLyyuraemmjvLm1vbNr71XudZIpDh5PZKJaAdMgRQweCpTQShWwKJDQDIbXE7/5CEqLJL7DUQp+xPqxCAVnaKSuXemk4sE5oR1AZu5egrprV52aMwVdJG5BqqRAo2t/mRzPIoiRS6Z123VS9HOmUHAJ43In05AyPmR9aBsaswi0n093H9Mjo/RomChzYqRT9XciZ5HWoygwkxHDgZ73JuJ/XjvD8MLPRZxmCDGfPRRmkmJCJ0XQnlDAUY4MYVwJsyvlA6YYR1NX2ZTgzn95kXintcuac3tWrV8VbZTIATkkx8Ql56RObkiDeISTJ/JMXsmbNbZerHfrYza6ZBWZffIH1ucP2X6TOQ==</latexit>

A0⇤
<latexit sha1_base64="PF5u0shNoytuzsGJ2YUtSnjXsqY=">AAAB6nicdVDLSsNAFJ3UV62vqks3g0UUF2FSNW12VTcuKxhbaGOZTCft0MmDmYlQQn/BjQsVt36RO//GSVtBRQ9cOJxzL/fe4yecSYXQh1FYWFxaXimultbWNza3yts7tzJOBaEuiXks2j6WlLOIuoopTtuJoDj0OW35o8vcb91TIVkc3ahxQr0QDyIWMIJVLp0f3h33yhVkWlXbrp5AZNpOre7YmiDbsc/q0DLRFBUwR7NXfu/2Y5KGNFKEYyk7FkqUl2GhGOF0UuqmkiaYjPCAdjSNcEill01vncADrfRhEAtdkYJT9ftEhkMpx6GvO0OshvK3l4t/eZ1UBXUvY1GSKhqR2aIg5VDFMH8c9pmgRPGxJpgIpm+FZIgFJkrHU9IhfH0K/ydu1XRMdH1aaVzM0yiCPbAPjoAFaqABrkATuICAIXgAT+DZCI1H48V4nbUWjPnMLvgB4+0TCEGNyA==</latexit><latexit sha1_base64="PF5u0shNoytuzsGJ2YUtSnjXsqY=">AAAB6nicdVDLSsNAFJ3UV62vqks3g0UUF2FSNW12VTcuKxhbaGOZTCft0MmDmYlQQn/BjQsVt36RO//GSVtBRQ9cOJxzL/fe4yecSYXQh1FYWFxaXimultbWNza3yts7tzJOBaEuiXks2j6WlLOIuoopTtuJoDj0OW35o8vcb91TIVkc3ahxQr0QDyIWMIJVLp0f3h33yhVkWlXbrp5AZNpOre7YmiDbsc/q0DLRFBUwR7NXfu/2Y5KGNFKEYyk7FkqUl2GhGOF0UuqmkiaYjPCAdjSNcEill01vncADrfRhEAtdkYJT9ftEhkMpx6GvO0OshvK3l4t/eZ1UBXUvY1GSKhqR2aIg5VDFMH8c9pmgRPGxJpgIpm+FZIgFJkrHU9IhfH0K/ydu1XRMdH1aaVzM0yiCPbAPjoAFaqABrkATuICAIXgAT+DZCI1H48V4nbUWjPnMLvgB4+0TCEGNyA==</latexit><latexit sha1_base64="PF5u0shNoytuzsGJ2YUtSnjXsqY=">AAAB6nicdVDLSsNAFJ3UV62vqks3g0UUF2FSNW12VTcuKxhbaGOZTCft0MmDmYlQQn/BjQsVt36RO//GSVtBRQ9cOJxzL/fe4yecSYXQh1FYWFxaXimultbWNza3yts7tzJOBaEuiXks2j6WlLOIuoopTtuJoDj0OW35o8vcb91TIVkc3ahxQr0QDyIWMIJVLp0f3h33yhVkWlXbrp5AZNpOre7YmiDbsc/q0DLRFBUwR7NXfu/2Y5KGNFKEYyk7FkqUl2GhGOF0UuqmkiaYjPCAdjSNcEill01vncADrfRhEAtdkYJT9ftEhkMpx6GvO0OshvK3l4t/eZ1UBXUvY1GSKhqR2aIg5VDFMH8c9pmgRPGxJpgIpm+FZIgFJkrHU9IhfH0K/ydu1XRMdH1aaVzM0yiCPbAPjoAFaqABrkATuICAIXgAT+DZCI1H48V4nbUWjPnMLvgB4+0TCEGNyA==</latexit>

�
<latexit sha1_base64="VNOLMmk11Nk4YovNtEk1FRQe8Ac=">AAAB7HicbVDLSgNBEJz1GeMr6tHLYBA8hV0R1FvQi8cIbhJIltA7mU3GzGOZmRXCkn/w4kHFqx/kzb9xkuxBEwsaiqpuurvilDNjff/bW1ldW9/YLG2Vt3d29/YrB4dNozJNaEgUV7odg6GcSRpaZjltp5qCiDltxaPbqd96otowJR/sOKWRgIFkCSNgndTsDkAI6FWqfs2fAS+ToCBVVKDRq3x1+4pkgkpLOBjTCfzURjloywink3I3MzQFMoIB7TgqQVAT5bNrJ/jUKX2cKO1KWjxTf0/kIIwZi9h1CrBDs+hNxf+8TmaTqyhnMs0slWS+KMk4tgpPX8d9pimxfOwIEM3crZgMQQOxLqCyCyFYfHmZhOe165p/f1Gt3xRplNAxOkFnKECXqI7uUAOFiKBH9Ixe0ZunvBfv3fuYt654xcwR+gPv8wfzBI7o</latexit><latexit sha1_base64="VNOLMmk11Nk4YovNtEk1FRQe8Ac=">AAAB7HicbVDLSgNBEJz1GeMr6tHLYBA8hV0R1FvQi8cIbhJIltA7mU3GzGOZmRXCkn/w4kHFqx/kzb9xkuxBEwsaiqpuurvilDNjff/bW1ldW9/YLG2Vt3d29/YrB4dNozJNaEgUV7odg6GcSRpaZjltp5qCiDltxaPbqd96otowJR/sOKWRgIFkCSNgndTsDkAI6FWqfs2fAS+ToCBVVKDRq3x1+4pkgkpLOBjTCfzURjloywink3I3MzQFMoIB7TgqQVAT5bNrJ/jUKX2cKO1KWjxTf0/kIIwZi9h1CrBDs+hNxf+8TmaTqyhnMs0slWS+KMk4tgpPX8d9pimxfOwIEM3crZgMQQOxLqCyCyFYfHmZhOe165p/f1Gt3xRplNAxOkFnKECXqI7uUAOFiKBH9Ixe0ZunvBfv3fuYt654xcwR+gPv8wfzBI7o</latexit><latexit sha1_base64="VNOLMmk11Nk4YovNtEk1FRQe8Ac=">AAAB7HicbVDLSgNBEJz1GeMr6tHLYBA8hV0R1FvQi8cIbhJIltA7mU3GzGOZmRXCkn/w4kHFqx/kzb9xkuxBEwsaiqpuurvilDNjff/bW1ldW9/YLG2Vt3d29/YrB4dNozJNaEgUV7odg6GcSRpaZjltp5qCiDltxaPbqd96otowJR/sOKWRgIFkCSNgndTsDkAI6FWqfs2fAS+ToCBVVKDRq3x1+4pkgkpLOBjTCfzURjloywink3I3MzQFMoIB7TgqQVAT5bNrJ/jUKX2cKO1KWjxTf0/kIIwZi9h1CrBDs+hNxf+8TmaTqyhnMs0slWS+KMk4tgpPX8d9pimxfOwIEM3crZgMQQOxLqCyCyFYfHmZhOe165p/f1Gt3xRplNAxOkFnKECXqI7uUAOFiKBH9Ixe0ZunvBfv3fuYt654xcwR+gPv8wfzBI7o</latexit>

�
<latexit sha1_base64="35AhcGyCls1bwmtZJNqtyAP5y+E=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKWxEUG9BLx4juCaQLGF2MpsdMo9lZlYIS37BiwcVr36RN//G2SSIJhY0FFXddHdFKWfG+v6XV1pZXVvfKG9WtrZ3dveq+wcPRmWa0IAornQnwoZyJmlgmeW0k2qKRcRpOxrdFH77kWrDlLy345SGAg8lixnBtpB6JGH9as2v+1OgH9JYJDWYo9WvfvYGimSCSks4Nqbb8FMb5lhbRjidVHqZoSkmIzykXUclFtSE+fTWCTpxygDFSruSFk3V3xM5FsaMReQ6BbaJWfQK8T+vm9n4MsyZTDNLJZktijOOrELF42jANCWWjx3BRDN3KyIJ1phYF0/FhbD08jIJzupXdf/uvNa8nqdRhiM4hlNowAU04RZaEACBBJ7gBV494T17b977rLXkzWcO4Q+8j29uEY4G</latexit><latexit sha1_base64="35AhcGyCls1bwmtZJNqtyAP5y+E=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKWxEUG9BLx4juCaQLGF2MpsdMo9lZlYIS37BiwcVr36RN//G2SSIJhY0FFXddHdFKWfG+v6XV1pZXVvfKG9WtrZ3dveq+wcPRmWa0IAornQnwoZyJmlgmeW0k2qKRcRpOxrdFH77kWrDlLy345SGAg8lixnBtpB6JGH9as2v+1OgH9JYJDWYo9WvfvYGimSCSks4Nqbb8FMb5lhbRjidVHqZoSkmIzykXUclFtSE+fTWCTpxygDFSruSFk3V3xM5FsaMReQ6BbaJWfQK8T+vm9n4MsyZTDNLJZktijOOrELF42jANCWWjx3BRDN3KyIJ1phYF0/FhbD08jIJzupXdf/uvNa8nqdRhiM4hlNowAU04RZaEACBBJ7gBV494T17b977rLXkzWcO4Q+8j29uEY4G</latexit><latexit sha1_base64="35AhcGyCls1bwmtZJNqtyAP5y+E=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKWxEUG9BLx4juCaQLGF2MpsdMo9lZlYIS37BiwcVr36RN//G2SSIJhY0FFXddHdFKWfG+v6XV1pZXVvfKG9WtrZ3dveq+wcPRmWa0IAornQnwoZyJmlgmeW0k2qKRcRpOxrdFH77kWrDlLy345SGAg8lixnBtpB6JGH9as2v+1OgH9JYJDWYo9WvfvYGimSCSks4Nqbb8FMb5lhbRjidVHqZoSkmIzykXUclFtSE+fTWCTpxygDFSruSFk3V3xM5FsaMReQ6BbaJWfQK8T+vm9n4MsyZTDNLJZktijOOrELF42jANCWWjx3BRDN3KyIJ1phYF0/FhbD08jIJzupXdf/uvNa8nqdRhiM4hlNowAU04RZaEACBBJ7gBV494T17b977rLXkzWcO4Q+8j29uEY4G</latexit>

�̄
<latexit sha1_base64="0p/xhwtC1DuAKrwsfIpCRdrcOVM=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lFUG9FLx4rGFtoQplsN+3SzSbd3Qgl9E948aDi1d/jzX/j9gPR1gcDj/dmmJkXpoJr47pfTmFldW19o7hZ2tre2d0r7x886CRTlHk0EYlqhaiZ4JJ5hhvBWqliGIeCNcPBzcRvPjKleSLvzShlQYw9ySNO0Vip5YeofNrnnXLFrbpTkB9SWyQVmKPRKX/63YRmMZOGCtS6XXNTE+SoDKeCjUt+plmKdIA91rZUYsx0kE/vHZMTq3RJlChb0pCp+nsix1jrURzazhhNXy96E/E/r52Z6DLIuUwzwySdLYoyQUxCJs+TLleMGjGyBKni9lZC+6iQGhtRyYaw9PIy8c6qV1X37rxSv56nUYQjOIZTqMEF1OEWGuABBQFP8AKvztB5dt6c91lrwZnPHMIfOB/faJ6Pvw==</latexit><latexit sha1_base64="0p/xhwtC1DuAKrwsfIpCRdrcOVM=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lFUG9FLx4rGFtoQplsN+3SzSbd3Qgl9E948aDi1d/jzX/j9gPR1gcDj/dmmJkXpoJr47pfTmFldW19o7hZ2tre2d0r7x886CRTlHk0EYlqhaiZ4JJ5hhvBWqliGIeCNcPBzcRvPjKleSLvzShlQYw9ySNO0Vip5YeofNrnnXLFrbpTkB9SWyQVmKPRKX/63YRmMZOGCtS6XXNTE+SoDKeCjUt+plmKdIA91rZUYsx0kE/vHZMTq3RJlChb0pCp+nsix1jrURzazhhNXy96E/E/r52Z6DLIuUwzwySdLYoyQUxCJs+TLleMGjGyBKni9lZC+6iQGhtRyYaw9PIy8c6qV1X37rxSv56nUYQjOIZTqMEF1OEWGuABBQFP8AKvztB5dt6c91lrwZnPHMIfOB/faJ6Pvw==</latexit><latexit sha1_base64="0p/xhwtC1DuAKrwsfIpCRdrcOVM=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lFUG9FLx4rGFtoQplsN+3SzSbd3Qgl9E948aDi1d/jzX/j9gPR1gcDj/dmmJkXpoJr47pfTmFldW19o7hZ2tre2d0r7x886CRTlHk0EYlqhaiZ4JJ5hhvBWqliGIeCNcPBzcRvPjKleSLvzShlQYw9ySNO0Vip5YeofNrnnXLFrbpTkB9SWyQVmKPRKX/63YRmMZOGCtS6XXNTE+SoDKeCjUt+plmKdIA91rZUYsx0kE/vHZMTq3RJlChb0pCp+nsix1jrURzazhhNXy96E/E/r52Z6DLIuUwzwySdLYoyQUxCJs+TLleMGjGyBKni9lZC+6iQGhtRyYaw9PIy8c6qV1X37rxSv56nUYQjOIZTqMEF1OEWGuABBQFP8AKvztB5dt6c91lrwZnPHMIfOB/faJ6Pvw==</latexit>

�
<latexit sha1_base64="35AhcGyCls1bwmtZJNqtyAP5y+E=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKWxEUG9BLx4juCaQLGF2MpsdMo9lZlYIS37BiwcVr36RN//G2SSIJhY0FFXddHdFKWfG+v6XV1pZXVvfKG9WtrZ3dveq+wcPRmWa0IAornQnwoZyJmlgmeW0k2qKRcRpOxrdFH77kWrDlLy345SGAg8lixnBtpB6JGH9as2v+1OgH9JYJDWYo9WvfvYGimSCSks4Nqbb8FMb5lhbRjidVHqZoSkmIzykXUclFtSE+fTWCTpxygDFSruSFk3V3xM5FsaMReQ6BbaJWfQK8T+vm9n4MsyZTDNLJZktijOOrELF42jANCWWjx3BRDN3KyIJ1phYF0/FhbD08jIJzupXdf/uvNa8nqdRhiM4hlNowAU04RZaEACBBJ7gBV494T17b977rLXkzWcO4Q+8j29uEY4G</latexit><latexit sha1_base64="35AhcGyCls1bwmtZJNqtyAP5y+E=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKWxEUG9BLx4juCaQLGF2MpsdMo9lZlYIS37BiwcVr36RN//G2SSIJhY0FFXddHdFKWfG+v6XV1pZXVvfKG9WtrZ3dveq+wcPRmWa0IAornQnwoZyJmlgmeW0k2qKRcRpOxrdFH77kWrDlLy345SGAg8lixnBtpB6JGH9as2v+1OgH9JYJDWYo9WvfvYGimSCSks4Nqbb8FMb5lhbRjidVHqZoSkmIzykXUclFtSE+fTWCTpxygDFSruSFk3V3xM5FsaMReQ6BbaJWfQK8T+vm9n4MsyZTDNLJZktijOOrELF42jANCWWjx3BRDN3KyIJ1phYF0/FhbD08jIJzupXdf/uvNa8nqdRhiM4hlNowAU04RZaEACBBJ7gBV494T17b977rLXkzWcO4Q+8j29uEY4G</latexit><latexit sha1_base64="35AhcGyCls1bwmtZJNqtyAP5y+E=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKWxEUG9BLx4juCaQLGF2MpsdMo9lZlYIS37BiwcVr36RN//G2SSIJhY0FFXddHdFKWfG+v6XV1pZXVvfKG9WtrZ3dveq+wcPRmWa0IAornQnwoZyJmlgmeW0k2qKRcRpOxrdFH77kWrDlLy345SGAg8lixnBtpB6JGH9as2v+1OgH9JYJDWYo9WvfvYGimSCSks4Nqbb8FMb5lhbRjidVHqZoSkmIzykXUclFtSE+fTWCTpxygDFSruSFk3V3xM5FsaMReQ6BbaJWfQK8T+vm9n4MsyZTDNLJZktijOOrELF42jANCWWjx3BRDN3KyIJ1phYF0/FhbD08jIJzupXdf/uvNa8nqdRhiM4hlNowAU04RZaEACBBJ7gBV494T17b977rLXkzWcO4Q+8j29uEY4G</latexit>

�
<latexit sha1_base64="35AhcGyCls1bwmtZJNqtyAP5y+E=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKWxEUG9BLx4juCaQLGF2MpsdMo9lZlYIS37BiwcVr36RN//G2SSIJhY0FFXddHdFKWfG+v6XV1pZXVvfKG9WtrZ3dveq+wcPRmWa0IAornQnwoZyJmlgmeW0k2qKRcRpOxrdFH77kWrDlLy345SGAg8lixnBtpB6JGH9as2v+1OgH9JYJDWYo9WvfvYGimSCSks4Nqbb8FMb5lhbRjidVHqZoSkmIzykXUclFtSE+fTWCTpxygDFSruSFk3V3xM5FsaMReQ6BbaJWfQK8T+vm9n4MsyZTDNLJZktijOOrELF42jANCWWjx3BRDN3KyIJ1phYF0/FhbD08jIJzupXdf/uvNa8nqdRhiM4hlNowAU04RZaEACBBJ7gBV494T17b977rLXkzWcO4Q+8j29uEY4G</latexit><latexit sha1_base64="35AhcGyCls1bwmtZJNqtyAP5y+E=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKWxEUG9BLx4juCaQLGF2MpsdMo9lZlYIS37BiwcVr36RN//G2SSIJhY0FFXddHdFKWfG+v6XV1pZXVvfKG9WtrZ3dveq+wcPRmWa0IAornQnwoZyJmlgmeW0k2qKRcRpOxrdFH77kWrDlLy345SGAg8lixnBtpB6JGH9as2v+1OgH9JYJDWYo9WvfvYGimSCSks4Nqbb8FMb5lhbRjidVHqZoSkmIzykXUclFtSE+fTWCTpxygDFSruSFk3V3xM5FsaMReQ6BbaJWfQK8T+vm9n4MsyZTDNLJZktijOOrELF42jANCWWjx3BRDN3KyIJ1phYF0/FhbD08jIJzupXdf/uvNa8nqdRhiM4hlNowAU04RZaEACBBJ7gBV494T17b977rLXkzWcO4Q+8j29uEY4G</latexit><latexit sha1_base64="35AhcGyCls1bwmtZJNqtyAP5y+E=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKWxEUG9BLx4juCaQLGF2MpsdMo9lZlYIS37BiwcVr36RN//G2SSIJhY0FFXddHdFKWfG+v6XV1pZXVvfKG9WtrZ3dveq+wcPRmWa0IAornQnwoZyJmlgmeW0k2qKRcRpOxrdFH77kWrDlLy345SGAg8lixnBtpB6JGH9as2v+1OgH9JYJDWYo9WvfvYGimSCSks4Nqbb8FMb5lhbRjidVHqZoSkmIzykXUclFtSE+fTWCTpxygDFSruSFk3V3xM5FsaMReQ6BbaJWfQK8T+vm9n4MsyZTDNLJZktijOOrELF42jANCWWjx3BRDN3KyIJ1phYF0/FhbD08jIJzupXdf/uvNa8nqdRhiM4hlNowAU04RZaEACBBJ7gBV494T17b977rLXkzWcO4Q+8j29uEY4G</latexit>

A0⇤
<latexit sha1_base64="PF5u0shNoytuzsGJ2YUtSnjXsqY=">AAAB6nicdVDLSsNAFJ3UV62vqks3g0UUF2FSNW12VTcuKxhbaGOZTCft0MmDmYlQQn/BjQsVt36RO//GSVtBRQ9cOJxzL/fe4yecSYXQh1FYWFxaXimultbWNza3yts7tzJOBaEuiXks2j6WlLOIuoopTtuJoDj0OW35o8vcb91TIVkc3ahxQr0QDyIWMIJVLp0f3h33yhVkWlXbrp5AZNpOre7YmiDbsc/q0DLRFBUwR7NXfu/2Y5KGNFKEYyk7FkqUl2GhGOF0UuqmkiaYjPCAdjSNcEill01vncADrfRhEAtdkYJT9ftEhkMpx6GvO0OshvK3l4t/eZ1UBXUvY1GSKhqR2aIg5VDFMH8c9pmgRPGxJpgIpm+FZIgFJkrHU9IhfH0K/ydu1XRMdH1aaVzM0yiCPbAPjoAFaqABrkATuICAIXgAT+DZCI1H48V4nbUWjPnMLvgB4+0TCEGNyA==</latexit><latexit sha1_base64="PF5u0shNoytuzsGJ2YUtSnjXsqY=">AAAB6nicdVDLSsNAFJ3UV62vqks3g0UUF2FSNW12VTcuKxhbaGOZTCft0MmDmYlQQn/BjQsVt36RO//GSVtBRQ9cOJxzL/fe4yecSYXQh1FYWFxaXimultbWNza3yts7tzJOBaEuiXks2j6WlLOIuoopTtuJoDj0OW35o8vcb91TIVkc3ahxQr0QDyIWMIJVLp0f3h33yhVkWlXbrp5AZNpOre7YmiDbsc/q0DLRFBUwR7NXfu/2Y5KGNFKEYyk7FkqUl2GhGOF0UuqmkiaYjPCAdjSNcEill01vncADrfRhEAtdkYJT9ftEhkMpx6GvO0OshvK3l4t/eZ1UBXUvY1GSKhqR2aIg5VDFMH8c9pmgRPGxJpgIpm+FZIgFJkrHU9IhfH0K/ydu1XRMdH1aaVzM0yiCPbAPjoAFaqABrkATuICAIXgAT+DZCI1H48V4nbUWjPnMLvgB4+0TCEGNyA==</latexit><latexit sha1_base64="PF5u0shNoytuzsGJ2YUtSnjXsqY=">AAAB6nicdVDLSsNAFJ3UV62vqks3g0UUF2FSNW12VTcuKxhbaGOZTCft0MmDmYlQQn/BjQsVt36RO//GSVtBRQ9cOJxzL/fe4yecSYXQh1FYWFxaXimultbWNza3yts7tzJOBaEuiXks2j6WlLOIuoopTtuJoDj0OW35o8vcb91TIVkc3ahxQr0QDyIWMIJVLp0f3h33yhVkWlXbrp5AZNpOre7YmiDbsc/q0DLRFBUwR7NXfu/2Y5KGNFKEYyk7FkqUl2GhGOF0UuqmkiaYjPCAdjSNcEill01vncADrfRhEAtdkYJT9ftEhkMpx6GvO0OshvK3l4t/eZ1UBXUvY1GSKhqR2aIg5VDFMH8c9pmgRPGxJpgIpm+FZIgFJkrHU9IhfH0K/ydu1XRMdH1aaVzM0yiCPbAPjoAFaqABrkATuICAIXgAT+DZCI1H48V4nbUWjPnMLvgB4+0TCEGNyA==</latexit>

A0
<latexit sha1_base64="Ykxb1xAbd1eqMVvQXRbw2GoOIj0=">AAAB6HicdVDLSsNAFJ34rPVVdelmsIiuwqRq2uyqblxWMbbQhjKZTtqhk0mYmQgl9A/cuFBx6ye582+cPgQVPXDhcM693HtPmHKmNEIf1sLi0vLKamGtuL6xubVd2tm9U0kmCfVJwhPZCrGinAnqa6Y5baWS4jjktBkOLyd+855KxRJxq0cpDWLcFyxiBGsj3ZwfdUtlZDsV162cQGS7XrXmuYYg13PPatCx0RRlMEejW3rv9BKSxVRowrFSbQelOsix1IxwOi52MkVTTIa4T9uGChxTFeTTS8fw0Cg9GCXSlNBwqn6fyHGs1CgOTWeM9UD99ibiX14701EtyJlIM00FmS2KMg51Aidvwx6TlGg+MgQTycytkAywxESbcIomhK9P4f/Er9ieja5Py/WLeRoFsA8OwDFwQBXUwRVoAB8QEIEH8ASeraH1aL1Yr7PWBWs+swd+wHr7BO+RjSw=</latexit><latexit sha1_base64="Ykxb1xAbd1eqMVvQXRbw2GoOIj0=">AAAB6HicdVDLSsNAFJ34rPVVdelmsIiuwqRq2uyqblxWMbbQhjKZTtqhk0mYmQgl9A/cuFBx6ye582+cPgQVPXDhcM693HtPmHKmNEIf1sLi0vLKamGtuL6xubVd2tm9U0kmCfVJwhPZCrGinAnqa6Y5baWS4jjktBkOLyd+855KxRJxq0cpDWLcFyxiBGsj3ZwfdUtlZDsV162cQGS7XrXmuYYg13PPatCx0RRlMEejW3rv9BKSxVRowrFSbQelOsix1IxwOi52MkVTTIa4T9uGChxTFeTTS8fw0Cg9GCXSlNBwqn6fyHGs1CgOTWeM9UD99ibiX14701EtyJlIM00FmS2KMg51Aidvwx6TlGg+MgQTycytkAywxESbcIomhK9P4f/Er9ieja5Py/WLeRoFsA8OwDFwQBXUwRVoAB8QEIEH8ASeraH1aL1Yr7PWBWs+swd+wHr7BO+RjSw=</latexit><latexit sha1_base64="Ykxb1xAbd1eqMVvQXRbw2GoOIj0=">AAAB6HicdVDLSsNAFJ34rPVVdelmsIiuwqRq2uyqblxWMbbQhjKZTtqhk0mYmQgl9A/cuFBx6ye582+cPgQVPXDhcM693HtPmHKmNEIf1sLi0vLKamGtuL6xubVd2tm9U0kmCfVJwhPZCrGinAnqa6Y5baWS4jjktBkOLyd+855KxRJxq0cpDWLcFyxiBGsj3ZwfdUtlZDsV162cQGS7XrXmuYYg13PPatCx0RRlMEejW3rv9BKSxVRowrFSbQelOsix1IxwOi52MkVTTIa4T9uGChxTFeTTS8fw0Cg9GCXSlNBwqn6fyHGs1CgOTWeM9UD99ibiX14701EtyJlIM00FmS2KMg51Aidvwx6TlGg+MgQTycytkAywxESbcIomhK9P4f/Er9ieja5Py/WLeRoFsA8OwDFwQBXUwRVoAB8QEIEH8ASeraH1aL1Yr7PWBWs+swd+wHr7BO+RjSw=</latexit>

e�
<latexit sha1_base64="eS2LtIJXQn7LP4Kg2TcklegVLIo=">AAAB6XicdVDLSgNBEOyNrxhfUY9eBoPgxbCRgHoLevEY0TWBZA2zk95kyOzsMjMrhCWf4MWDilf/yJt/4+QhxFdBQ1HVTXdXkAiujet+OLmFxaXllfxqYW19Y3OruL1zq+NUMfRYLGLVDKhGwSV6hhuBzUQhjQKBjWBwMfYb96g0j+WNGSboR7QnecgZNVa6xrujTrFUKbsTEPcX+bJKMEO9U3xvd2OWRigNE1TrVsVNjJ9RZTgTOCq0U40JZQPaw5alkkao/Wxy6ogcWKVLwljZkoZM1PmJjEZaD6PAdkbU9PVPbyz+5bVSE576GZdJalCy6aIwFcTEZPw36XKFzIihJZQpbm8lrE8VZcamU5gP4X/iHZfPyu5VtVQ7n6WRhz3Yh0OowAnU4BLq4AGDHjzAEzw7wnl0XpzXaWvOmc3swjc4b59WM41c</latexit><latexit sha1_base64="eS2LtIJXQn7LP4Kg2TcklegVLIo=">AAAB6XicdVDLSgNBEOyNrxhfUY9eBoPgxbCRgHoLevEY0TWBZA2zk95kyOzsMjMrhCWf4MWDilf/yJt/4+QhxFdBQ1HVTXdXkAiujet+OLmFxaXllfxqYW19Y3OruL1zq+NUMfRYLGLVDKhGwSV6hhuBzUQhjQKBjWBwMfYb96g0j+WNGSboR7QnecgZNVa6xrujTrFUKbsTEPcX+bJKMEO9U3xvd2OWRigNE1TrVsVNjJ9RZTgTOCq0U40JZQPaw5alkkao/Wxy6ogcWKVLwljZkoZM1PmJjEZaD6PAdkbU9PVPbyz+5bVSE576GZdJalCy6aIwFcTEZPw36XKFzIihJZQpbm8lrE8VZcamU5gP4X/iHZfPyu5VtVQ7n6WRhz3Yh0OowAnU4BLq4AGDHjzAEzw7wnl0XpzXaWvOmc3swjc4b59WM41c</latexit><latexit sha1_base64="eS2LtIJXQn7LP4Kg2TcklegVLIo=">AAAB6XicdVDLSgNBEOyNrxhfUY9eBoPgxbCRgHoLevEY0TWBZA2zk95kyOzsMjMrhCWf4MWDilf/yJt/4+QhxFdBQ1HVTXdXkAiujet+OLmFxaXllfxqYW19Y3OruL1zq+NUMfRYLGLVDKhGwSV6hhuBzUQhjQKBjWBwMfYb96g0j+WNGSboR7QnecgZNVa6xrujTrFUKbsTEPcX+bJKMEO9U3xvd2OWRigNE1TrVsVNjJ9RZTgTOCq0U40JZQPaw5alkkao/Wxy6ogcWKVLwljZkoZM1PmJjEZaD6PAdkbU9PVPbyz+5bVSE576GZdJalCy6aIwFcTEZPw36XKFzIihJZQpbm8lrE8VZcamU5gP4X/iHZfPyu5VtVQ7n6WRhz3Yh0OowAnU4BLq4AGDHjzAEzw7wnl0XpzXaWvOmc3swjc4b59WM41c</latexit>

e+
<latexit sha1_base64="x8GRq/un8r5F95Dm3AzCp310aMU=">AAAB6XicdVDLSgNBEOyNrxhfUY9eBoMgCGEjAfUW9OIxomsCyRpmJ73JkNnZZWZWCEs+wYsHFa/+kTf/xslDiK+ChqKqm+6uIBFcG9f9cHILi0vLK/nVwtr6xuZWcXvnVsepYuixWMSqGVCNgkv0DDcCm4lCGgUCG8HgYuw37lFpHssbM0zQj2hP8pAzaqx0jXdHnWKpUnYnIO4v8mWVYIZ6p/je7sYsjVAaJqjWrYqbGD+jynAmcFRopxoTyga0hy1LJY1Q+9nk1BE5sEqXhLGyJQ2ZqPMTGY20HkaB7Yyo6euf3lj8y2ulJjz1My6T1KBk00VhKoiJyfhv0uUKmRFDSyhT3N5KWJ8qyoxNpzAfwv/EOy6fld2raql2PksjD3uwD4dQgROowSXUwQMGPXiAJ3h2hPPovDiv09acM5vZhW9w3j4BUy2NWg==</latexit><latexit sha1_base64="x8GRq/un8r5F95Dm3AzCp310aMU=">AAAB6XicdVDLSgNBEOyNrxhfUY9eBoMgCGEjAfUW9OIxomsCyRpmJ73JkNnZZWZWCEs+wYsHFa/+kTf/xslDiK+ChqKqm+6uIBFcG9f9cHILi0vLK/nVwtr6xuZWcXvnVsepYuixWMSqGVCNgkv0DDcCm4lCGgUCG8HgYuw37lFpHssbM0zQj2hP8pAzaqx0jXdHnWKpUnYnIO4v8mWVYIZ6p/je7sYsjVAaJqjWrYqbGD+jynAmcFRopxoTyga0hy1LJY1Q+9nk1BE5sEqXhLGyJQ2ZqPMTGY20HkaB7Yyo6euf3lj8y2ulJjz1My6T1KBk00VhKoiJyfhv0uUKmRFDSyhT3N5KWJ8qyoxNpzAfwv/EOy6fld2raql2PksjD3uwD4dQgROowSXUwQMGPXiAJ3h2hPPovDiv09acM5vZhW9w3j4BUy2NWg==</latexit><latexit sha1_base64="x8GRq/un8r5F95Dm3AzCp310aMU=">AAAB6XicdVDLSgNBEOyNrxhfUY9eBoMgCGEjAfUW9OIxomsCyRpmJ73JkNnZZWZWCEs+wYsHFa/+kTf/xslDiK+ChqKqm+6uIBFcG9f9cHILi0vLK/nVwtr6xuZWcXvnVsepYuixWMSqGVCNgkv0DDcCm4lCGgUCG8HgYuw37lFpHssbM0zQj2hP8pAzaqx0jXdHnWKpUnYnIO4v8mWVYIZ6p/je7sYsjVAaJqjWrYqbGD+jynAmcFRopxoTyga0hy1LJY1Q+9nk1BE5sEqXhLGyJQ2ZqPMTGY20HkaB7Yyo6euf3lj8y2ulJjz1My6T1KBk00VhKoiJyfhv0uUKmRFDSyhT3N5KWJ8qyoxNpzAfwv/EOy6fld2raql2PksjD3uwD4dQgROowSXUwQMGPXiAJ3h2hPPovDiv09acM5vZhW9w3j4BUy2NWg==</latexit>

Ar
<latexit sha1_base64="Lppey50Sn1vG/Fwqi6nS/nH9b3g=">AAAB7HicbVDLSgNBEOyNrxhfUY9eBoPgKWxEUG9RLx4juEkgWcLsZDYZM49lZlYIS/7BiwcVr36QN//GSbIHTSxoKKq66e6KEs6M9f1vr7Cyura+UdwsbW3v7O6V9w+aRqWa0IAornQ7woZyJmlgmeW0nWiKRcRpKxrdTv3WE9WGKflgxwkNBR5IFjOCrZOaXS3Qte6VK37VnwEtk1pOKpCj0St/dfuKpIJKSzg2plPzExtmWFtGOJ2UuqmhCSYjPKAdRyUW1ITZ7NoJOnFKH8VKu5IWzdTfExkWxoxF5DoFtkOz6E3F/7xOauPLMGMySS2VZL4oTjmyCk1fR32mKbF87AgmmrlbERlijYl1AZVcCLXFl5dJcFa9qvr355X6TZ5GEY7gGE6hBhdQhztoQAAEHuEZXuHNU96L9+59zFsLXj5zCH/gff4AeBuOlw==</latexit><latexit sha1_base64="Lppey50Sn1vG/Fwqi6nS/nH9b3g=">AAAB7HicbVDLSgNBEOyNrxhfUY9eBoPgKWxEUG9RLx4juEkgWcLsZDYZM49lZlYIS/7BiwcVr36QN//GSbIHTSxoKKq66e6KEs6M9f1vr7Cyura+UdwsbW3v7O6V9w+aRqWa0IAornQ7woZyJmlgmeW0nWiKRcRpKxrdTv3WE9WGKflgxwkNBR5IFjOCrZOaXS3Qte6VK37VnwEtk1pOKpCj0St/dfuKpIJKSzg2plPzExtmWFtGOJ2UuqmhCSYjPKAdRyUW1ITZ7NoJOnFKH8VKu5IWzdTfExkWxoxF5DoFtkOz6E3F/7xOauPLMGMySS2VZL4oTjmyCk1fR32mKbF87AgmmrlbERlijYl1AZVcCLXFl5dJcFa9qvr355X6TZ5GEY7gGE6hBhdQhztoQAAEHuEZXuHNU96L9+59zFsLXj5zCH/gff4AeBuOlw==</latexit><latexit sha1_base64="Lppey50Sn1vG/Fwqi6nS/nH9b3g=">AAAB7HicbVDLSgNBEOyNrxhfUY9eBoPgKWxEUG9RLx4juEkgWcLsZDYZM49lZlYIS/7BiwcVr36QN//GSbIHTSxoKKq66e6KEs6M9f1vr7Cyura+UdwsbW3v7O6V9w+aRqWa0IAornQ7woZyJmlgmeW0nWiKRcRpKxrdTv3WE9WGKflgxwkNBR5IFjOCrZOaXS3Qte6VK37VnwEtk1pOKpCj0St/dfuKpIJKSzg2plPzExtmWFtGOJ2UuqmhCSYjPKAdRyUW1ITZ7NoJOnFKH8VKu5IWzdTfExkWxoxF5DoFtkOz6E3F/7xOauPLMGMySS2VZL4oTjmyCk1fR32mKbF87AgmmrlbERlijYl1AZVcCLXFl5dJcFa9qvr355X6TZ5GEY7gGE6hBhdQhztoQAAEHuEZXuHNU96L9+59zFsLXj5zCH/gff4AeBuOlw==</latexit>

Ar
<latexit sha1_base64="Lppey50Sn1vG/Fwqi6nS/nH9b3g=">AAAB7HicbVDLSgNBEOyNrxhfUY9eBoPgKWxEUG9RLx4juEkgWcLsZDYZM49lZlYIS/7BiwcVr36QN//GSbIHTSxoKKq66e6KEs6M9f1vr7Cyura+UdwsbW3v7O6V9w+aRqWa0IAornQ7woZyJmlgmeW0nWiKRcRpKxrdTv3WE9WGKflgxwkNBR5IFjOCrZOaXS3Qte6VK37VnwEtk1pOKpCj0St/dfuKpIJKSzg2plPzExtmWFtGOJ2UuqmhCSYjPKAdRyUW1ITZ7NoJOnFKH8VKu5IWzdTfExkWxoxF5DoFtkOz6E3F/7xOauPLMGMySS2VZL4oTjmyCk1fR32mKbF87AgmmrlbERlijYl1AZVcCLXFl5dJcFa9qvr355X6TZ5GEY7gGE6hBhdQhztoQAAEHuEZXuHNU96L9+59zFsLXj5zCH/gff4AeBuOlw==</latexit><latexit sha1_base64="Lppey50Sn1vG/Fwqi6nS/nH9b3g=">AAAB7HicbVDLSgNBEOyNrxhfUY9eBoPgKWxEUG9RLx4juEkgWcLsZDYZM49lZlYIS/7BiwcVr36QN//GSbIHTSxoKKq66e6KEs6M9f1vr7Cyura+UdwsbW3v7O6V9w+aRqWa0IAornQ7woZyJmlgmeW0nWiKRcRpKxrdTv3WE9WGKflgxwkNBR5IFjOCrZOaXS3Qte6VK37VnwEtk1pOKpCj0St/dfuKpIJKSzg2plPzExtmWFtGOJ2UuqmhCSYjPKAdRyUW1ITZ7NoJOnFKH8VKu5IWzdTfExkWxoxF5DoFtkOz6E3F/7xOauPLMGMySS2VZL4oTjmyCk1fR32mKbF87AgmmrlbERlijYl1AZVcCLXFl5dJcFa9qvr355X6TZ5GEY7gGE6hBhdQhztoQAAEHuEZXuHNU96L9+59zFsLXj5zCH/gff4AeBuOlw==</latexit><latexit sha1_base64="Lppey50Sn1vG/Fwqi6nS/nH9b3g=">AAAB7HicbVDLSgNBEOyNrxhfUY9eBoPgKWxEUG9RLx4juEkgWcLsZDYZM49lZlYIS/7BiwcVr36QN//GSbIHTSxoKKq66e6KEs6M9f1vr7Cyura+UdwsbW3v7O6V9w+aRqWa0IAornQ7woZyJmlgmeW0nWiKRcRpKxrdTv3WE9WGKflgxwkNBR5IFjOCrZOaXS3Qte6VK37VnwEtk1pOKpCj0St/dfuKpIJKSzg2plPzExtmWFtGOJ2UuqmhCSYjPKAdRyUW1ITZ7NoJOnFKH8VKu5IWzdTfExkWxoxF5DoFtkOz6E3F/7xOauPLMGMySS2VZL4oTjmyCk1fR32mKbF87AgmmrlbERlijYl1AZVcCLXFl5dJcFa9qvr355X6TZ5GEY7gGE6hBhdQhztoQAAEHuEZXuHNU96L9+59zFsLXj5zCH/gff4AeBuOlw==</latexit>

gD
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FIG. 1. Dark trident production in the benchmark dark sector model, described in the text. Protons on target produce mesons
whose decays produce pairs of dark matter particles, � and �̄. Some of the dark matter particles will reach the detector (not
to scale) and will scatter with the argon nuclei that fill the detector. The scattering event can lead to the emission of one (or
several) dark photon(s) A0, which decays to a pair of charged leptons (electrons in the case of the figure).

associated to equally light mediators (see e.g. [16, 17]).⇤ We consider the simplest such model, described in detail
in Section II. The dark matter particle is a standard model singlet charged under a new U(1)D gauge interaction.
None of the standard model particles are charged under U(1)D but, assuming the U(1)D symmetry is broken, kinetic
mixing allows the new gauge boson – the dark photon – to interact with charged standard model particles.

In this scenario,† it is possible to produce dark photons in the near detectors of neutrino beam experiments and
have the dark photon decay predominantly and promptly into a lepton–antilepton pair, as depicted in Figure 1. First,
a dark matter particle � is produced at the target. It is very long-lived and weakly interacting so it easily finds its
way to the detector unperturbed, regardless of how far away it is. Second, the dark photon A0 is produced on-shell
by in the collision of a dark matter particle with a nucleus. The dark photon decays promptly in the detector. The
relevance of the dark trident channel depends dramatically on the parameters of the model. First, the branching ratio
of the dark photon into leptons must be large. This can only be achieved if the decay of the dark photon into dark
sector particles, including the dark matter particle, is forbidden, i.e., mA0 < 2m�. Second, the probability of emitting
a dark photon during � scattering must be large. This requires the dark coupling constant to be large or the dark
photon mass to be very small. Third, the dark matter production rate should not be too small. Here, the condition
mA0 < 2m� is a hindrance as it implies that dark matter production involves o↵-shell dark photon intermediate states.
The literature reveals [23, 24] that it is possible to produce enough dark matter particles when the dark photons are
o↵-shell, an issue we discuss in detail in Sec. III. Previous studies considered only leading-order dark-matter–nucleus
scattering as the detection signal. One narrow interpretation of our contribution is that we are exploring the benefits
of the rarer, but much more distinct, detection signal in the region of parameter space where dark matter production
is suppressed.

The dark trident signal provides ample experimental handles. In the remainder of this manuscript, we study the
phenomenology of the signal and show that, for our benchmark dark matter model, o↵-axis liquid argon detectors,
including the ones currently running or under construction at Fermilab, have improved sensitivity because neutrino
backgrounds can be suppressed [5]. The kinematics of dark trident events, including angular distributions, invariant
mass, as well as particle identification will be useful in further suppressing backgrounds.

II. A BENCHMARK MODEL

We consider the model where a fermionic dark matter particle � with mass M� interacts with those in the standard
model through a massive dark photon A0 with mass MA0 and its kinetic mixing with the photon. The Lagrangian

⇤ Dark matter models with light mediators have also been proposed in other contexts [18–20].
† This type of signal is not endemic to dark matter models. Frameworks in which a heavy sterile neutrino is produced in neutrino beams
and then proceeds to decay to a dark photon have been recently proposed to explain the MiniBooNE low energy excess [21, 22]. These
also lead to similar phenomenology.
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FIG. 4. The di↵erential distribution of � particle (left) and neutrino (right) production as a function of the particle energy
and production angle in arbitrary units. The model parameters used here are " = 10�3, M� = 30MeV and MA0 = 50MeV.
In the insert we show the energy-integrated � particle flux as a function of the production angle, 684meters away from the
NuMI target, due to ⇡0 (blue) and ⌘ (orange) decays as well as the o↵-axis angular distribution of the neutrino flux (gray).
The neutrino flux has been rescaled by 10�9. A larger fraction of �’s are produced o↵-axis as compared to neutrinos.

Detector MicroBooNE ICARUS SBND

O↵-axis angle (rad) 0.13 0.1 0.5

Distance from NuMI target (m) 684 789 409

Active LAr mass (ton) 89 476 112

� rate ⇥ detector mass (MicroBooNE units) 1 6.2 0.1

TABLE I. Parameters of the three Fermilab SBN liquid argon detectors with respect to the NuMI beamline (120 GeV protons).

where Rdet is the distance to the detector and Adet is its cross sectional area. For reference, in the mass range of
interest, approximately 10�5 of the � particles produced at NuMI pass through the MicroBooNE detector. The signal
event rate is proportional to the number of dark matter particles traversing the detector multiplied by the probability
that it interacts in the detector volume, which is proportional to the geometric depth of the detector and the number
density of scatterers. The area in Eq. (3.4) combines with the depth to yield a volume, which multiplied by the
number density is proportional to total mass. The figure of merit for the rate of any signal is thus proportional
to the � production rate at the detector’s angle times the detector mass. Table I also lists this figure of merit for
each detector, normalized to that of MicroBooNE. ICARUS has a relative advantage due to its larger mass while
SNBD sees a smaller dark matter flux because of the relatively large o↵-axis angle. In the following section, we
focus on the dark trident signal, its rate, and its various properties that are relevant for all of these detectors. A
detailed understanding of the idiosyncrasies of each individual experiment, required in order to properly compare the
sensitivity of the di↵erent LAr detectors along the Fermilab Booster Beam, is beyond the scope of this manuscript.

IV. DARK TRIDENT SIGNAL

The incoming beam of relativistic dark matter can scatter o↵ an argon nucleus via a t-channel dark photon exchange,
mimicking the neutral current interaction of a neutrino with argon. At higher order in the dark gauge coupling gD,
there are processes where this scatter is accompanied with additional dark photon emission. We consider here the
case where a single dark photon is radiated o↵ the initial or final-state � and leave the discussion of multiple emissions
to Section V. Since we consider the regime MA0 < 2M�, the emitted dark photon(s) will decay to e± or µ± pairs.
The case of single A0 emission the final state is a dark trident, the corresponding Feynman diagram depicted in Fig. 1

Useful to look off axis

Other places with detectors near (but not on) beam lines?
e.g. protoDUNE/LHC
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where Rdet is the distance to the detector and Adet is its cross sectional area. For reference, in the mass range of
interest, approximately 10�5 of the � particles produced at NuMI pass through the MicroBooNE detector. The signal
event rate is proportional to the number of dark matter particles traversing the detector multiplied by the probability
that it interacts in the detector volume, which is proportional to the geometric depth of the detector and the number
density of scatterers. The area in Eq. (3.4) combines with the depth to yield a volume, which multiplied by the
number density is proportional to total mass. The figure of merit for the rate of any signal is thus proportional
to the � production rate at the detector’s angle times the detector mass. Table I also lists this figure of merit for
each detector, normalized to that of MicroBooNE. ICARUS has a relative advantage due to its larger mass while
SNBD sees a smaller dark matter flux because of the relatively large o↵-axis angle. In the following section, we
focus on the dark trident signal, its rate, and its various properties that are relevant for all of these detectors. A
detailed understanding of the idiosyncrasies of each individual experiment, required in order to properly compare the
sensitivity of the di↵erent LAr detectors along the Fermilab Booster Beam, is beyond the scope of this manuscript.

IV. DARK TRIDENT SIGNAL

The incoming beam of relativistic dark matter can scatter o↵ an argon nucleus via a t-channel dark photon exchange,
mimicking the neutral current interaction of a neutrino with argon. At higher order in the dark gauge coupling gD,
there are processes where this scatter is accompanied with additional dark photon emission. We consider here the
case where a single dark photon is radiated o↵ the initial or final-state � and leave the discussion of multiple emissions
to Section V. Since we consider the regime MA0 < 2M�, the emitted dark photon(s) will decay to e± or µ± pairs.
The case of single A0 emission the final state is a dark trident, the corresponding Feynman diagram depicted in Fig. 1
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Figure 3 | Upper limits on the spin-dependentWIMP–neutron scattering
cross-section set by di�erent xenon-based experiments. Limit curves from
LUX62 and PandaX-II63.
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Figure 4 | The projected sensitivity (dashed curves) on the
spin-independentWIMP–nucleon cross-sections of a selected number of
upcoming and planned direct detection experiments, including
XENON1T34, PandaX-4T, XENONnT34, LZ35, DARWIN36 or PandaX-30T,
and SuperCDMS56. Currently leading limits in Fig. 1 (see legend), the
neutrino ‘floor’20, and the post-LHC-Run1 minimal-SUSY allowed
contours21 are overlaid in solid curves for comparison. The di�erent
crossings of the experimental sensitivities and the neutrino floor at around
a few GeV/c2 are primarily due to di�erent threshold assumptions.

cross checks from indirect and collider searches (for example, see
SUSY contours from Figs 1 and 4). This calls strongly for a world-
wide multi-faceted programme for dark matter detection. Finally,
one cannot ignore the importance of those null searches which
have been setting tighter constraints to many theoretical models,

and which may eventually direct us on a completely di�erent path
towards understanding this mysterious component of our Universe.
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Figure 4 | The projected sensitivity (dashed curves) on the
spin-independentWIMP–nucleon cross-sections of a selected number of
upcoming and planned direct detection experiments, including
XENON1T34, PandaX-4T, XENONnT34, LZ35, DARWIN36 or PandaX-30T,
and SuperCDMS56. Currently leading limits in Fig. 1 (see legend), the
neutrino ‘floor’20, and the post-LHC-Run1 minimal-SUSY allowed
contours21 are overlaid in solid curves for comparison. The di�erent
crossings of the experimental sensitivities and the neutrino floor at around
a few GeV/c2 are primarily due to di�erent threshold assumptions.

cross checks from indirect and collider searches (for example, see
SUSY contours from Figs 1 and 4). This calls strongly for a world-
wide multi-faceted programme for dark matter detection. Finally,
one cannot ignore the importance of those null searches which
have been setting tighter constraints to many theoretical models,

and which may eventually direct us on a completely di�erent path
towards understanding this mysterious component of our Universe.
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spin-independentWIMP–nucleon cross-sections of a selected number of
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and SuperCDMS56. Currently leading limits in Fig. 1 (see legend), the
neutrino ‘floor’20, and the post-LHC-Run1 minimal-SUSY allowed
contours21 are overlaid in solid curves for comparison. The di�erent
crossings of the experimental sensitivities and the neutrino floor at around
a few GeV/c2 are primarily due to di�erent threshold assumptions.

cross checks from indirect and collider searches (for example, see
SUSY contours from Figs 1 and 4). This calls strongly for a world-
wide multi-faceted programme for dark matter detection. Finally,
one cannot ignore the importance of those null searches which
have been setting tighter constraints to many theoretical models,

and which may eventually direct us on a completely di�erent path
towards understanding this mysterious component of our Universe.
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FIG. 4: Ideas to probe low-mass DM via scattering o↵, or absorption by, nuclei (NR) or electrons
(ER).

Several well-motivated DM candidates can be probed. In several cases, sharp theory

targets in parameter spaces can be identified, which can be probed by first-generation, low-
cost experiments with target exposures of as little as 100 gram-days. These sharp targets
have been discussed in Section III. They assume that the basic interaction between the DM
and SM particles are through a dark photon, which allows the DM to couple to all electrically
charged particles:

• Elastic Scalar – a (complex) scalar particle, �, can obtain the observed relic abun-
dance from thermal freeze-out of the “direct-annihilation” process � + �⇤

$ A0⇤
!

SM + SM, where A0 is the dark photon [89]. The annihilation cross section, �ann is
proportional to ↵D✏2µ�,e/m4

A0 , and has precisely the same dependence as the direct-
detection cross section, �DD does on the fundamental parameters, mA0 (the dark-
photon mass), ✏ (the kinetic mixing), and ↵D (the “fine-structure constant” of the
dark U(1)) [50] (µ�,e is the DM-electron reduced). In fact, since the final DM relic
abundance, n�, is proportional to 1/�ann, the direct-detection rate is proportional to
n��DD ⇠ �DD/�ann, which is a constant for a given m�. So even if � constitutes only a
subdominant component of the entire DM, the “target” cross section on the �DD�m�

plane is a fixed line.

• Asymmetric Fermion – a Dirac fermion can obtain the correct relic abundance from
an initial asymmetry and provides an “asymmetric” DM candidate [13]. However, di-
rect annihilation between DM and SM particles from �+�̄ ! A0⇤

$ SM+SM produces
also a symmetric component, whose abundance is smaller for larger annihilation cross
sections [43]. The symmetric component can annihilate and, if its abundance is too
large, distort the Cosmic Microwave Background power spectrum. The CMB thus sets
a lower bound on the annihilation cross section and, therefore, on �DD [50].

• ELDER – An “elastically decoupling relic” (ELDER) has its relic abundance set by
its elastic scattering o↵ SM particles through A0 exchange (as opposed to annihilation
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which the thermal target is largely an invariant under varia-
tion of couplings and of mass hierarchies.

A. Mediator Model Building

Unlike weak-scale WIMPs, which realize successful
freeze-out with only SM gauge interactions, sub-GeV DM is
overproduced in the absence of light (⌧ mZ) new mediators
to generate a sufficiently large annihilation rate [29, 30]. To
avoid detection thus far, such mediators must be neutral under
the SM and couple non-negligibly to visible particles.

If SM particles are neutral under the new interaction, a

renormalizable model (without additional fields) requires the
mediator to interact with the SM through the hypercharge,
Higgs, or lepton portals

Bµ⌫ , H
†
H , LH, (1)

for vector, scalar, and fermionic mediators, respectively.
However, coupling a fermionic mediator to the lepton por-
tal requires additional model building4 and scalar mediators,
which mix with the Higgs are ruled out for predictive mod-
els in which DM annihilates directly to SM final states (see

4 A fermionic mediator coupled to the lepton portal requires additional
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which the thermal target is largely an invariant under varia-
tion of couplings and of mass hierarchies.

A. Mediator Model Building

Unlike weak-scale WIMPs, which realize successful
freeze-out with only SM gauge interactions, sub-GeV DM is
overproduced in the absence of light (⌧ mZ) new mediators
to generate a sufficiently large annihilation rate [29, 30]. To
avoid detection thus far, such mediators must be neutral under
the SM and couple non-negligibly to visible particles.

If SM particles are neutral under the new interaction, a

renormalizable model (without additional fields) requires the
mediator to interact with the SM through the hypercharge,
Higgs, or lepton portals

Bµ⌫ , H
†
H , LH, (1)

for vector, scalar, and fermionic mediators, respectively.
However, coupling a fermionic mediator to the lepton por-
tal requires additional model building4 and scalar mediators,
which mix with the Higgs are ruled out for predictive mod-
els in which DM annihilates directly to SM final states (see

4 A fermionic mediator coupled to the lepton portal requires additional

where the momentum transfer q is at most qmax ⇠ µ�,ev�. Because this momentum trans-
fer is so small in direct-detection experiments, the direct-detection experiments receive a
parametric enhancement relative to higher energy experiments, allowing new low-threshold
experiments to probe couplings much smaller than accessible through other types of exper-
iments.

A discovery of a new particle at an underground direct-detection experiment would con-
stitute strong evidence that such a particle constitutes all or at least part of the DM. For
some models of DM, new direct-detection and accelerator-based experiments can cover over-
lapping parameter space. This is very exciting, as it allows for testing a potential DM signal
by using entirely di↵erent approaches. However, we note that there are also models that can
be probed either by accelerators alone or by direct detection alone. For example, models
in which the DM scatters inelastically, or a Majorana DM particle that has a velocity-
suppressed scattering cross section o↵ SM particles, are best probed with accelerator-based
experiments (due to the DM’s non-relativistic velocity in the Milky-Way halo), while models
for which the mediator is ultralight (e.g. axion-like or dark-photon DM) or some models of
freeze-in are best probed by direct-detection experiments. This emphasizes that a small-scale
program will be most successful if it contains a multitude of approaches to probe DM.

A key point emphasized by the working group is that by leveraging new theoretical ideas
together with technological advances that allow for the detection of low-threshold signals,
vast regions of DM parameter space can be explored by small detectors that are only a
fraction of the cost of the G2 experiments. The close collaboration between theorists and
experimentalists has been essential in developing these new ideas, which are now ripe for
implementation.

C. New Directions for Low-Mass Dark Matter Searches

1. Energy Threshold

The fundamental technical challenge in searching for sub-GeV DM is simply the size of
the detectable signal. This is because the velocity of bound DM within the Milky Way
galaxy, v�, is non-relativistic and limited by the galactic escape velocity (⇠ 10�3c), and thus
the maximum possible energy transfer to the detector decreases as the DM mass, m�, is
lowered.

For the traditional nuclear recoil signals from DM scattering elastically o↵ nuclei (Fig. 5,
top left), the need to conserve both momentum and energy suppresses the recoil energy even
further for sub-GeV masses. In particular, the nuclear recoil energy is given by

ENR =
q2

2mN


2µ2

�Nv
2

�

mN
. 190 eV ⇥

⇣ m�

500 MeV

⌘2
✓
16 GeV

mN

◆
, (9)

In the latter inequality we take the DM speed to be the galactic escape velocity plus the
Earth velocity, v� ' (544 + 220) km/s, to estimate the maximum nuclear recoil energy. We
see that the energy transfer to a nucleus from an elastic DM scatter is ine�cient, decreasing
as m2

� as the DM mass is lowered below the GeV scale, and quickly falls below the threshold
of the most sensitive current generation DM experiments.
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FIG. 5: Sample processes considered in this section to detect DM, �. Top left: DM-nucleus
scattering. Top middle: DM-electron scattering. Top right: DM-nucleus scattering with emission
of a photon. Bottom left: Absorption by an electron of a bosonic DM particle (a vector A0, scalar
�, or pseudoscalar a). Bottom middle: Absorption by an electron of a bosonic DM particle, made
possible by emission of a phonon �. Bottom right: Emission of multiple phonons in DM scattering
o↵ helium.

2. Ideas to Probe Low-Mass Dark Matter

Over the past decade, several strategies have been proposed that maximize the energy
transfer to the target. In some cases this is at the expense of a modest rate suppression,
but this is at least partially o↵set by the larger DM particle flux expected as m� is lowered.
These interactions include:

• DM-Electron Scattering (1 keV – 1 GeV): For low-mass DM elastic scattering
(Fig. 5, top middle), the DM energy is transferred far more e�ciently to an electron
than to a nucleus [48]. If the DM is heavier than the electron, the maximum energy
transfer is equal to the DM kinetic energy,

Ee 
1

2
m�v

2

� . 3 eV
⇣ m�

MeV

⌘
. (10)

Bound electrons with binding energy �EB can thus in principle produce a measurable
signal for

m� & 0.3 MeV ⇥
�EB

1 eV
. (11)

This allows low-mass DM to produce ionized excitations in drift chambers (�EB ⇠

10 eV) for m� & 3 MeV [48, 90, 91], to promote electrons from the valence band to the
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FIG. 8: Left: Constraints and projections (90% c.l.) for the DM-nucleon scattering cross
section. Thick gray lines are current world-leading constraints [108, 116, 129, 130]. Projections are
shown with solid/dashed/dotted lines indicating a short/medium/long timescale, respectively, with
the same meaning as in Fig. 6. Blue lines denote the DoE G2 experiment projections. Yellow region
denotes the WIMP-discovery limit from [131] extended to lower masses for He-based experiments.
Right: As in left plot, but focused on the 100 MeV to 10 GeV DM mass range.

FIG. 9: Constraints from direct-detection experiments (solid lines), colliders and indirect detection
(labelled, dashed), and projections for new experiments (labelled, dashed/dotted lines) for the
spin-dependent scattering cross section for protons or neutrons o↵ nuclei. Constraints
are shown from PICO-60 [116], LUX [132], PICO-2L [133], PICO-60 CF3I [134], and IceCube [135].
Projections from PICO (proton) and LZ (neutron) are also shown [115]. The expected background
from atmospheric, supernova and solar neutrinos in both xenon and C3F8 is shown by the shaded
regions [131].
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Figure 3 | Upper limits on the spin-dependentWIMP–neutron scattering
cross-section set by di�erent xenon-based experiments. Limit curves from
LUX62 and PandaX-II63.
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Figure 4 | The projected sensitivity (dashed curves) on the
spin-independentWIMP–nucleon cross-sections of a selected number of
upcoming and planned direct detection experiments, including
XENON1T34, PandaX-4T, XENONnT34, LZ35, DARWIN36 or PandaX-30T,
and SuperCDMS56. Currently leading limits in Fig. 1 (see legend), the
neutrino ‘floor’20, and the post-LHC-Run1 minimal-SUSY allowed
contours21 are overlaid in solid curves for comparison. The di�erent
crossings of the experimental sensitivities and the neutrino floor at around
a few GeV/c2 are primarily due to di�erent threshold assumptions.

cross checks from indirect and collider searches (for example, see
SUSY contours from Figs 1 and 4). This calls strongly for a world-
wide multi-faceted programme for dark matter detection. Finally,
one cannot ignore the importance of those null searches which
have been setting tighter constraints to many theoretical models,

and which may eventually direct us on a completely di�erent path
towards understanding this mysterious component of our Universe.
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Figure 3 | Upper limits on the spin-dependentWIMP–neutron scattering
cross-section set by di�erent xenon-based experiments. Limit curves from
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Figure 4 | The projected sensitivity (dashed curves) on the
spin-independentWIMP–nucleon cross-sections of a selected number of
upcoming and planned direct detection experiments, including
XENON1T34, PandaX-4T, XENONnT34, LZ35, DARWIN36 or PandaX-30T,
and SuperCDMS56. Currently leading limits in Fig. 1 (see legend), the
neutrino ‘floor’20, and the post-LHC-Run1 minimal-SUSY allowed
contours21 are overlaid in solid curves for comparison. The di�erent
crossings of the experimental sensitivities and the neutrino floor at around
a few GeV/c2 are primarily due to di�erent threshold assumptions.

cross checks from indirect and collider searches (for example, see
SUSY contours from Figs 1 and 4). This calls strongly for a world-
wide multi-faceted programme for dark matter detection. Finally,
one cannot ignore the importance of those null searches which
have been setting tighter constraints to many theoretical models,

and which may eventually direct us on a completely di�erent path
towards understanding this mysterious component of our Universe.

Received 16 November 2016; accepted 13 January 2017;
published online 2 March 2017

References
1. Bertone, G., Hooper, D. & Silk, J. Particle dark matter: evidence, candidates and

constraints. Phys. Rep. 405, 279–390 (2005).
2. Savage, C., Freese, K. & Gondolo, P. Annual modulation of dark matter in the

presence of streams. Phys. Rev. D 74, 043531 (2006).
3. Jungman, G., Kamionkowski, M. & Griest, K. Supersymmetric dark matter.

Phys. Rep. 267, 195–373 (1996).
4. Smith, M. C. et al . The RAVE survey: constraining the local galactic escape

speed.Mon. Not. R. Astron. Soc. 379, 755–772 (2007).
5. Peccei, R. D. & Quinn, H. R. CP conservation in the presence of instantons.

Phys. Rev. Lett. 38, 1440–1443 (1977).
6. Wilczek, F. Problem of strong P and T invariance in the presence of instantons.

Phys. Rev. Lett. 40, 279–282 (1978).
7. Kim, J. E. Light pseudoscalars, particle physics and cosmology. Phys. Rep. 150,

1–177 (1987).
8. Marsh, D. J. E. Axion cosmology. Phys. Rep. 643, 1–79 (2016).
9. Gaskins, J. M. A review of indirect searches for particle dark matter.

Contemp. Phys. 57, 496–525 (2016).
10. Lewin, J. D. & Smith, P. F. Review of mathematics, numerical factors, and

corrections for dark matter experiments based on elastic nuclear recoil.
Astropart. Phys. 6, 87–112 (1996).

11. Strigari, L. E. Neutrino coherent scattering rates at direct dark matter detectors.
New J. Phys. 11, 105011 (2009).

12. Gutlein, A. et al . Solar and atmospheric neutrinos: background sources for the
direct dark matter search. Astropart. Phys. 34, 90–96 (2010).

13. Ruppin, F., Billard, J., Figueroa-Feliciano, E. & Strigari, L. Complementarity of
dark matter detectors in light of the neutrino background. Phys. Rev. D 90,
083510 (2014).

14. Dedes, A., Giomataris, I., Suxho, K. & Vergados, J. D. Searching for secluded
dark matter via direct detection of recoiling nuclei as well as low energy
electrons. Nucl. Phys. B 826, 148–173 (2010).

15. Gaitskell, R. J. Direct detection of dark matter. Annu. Rev. Nucl. Part. Sci. 54,
315–359 (2004).

16. Bernabei, R. et al . Final model independent result of DAMA/LIBRA-phase1.
Eur. Phys. J. C 73, 2648 (2013).

17. Aalseth, C. E. et al. (CoGeNT Collaboration) CoGeNT: a search for low-mass
dark matter using p-type point contact germanium detectors. Phys. Rev. D 88,
012002 (2013).

18. Angloher, G. et al . Results from 730 kg days of the CRESST-II Dark Matter
Search. Eur. Phys. J. C 72, 1971 (2012).

19. Agnese, R. et al. (CDMS Collaboration) Silicon detector dark matter results
from the final exposure of CDMS II. Phys. Rev. Lett. 111, 251301 (2013).

20. Billard, J., Strigari, L. & Figueroa-Feliciano, E. Implication of neutrino
backgrounds on the reach of next generation dark matter direct detection
experiments. Phys. Rev. D 89, 023524 (2014).

21. Bagnaschi, E. A. et al . Supersymmetric dark matter after LHC Run 1.
Eur. Phys. J. C 75, 500 (2015).

22. Angle, J. et al. (XENON Collaboration) First results from the XENON10 dark
matter experiment at the Gran Sasso National Laboratory. Phys. Rev. Lett. 100,
021303 (2008).

23. Aprile, E. et al. (XENON100 Collaboration) Limits on spin-dependent
WIMP-nucleon cross sections from 225 live days of XENON100 data.
Phys. Rev. Lett. 111, 021301 (2013).

24. Akerib, D. S. et al. (LUX Collaboration) First results from the LUX dark matter
experiment at the Sanford Underground Research Facility. Phys. Rev. Lett. 112,
091303 (2014).

25. Akerib, D. S. et al. (LUX Collaboration) Improved limits on scattering of
weakly interacting massive particles from reanalysis of 2013 LUX data.
Phys. Rev. Lett. 116, 161301 (2016).

26. Tan, A. et al. (PandaX-II Collaboration) Dark matter results from first 98.7 days
of data from the PandaX-II experiment. Phys. Rev. Lett. 117, 121303 (2016).

27. Aprile, E. et al . Liquid xenon detectors for particle physics and astrophysics.
Rev. Mod. Phys. 82, 2053–2097 (2010).

28. Akerib, D. S. et al. (LUX Collaboration) The Large Underground Xenon (LUX)
experiment. Nucl. Instrum. Methods A 704, 111–126 (2013).

29. Mei, D. & Hime, A. Muon-induced background study for underground
laboratories. Phys. Rev. D 73, 053004 (2006).

30. Akerib, D. S. et al. (LUX Collaboration) Results from a search for dark matter
in the complete LUX exposure. Phys. Rev. Lett. 118, 021303 (2017).

31. Tan, A. et al. (PandaX Collaboration) Dark matter search results from the
commissioning run of PandaX-II. Phys. Rev. D 93, 122009 (2016).

NATURE PHYSICS | VOL 13 | MARCH 2017 | www.nature.com/naturephysics

© 2017 Macmillan Publishers Limited, part of Springer Nature. All rights reserved.

215

[Liu, Chen, Ji]

Z

H

SM

χ

SM

χ

χ χ



Status of Direct Detection

NATURE PHYSICS DOI: 10.1038/NPHYS4039 PROGRESS ARTICLES

PandaX-II 2016 
LUX 2016

101 102 103

WIMP mass (GeV/c2)

10−41

10−40

10−39

10−38

SD
 W

IM
P−

ne
ut

ro
n 

cr
os

s-
se

ct
io

n 
(c

m
2 )

Figure 3 | Upper limits on the spin-dependentWIMP–neutron scattering
cross-section set by di�erent xenon-based experiments. Limit curves from
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Figure 4 | The projected sensitivity (dashed curves) on the
spin-independentWIMP–nucleon cross-sections of a selected number of
upcoming and planned direct detection experiments, including
XENON1T34, PandaX-4T, XENONnT34, LZ35, DARWIN36 or PandaX-30T,
and SuperCDMS56. Currently leading limits in Fig. 1 (see legend), the
neutrino ‘floor’20, and the post-LHC-Run1 minimal-SUSY allowed
contours21 are overlaid in solid curves for comparison. The di�erent
crossings of the experimental sensitivities and the neutrino floor at around
a few GeV/c2 are primarily due to di�erent threshold assumptions.

cross checks from indirect and collider searches (for example, see
SUSY contours from Figs 1 and 4). This calls strongly for a world-
wide multi-faceted programme for dark matter detection. Finally,
one cannot ignore the importance of those null searches which
have been setting tighter constraints to many theoretical models,

and which may eventually direct us on a completely di�erent path
towards understanding this mysterious component of our Universe.
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[Tucker-Smith and Weiner]

Can be endothermic (iDM) or exothermic 
[Graham, Harnik, Rajendran, Saraswat]
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Can be endothermic (iDM) or exothermic 
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Figure 2: The energy recoil boundaries for inelastic DM with splitting � = 100 keV (dashed) and
200 keV (dotted) scattering o↵ xenon and tungsten. From right to left, the orange, green, blue,
and red curves denote available scattering phase space for mX = 0.05, 0.2, 1, 10 TeV dark matter,
respectively. Dark matter masses mX > 10 TeV are nearly indistinguishable from the mX = 10 TeV
curve due to the reduced mass µ ' mN . As in Fig. 1, horizontal lines indicate the maximum recoil
energies of CRESST II, LUX, PandaX II, and XENON100.

asymptotes to the maximum recoil energy for elastic scattering once ER � �. The minimum velocity
to scatter at any recoil energy is determined by the apex of the parabola
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where this expression is valid up to corrections of O(E0/mX , �/mX), which are negligible for fixed-
target terrestrial experiments and mX � GeV. The mass dependence of the kinematics is illustrated
in Fig. 2.

The simple expressions for the apex make it easy to qualitatively understand how the kinematical
range shifts with respect to the dark matter mass, the target mass, and the inelastic splitting. For
example, in the case of heavy dark matter mX � mN ,

v
apex

min
'

r
2�

mN

ER(v
apex

min
) ' � (mX � mN ) , (4)

the minimum velocity scales as 1/
p
mN , which makes it clear why argon experiments have essentially

no sensitivity to the inelastic frontier. Also, the typical recoil energy is determined just by �,
independently of the dark matter mass and the target nucleus. Therefore, experiments that employ
a maximum ER that is less than � are severely limiting their sensitivity. This is illustrated in the
figure by the maximum ER that existing analyses from LUX, PandaX, and XENON100 use to set
their bounds. By only accepting events with recoil energies smaller than ⇠ 50 keV, these analyses
are necessarily restricted to inelastic mass splittings less than 200 keV.
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Figure 2: The energy recoil boundaries for inelastic DM with splitting � = 100 keV (dashed) and
200 keV (dotted) scattering o↵ xenon and tungsten. From right to left, the orange, green, blue,
and red curves denote available scattering phase space for mX = 0.05, 0.2, 1, 10 TeV dark matter,
respectively. Dark matter masses mX > 10 TeV are nearly indistinguishable from the mX = 10 TeV
curve due to the reduced mass µ ' mN . As in Fig. 1, horizontal lines indicate the maximum recoil
energies of CRESST II, LUX, PandaX II, and XENON100.
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a maximum ER that is less than � are severely limiting their sensitivity. This is illustrated in the
figure by the maximum ER that existing analyses from LUX, PandaX, and XENON100 use to set
their bounds. By only accepting events with recoil energies smaller than ⇠ 50 keV, these analyses
are necessarily restricted to inelastic mass splittings less than 200 keV.
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Figure 1: A cartoon summarizing the luminous dark matter signal discussed in this work. A heavy
dark matter particle, �1, is coming from the direction of the Cygnus constellation and approaching
Earth with high speed (left). This allows it to upscatter off a (lead) nucleus somewhere within the
Earth, deviating from its direction only slightly (middle). The excited state, �2, decays back to �1

and a photon in an underground detector located on the opposite side of the Earth (right). The
rate for this process would be much lower had the detector been on the Cygnus-facing side of the
planet.

first proposed dark matter which upscatters to an excited state in the rock outside of a detector,
and then decays into a photon that needed to be a few keV, with the goal of explaining the DAMA
annual modulation. Alas, this novel DAMA explanation is ruled out by other direct detection
experiments. Another idea, “dark matter in two easy steps” [11], proposed dark matter which
upscatters into an excited state in lead shielding surrounding a neutrinoless double beta decay
experiment, and then decays into a photon of order one hundred keV. This analysis shares some
similarities with our paper: we both propose that inelastic dark matter is excited by lead outside
of the detector volume, and propose looking for the photon from the decay of the excited state
back into dark matter. Moreover, we both recognize that there is large sidereal-daily modulation
of the rate that can be used to separate signal from background. The main differences between our
analysis and theirs is: we utilize the entire Earth as upscatter material (focusing on upscatters off
lead and iron); and, we consider a large range of photon energies between about 5-600 keV. The
upper end of this range has the weakest constraints from direct detection experiments. The range
75-125 keV, which was the main focus of [11], is significantly constrained by PICO and the high
recoil analysis of XENON100 [14]. Reinterpreting these bounds on the magnetic inelastic transition
strength [14] implies the the characteristic decay length of the excited state exceeds 50 (500) meters
once � <

⇠ 150 (100) keV. At these lengths, the gain from integrating over the trace lead abundance
in the Earth is substantial in comparison to utilizing the close-in concentrated lead shielding of
experiments sensitive to these photon energies.

In this paper we also decouple the upscatter process from the excited state decay. This is
well-motivated, since there are many specific models that can have a large inelastic scattering rate,
small elastic scattering rate, and excited state decay that all proceed through different processes.
Examples include a variety of elementary candidates such as the wino and higgsino [44–47] as well
as composite candidates [48]. The prototypical example model for this paper is the narrowly-split
higgsino that arises from split Dirac supersymmetry [49]: in this model, the abundance of dark
matter matches cosmological observations for m�0

1
⇠ 1 TeV; the neutral higgsino states �0

1,2 are
narrowly split by hundreds of keV; the dominant elastic scattering cross section is exceptionally small
due to the twist-2 operator suppression as well as the cancellation against Higgs boson exchange
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Illuminating the Inelastic Frontier

Higgsino DM scatters inelastically off nucleus through Z
Travels for 10-1000 km 
Decays to mono energetic photon

• Abundant heavy target
• Large volume, low threshold detector

Detector Xenon 1T Borexino SNO DUNE IceCube

Mass (ton)

Threshold 
(MeV) 10−3

1 103 3 × 104 107

0.15 1 1 − 10 104

300

See also “Luminous DM” [Feldstein, Graham, Rajendran] and “DM in 2 Easy Steps” [Pospelov, Weiner, Yavin]
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Luminous Rate

Inelastic Dark Matter Detection at Borexino

Joshua Eby, Patrick Fox, Roni Harnik, and Graham Kribs

Abstract

Some words go here

1 Introduction

............

2 Setup

2.1 Very Simplified Calculation

A simple, back of the envelope calculation can give us some intuition about our expected rates. We

ignore several e↵ects, including modulation, the kinematics of inelastic scattering, nuclear form factors,

etc. for now, to simplify the geometry and velocity distribution; we will address these complications in

the next section. Here we present only a very simple estimate for the expected rate.

For dark matter particles of number density n� scattering o↵ of (say) lead atoms inside the earth,

which have number density nT , the average rate of particles entering our detector volume V will be

Rate ⇠ nT n� � v V. (1)

The DM-nucleon cross section � will be proportional to the atomic number A to the fourth power, so

we write it as � ⇠ �0 A4. For lead, A ⇠ 200 and the number density is

nT ⇠ 1017 cm3.

while the local DM density is

n� ⇠ 1

m�

0.3 GeV

cm3
.

A typical DM velocity in the halo is v ⇠ 2⇥107 cm/sec, and we will use the detector volume for Borexino,

approximately V ⇠ 4⇡/3
�
103 cm

�3
. Putting this all together, for DM with m� = 1 TeV and �0 = 1040

cm2 gives

Rate ⇠ 0.4 sec�1. (2)

This rate will be suppressed by the inelastic dark matter kinematics and nuclear form factor, and will

be subject to modulation e↵ects due to the DM “wind”, as we shall see later.

1

- nFe [km�3] nPb [km�3] Outer Radius [km]
Core 1.1⇥ 1038 1.3⇥ 1031 3483

Mantle 3.0⇥ 1036 2.4⇥ 1030 6341
Crust 1.2⇥ 1036 4.9⇥ 1031 6371

Table 1: Number densities for iron (column 1) and lead (column 2), along with the outer-
edge radii (column 3), for the core, mantle, and crust in our three-layer approximation of
the earth.

There are two solutions for the Jacobian, corresponding to the two possible the two possible
outgoing speeds in the lab frame, or (equivalently) two outgoing angles in the CM frame. To
account for the substructure of the nucleus, we use the Helm form factor [citeLewinSmith]

F (q±) =
3

q rn
J1(q± rn) exp

✓
�
q2 s2

2

◆
(16)

with s ⇡ 0.9 fm and rn ⇡ 1.14 (A/0.93149)1/3 fm, and where q± =
p
2mT Er,± is the

momentum transfer in the collision given a recoil energy of

Er,± =
1

2
m�0

1
(vtot)

2
�

1

2
m�0

2
(vlabf,±)

2
� �. (17)

The expected rate inside the detector, taking into account all of the details above, is
given by

� =
X

±

Z
d3rs d

3v�
n
nT (rs)

⇢�
m�0

1


RD

|~rs � ~rD| ✓labmax

�2
P0(|~rs � ~rD|, v

lab
f,±)

⇥ f(v�) |F (q±)|
2


d�

d cos ✓lab

�

±
vtot

o
(18)

[I guess this will appear earlier in the paper, but I used ⇢� = 0.3 GeV/cm3 is local
energy density of DM]

4 Current and Future Sensitivities

We are now ready to estimate the limits that a deep neutrino detector can place on our
framework using a daily modulation signal. As an example, we will consider the spectrum
observed during Phase I and/or II of Borexino [?, 35]. The observed rate in the vicinity of
250-600 keV is of order few⇥0.1 events/(day⇥keV⇥100 tonnes). This rate does not include

9

Complicated 6d integral, sensitive to lifetime, speed, position etc…

Prob. to decay in det.Solid angle

2 c.o.m.  
scattering angles

P0(|~rs � ~rD|, vf ) = 2 e�|~rs�~rD|/vf⌧ sinh
LD

2vf⌧
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The Cygnus “gun”
Upscatter needs high speeds, which comes from Cygnus

-2.0 -1.5 -1.0 -0.5 0 -6 -4 -2 0

-3 -2 -1 0 -2.0 -1.5 -1.0 -0.5 0

Figure 2: The flux of 1 TeV dark matter capable of scattering off lead and its dependence
on inelastic splitting, �. The colors denote the (log10 of the) ratio of the flux to the peak
flux, which comes from the direction of motion of the Earth, which is given by the cross and
is approximately in the direction of the constellation of Cygnus.

How much of the Earth overburden contributes to our signal depends on the lifetime of
the excited state. As we saw from Eq. (3), typical decay lengths range from ⇠ 10–100 km
for � ⇠ 550–200 keV for dark matter with a mass of 1 TeV. These lengths are fascinating,
because they are significantly larger than the depth of underground dark matter and neutrino
detectors, but much shorter than the Earth radius. And, as an added curiousity, these decay
lengths are roughly comparable to the depth of the crust of the Earth (within a factor of a
few), and this will lead to a completely novel modulation signal in detectors in the southern
hemisphere, explained in detail in Sec. 5.

Given that the typical decay lengths range from ⇠ 10–100 km, the flux of dark matter
that can inelastically scatter and subsequently decay depends – in the gun approximation –
on the location of Cygnus relative to the detector. As we’ve discussed, constellations move
in arcs across the sky that repeat every sidereal day. Whether a constellation is “visible”
(above the horizon) for part of the day depends entirely on just its declination. Cygnus
has a declination of approximately 45 degrees north. [Here I’m taking the star Deneb as
a proxy for Cygnus. -GDK] This means detectors in the northern hemisphere at latitudes
above 45 degrees north have Cygnus above the horizon at all times of the sidereal day.
Conversely, (hypothetical) detectors in the southern hemisphere below 45 degrees never see
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Borexinolow-metallicity ones [19]. A precise CNO solar neutrino
flux measurement has therefore the potential to discrimi-
nate between these competing models and to shed light on
the inner workings of heavy stars.
This paper provides a detailed description of the analysis

methods used to obtain the aforementioned measurements
of 7Be, pep, and CNO (upper limit) solar neutrino inter-
action rates in Borexino. After a brief description of
the detector, we discuss the expected neutrino signal, the
backgrounds, the variables used in the analysis, and the
procedures adopted to extract the signal. We then report on
a measurement of the annual modulation of the 7Be solar
neutrino rate. Finally, we discuss the physics implications
of the Borexino solar neutrino results and we report a global
analysis of the Borexino data combined with that of other
solar neutrino experiments and of reactor experiments
sensitive to Δm2

12 and θ12.
This paper reports the final results of the Borexino

Phase-I. Phase-II, with an even better radio purity already
obtained after an extensive purification campaign of the
scintillator, already started data taking in 2012 and will
continue for several years. The goals of Phase-II will be
reported in a separate paper.

II. THE BOREXINO DETECTOR

Borexino is installed in Hall C of the Laboratori
Nazionali del Gran Sasso (LNGS) in Italy. Its design
[20] is based on the principle of graded shielding, with
the inner scintillating core at the center of a set of
concentric shells of decreasing radio purity from inside
to outside (see Fig. 2). The active medium is a solution of
PPO (2,5-diphenyloxazole, a fluorescent dye) in pseudo-
cumene (PC, 1,2,4-trimethylbenzene) at a concentration of
1.5 g=l [21]. The scintillator mass (∼278 ton) is contained
in a 125 μm thick spherical nylon inner vessel (IV) [22]
with 4.25 m radius surrounded by 2212 photomultipliers
(PMTs) labeled as internal PMTs in Fig. 2. All but 371
PMTs are equipped with aluminum light concentrators
designed to increase the light collection efficiency.
Within the IVa fiducial volume (FV) is software defined

through the measured event position, obtained from the
PMTs timing data via a time-of-flight algorithm (see
Sec. X). A second 5.5 m radius nylon outer vessel (OV)
surrounds the IV, acting as a barrier against radon and other
background contamination originating from outside. The
region between the IVand the OV contains a passive shield
composed of PC and a small quantity of DMP (dime-
thylphthalate), a material that quenches the residual scin-
tillation of PC so that scintillation signals arise dominantly
from the interior of the IV [21]. The concentration of DMP
in PC was 5.0 g=l at the beginning of data taking and was
later reduced to 3.0 g=l (and then to 2.0 g=l) to mitigate the
effects of a small leak in the IV (discussed in Sec. II A).
A 6.85 m radius stainless steel sphere (SSS) encloses the

central part of the detector and serves also as a support
structure for the 2212 8 in. (ETL 9351) PMTs.
The region between the OVand the SSS is filled with the

same inert buffer fluid (PC plus DMP) which is layered
between the IVand the OV. The apparatus consisting of the
PC and its solvents, the nylon vessels, and the internal
PMTs is called inner detector (ID).
The ID is contained in a tank (9 m base radius, 16.9 m

height) filled by ultrapure water. The total liquid passive
shielding of the central volume from external radiation
(such as that originating from the rock) is thus 5.5 m of
water equivalent. The water tank (WT) serves also as an
active veto [outer detector (OD)] allowing the detection of
the Cherenkov light induced by muons in water. For this
purpose 208 PMTs are installed on the external side of the
SSS and on the WT walls. The walls of the water tank are
covered by a reflective material to enhance the light
collection. Details of the OD are described in [23].
All the materials of the detector internal components

(stainless steel, phototubes, cables, light concentrators,
nylon) were specially selected for extremely low radio-
activity. Furthermore, only qualified ultraclean processes
were employed for their realization, followed by careful
surface cleaning methods.
The final assembly of the elements in the SSS was

carried out in clean room conditions: the entire interior of
the sphere was converted into a class 1000 clean room,
while in front of the main entrance of the sphere itself an on
purpose clean room of class 100–1000 was used for all the
final cleaning procedures of the equipment. Key elements
determining the success of the experiment were also the
many liquid purification and handling systems [24], which
were designed and installed to ensure the proper fluid
manipulation at the exceptional purity level demanded by
Borexino.
The PC was specially produced for Borexino by Polimeri

Europa (Sarroch-IT), according to a stringent quality
control plan jointly developed. It was shipped to LNGS

Stainless steel sphereExternal water tank

Nylon inner vessel
Nylon outer vessel

Fiducial volume

Internal
PMTs

Scintillator

Buffer

Water
Ropes

Steel plates
for extra
shielding

Borexino Detector

Muon
PMTs

FIG. 2 (color online). The schematic view of the Borexino
detector.
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j of the PS-BDThistogram, kj is the actual number of entries
in that bin, andm is the total number of bins of the PS-BDT
histogram.
LRadð~θÞ is defined in a way similar to LBDTð~θÞ. The

radial dependence is assumed uniform for all the species
except the external background. The PDFs of the radial
distribution of the external background and its energy
dependence has been obtained with the Monte Carlo
simulation, as described in Sec. XI.
We have performed Monte Carlo tests with datalike

samples to show that the statistical interpretation of like-
lihood-ratio tests holds for our computed total likelihood.

XXII. THE 7 Be-NEUTRINO INTERACTION RATE

The first measurement of the 7Be-ν interaction rate was
published by Borexino after only a few months of data
taking [5] and an update was reported in [6]. The accuracy
of those measurements was significantly improved in 2011
[7] using the results of the calibration campaign (see
Sec. VIII), a better understanding of the detector response,
and increased statistics. The data were collected in the
period from May 16, 2007 to May 8, 2010 and they
correspond to 740.7 live days after cuts and to 153.6 ton ×
year fiducial exposure. The resulting interaction rate of the
862 keV 7Be line [7] is

Rð7BeÞ ¼ 46.0 $ 1.5ðstatÞþ 1.5
−1.6ðsysÞ cpd=100 ton ð77Þ

and its corresponding νe-equivalent flux is ð2.79 $
0.13Þ × 109 cm−2 s−1. The νe-equivalent flux is calculated
by assuming that the total observed interaction rate is
due to electron flavor neutrinos only. Considering the
3-flavor neutrino oscillations, the equivalent flux is
ð4.43 $ 0.22Þ × 109 cm−2 s−1, which can be compared
with the expected SSM flux of Table II.
The 7Be-ν interaction rate has been obtained fitting only

the energy spectra (Sec. XX). The lower bound of the fit
region was chosen to avoid pileup between two 14C β
decays (Qβ ¼ 156 keV) and it corresponds to 270 keV. The
higher bound of the fit region is 1250 keV in the analytical
fit approach, in which the contribution of the external
background (208Tl, 214Bi) is not included. The Monte Carlo
fit includes the simulated spectrum of the external back-
ground allowing one to extend the fit region up to
1600 keV.
The weights for the 7Be neutrino signal and the main

radioactive background components (85Kr, 210Po, 210Bi,
and 11C) were left as free parameters in the fit, while the
contributions of the pp, pep, CNO, and 8B solar neutrinos
were fixed to the GS98-SSM predicted rates assuming
MSW-LMA neutrino oscillations (see Table II).
The 384 and 862 keV branches of the 7Be solar neutrinos

(see Fig. 1) are combined into a single spectrum. The
production ratio between the two branches is 10.52∶89.48.
Accounting for the energy-dependent survival probability

and interaction cross sections, the ratio between the
interaction rates is 3.9∶96.1. Similarly, we have combined
the 13N, 15O, and 17F recoil spectra into a single spectrum,
referred to as the CNO solar neutrino spectrum. The rates of
222Rn, 218Po, and 214Pb surviving the cuts were fixed using
the measured rate of 214Bi-214Po delayed coincidence
events.
Due to the slight eccentricity ε ¼ 0.01671 of the Earth’s

orbit around the Sun, the flux ΦE of solar neutrinos
reaching the Earth is time dependent:

ΦE ðtÞ ¼
RSun

4πr2ðtÞ
≃ RSun

4πr20

!
1 þ 2ε × cos

!
2πt
T

""
; ð78Þ

whereRSun is the neutrino production rate at the Sun, t is the
time in days from January 1, T is one year, rðtÞ is the time-
dependent Earth-to-Sun distance, and r0 is its mean value.
We are interested in the neutrino flux averaged over oneyear,
while the data acquisition periods are unevenly distributed
over a few years time interval. We have calculated the
expected flux for each period used in the data analysis using
Eq. (78). Thus,we have obtained the correction to be applied
to convert the measured flux into the yearly averaged flux.
The result is a multiplicative factor of 1.0003, a negligible
correction within the accuracy of the present data set.
All events accepted in the final energy spectra used in

the fit have to pass the selection criteria discussed in
Sec. XIII A. As described in Sec. XIII, the fit procedure
has been implemented both with and without statistical
subtraction of the 210Po-α peak (Sec. XIV). When statistical
subtraction is not applied, the additional Gαβ-based
energy-dependent cut described in Sec. XIII C is used.
Figures 52, 53, and 54 show some examples of fit results
obtained using various procedures. Figure 52 refers to the
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FIG. 52 (color online). Example of fit of the energy spectrum
obtained using the Monte Carlo method without α-β statistical
subtraction. The fit was done using theNh energy estimator. After
the fit, the horizontal axis was converted into an energy scale in
keV. The values of the best-fit parameters, the rates of individual
species, are given in cpd=100 ton.
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Figure 1: Expected event rates in dark matter detectors from (a) solar neutrino–electron scattering and (b)
solar neutrino–nucleus scattering in germanium. In (a), we use units of events per keVee per year per NA

electrons (where NA is the Avogadro number) to be able to compare rates in di↵erent materials. Thick
black lines correspond to the total event rate, while thin lines break the rate up into contributions from
di↵erent neutrino production processes. We also show the observed electron recoil spectra in XENON-
100 [39] (see text for details) and Borexino [34], from the low-threshold analysis of CDMS data [32], and the
event spectra from CoGeNT [25] and DAMA [40]. Since CoGeNT and DAMA cannot distinguish nuclear
recoils from electron recoils, we interpret their data as electron recoil in the left panel and as nuclear recoils
in the right panels.

of about 2 keVee. Measurements indicate that the light yield might actually be larger at lower
recoil energies (down to 30 keVee) [41], and if this trend continues to even lower recoil energies,
the energy threshold in XENON-100 might be even lower (and the background rate per keVee
somewhat higher) than what is shown in figure 1a. However, in many scintillators the light
yield peaks at Er ⇠ 10 keVee and drops steeply below [41], so that the exact sensitivity of
the XENON-100 detector to low-energy electron recoil events remains somewhat uncertain. In
figure 1, as well as figures 2 and 3, we indicate this uncertainty by a dashed red lines below
Er = 50 keVee. Besides Borexino and XENON-100, also the GEMMA experiment [42] has placed
limits on neutrino–electron scattering at low recoil energies. GEMMA limits are not directly
comparable to to the limits shown in figure 1 because GEMMA used not solar neutrinos, but
reactor anti-neutrinos, and thus the neutrino spectrum was di↵erent. We will comment more on
GEMMA in section 4 when discussing neutrino magnetic moments, and also in section 7.

Neutrino–nucleus interactions:

For neutrino–nucleus scattering (figure 1b), we compare the Standard Model prediction to the
observed event rates in CoGeNT [25] and CDMS [32]. Here we discuss only elastic neutrino–
nucleus scattering because it has been shown in [23] that the new physics contributions to the
cross sections for inelastic processes like neutrino-induced deuteron breakup or nuclear excitations
are about eight orders of magnitude smaller than the elastic scattering cross section in the class
of models we are interested in this paper. The reason is that in our models, deuteron dissociation
can only be mediated by an isoscalar vector current, whereas in the Standard Model, the isovector
axial vector gives by far the dominant contribution. Thus, considering the 4% uncertainty of

• 278 tons of scintillator, ~5m radius
• ~1300 days of data
• ~150 keV threshold, maybe lower?
• Good energy resolution
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FIG. 1. Multivariate fit results (an example obtained with the MC method) for the TFC-subtracted (left) and the TFC-tagged
(right) energy spectra, with residuals. The sum of the individual components from the fit (black lines) are superimposed on
the data (grey points).
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tion rates: (i) the light yield, (ii) a resolution parameter
which accounts for the non-uniformity of the response
and is relevant for the high-energy part of the spectrum,
(iii) a resolution parameter which accounts for the intrin-
sic resolution of the scintillator and e↵ectively takes into
account other contributions at low energy, (iv) the posi-
tion and width of the 210Po-↵ peak (to account for non-
uniform and time-varying spatial distribution of 210Po
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FIG. 3. Results of the fit for TFC-subtracted energy spectrum
zoomed in to the lowest energy region (an example obtained
with the analytical method) and residuals.

in the detector), and (v) the starting point of the 11C
spectrum, corresponding to the annihilation of the two
511 keV �’s. Leaving the above listed parameters free
gives the analytical fit the freedom to account for second-
order unexpected e↵ects or unforeseen variations of the
detector response in time.
The second method is based on the Borexino MC [14],

a customized Geant4-based simulation package [17],

[1707.09279]
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species, are given in cpd/100 ton.
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FIG. 55. Typical example of the distribution of the residuals
of the fit. This plot corresponds to the fit shown in Fig. 54.

and red curves in Fig. 52, Fig. 53, and Fig. 54. These two
fit components are correlated and their relative weight is
influenced by details of the energy scale. The amount
of 85Kr returned by the fit is also sensitive to the count
rate in the low–energy portion of the spectrum at the
beginning of the fit region. These e↵ects translate in a
dependence of the resulting 85Kr rate on the fit procedure
(analytical or Monte Carlo) and, particularly, on the use
or not of the ↵ – � statistical subtraction. The statistical
subtraction procedure is generally the one giving the low-
est krypton count rate. The similarity of the spectrum
of 7Be–⌫ and 85Kr produces a systematic uncertainty in
the determination of the 7Be–⌫ interaction rate. How-
ever, the absolute value of the uncertainty associated to
the 7Be–⌫ interaction rate is smaller than the one asso-
ciated to the 85Kr: the reason is that the determination

of the 7Be–⌫ interaction rate is also constrained by the
energy region between 550 and 750 keV where the weight
of 85Kr is significantly reduced. The accuracy of the 85Kr
direct measurement obtained with the rare delayed coin-
cidence branch (see Subsection XI.3.2 ) is not su�cient
to constrain the weight of the krypton in the fit. The
di↵erent fit approaches produce slightly di↵erent values
for the 85Kr rate; all these values are self consistent and
consistent with the direct measurement. The results dis-
played in the Fig. 52, Fig. 53, and Fig. 54 clearly show
this e↵ect. Table XIX summarizes the results about the
background rates obtained by the fit of the energy spec-
tra.
The CNO–⌫ and 210Bi spectra are very similar. This

trend is weakly influencing the 7Be–⌫ interaction rate
measurement.
All the available fit methods have been used to study

these and other systematic e↵ects on the 7Be–⌫ rate. The
evaluation has been performed repeating the fit proce-
dure many times by varying one parameter and fixing all
the others, and then repeating this procedure for all the
relevant parameters. These are the binning, the choice
of the energy estimator, the energy range used in the
fit, the use or not of the ↵ – � statistical subtraction
and the energy region where this procedure is applied,
the exact values of the fixed components of the neutrino
spectra varied within the theoretical uncertainties, and
the amount of residual radon correlated background rates
inferred from the 214Bi – 214Po coincidence rates.
The energy scale is a free fit parameter in the analytical

method while it is fixed in the Monte Carlo method. In
the Monte Carlo method the uncertainty of the fit results
originated by the one of the energy scale has been stud-
ied by repeating the fit using Monte Carlo energy spectra
obtained with the � energy scale changed by ±2%. It re-
sults that changes of the energy scale larger than ±1.5%
produce fit with not acceptable �2 and they were dis-
carded.
We have built the distributions of all the fit results ob-

tained by scanning the values of the above listed parame-
ters with all the fit methods; we have discarded those fits
producing a non acceptable �2 and then we considered
as systematic uncertainty the rms of the resulting dis-
tribution. The systematic e↵ect due to the uncertainty
in the energy scale when all the remaining parameters
are kept fixed at their best values produces a systematic
uncertainty of 2.7% on the 7Be–⌫ interaction rate. The
contribution of all other listed e↵ects is included in the
Table XX as ”Fit Methods” and it amounts to 2%.

TABLE XIX. Background rates obtained fitting the energy
spectra used to measure the 7Be neutrinos interaction rate.

Species rate [cpd/100 ton]
85Kr 31.2±1.7(stat)±4.7(syst)
210Bi 41.0±1.5(stat)±2.3(syst)
11C 28.5±0.2(stat)±0.7(syst)

Event rate~5/day
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Figure 5: Projected sensitivity to inelastic DM cross section.

5 Novel Sidereal-Daily Modulation Signals in the South-

ern Hemisphere

As we have seen, in the northern hemisphere there is a large sidereal-daily modulation of the
photon rate for the large �’s at the inelastic frontier. The modulation, shown in Figs. 6-7,
arises from the differing column depth of rock during each sidereal day. The largest rates
occur when Cygnus appears below the horizon with respect to the detector, allowing the
high velocity dark matter flux to travel through a slide of the earth where it can upscatter
and then decay in the detector. The lowest rate occurs when Cygnus is above the horizon
with respect to the detector, leaving only the 1 km rock overburden above the detector to
inelastically upscatter and then decay.

In the southern hemisphere, Cygnus below the horizon for most (or all) of the sidereal
day. At SUPL, for example, Cygnus is below the horizon for about 18 hours, and so a detec-
tor would be able to observe a substantial photon rate during these hours and yet also have
a brief period of the day with negligible rate. This is close to an ideal configuration to max-
imize signal rate with a sidereal-daily modulation that should provide excellent background
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Things not covered, a partial list

• DM@LHC

• Asymmetric DM

• The Galactic Center Excess

• GAIA data

• Primordial Black Holes

• Composite Dark Matter

• DM Nuggets

• Boosted DM

• Self-interactions, velocity dependence, small scale structure

• ….
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Conclusions

The theory landscape is rich and getting richer


New technologies adding to experimental searches


Exciting, vibrant, and creative time to be working on Dark Matter!

6

an ideal preparation to tackle problems in broad areas of basic science, engineering, industry, and even the
financial sectors.

In this paper, we discuss the context for direct detection experiments in the search for dark matter and
describe briefly the current state of theoretical models for WIMPs. A brief review of the technologies
and experiments is presented, along with a discussion of facilities and instrumentation that enable such
experiments, and a description of other physics that these experiments can do. We end with a discussion
of how the field is likely to evolve over the next two decades, with a specific roadmap and criteria for new
experiments.

The international dark matter program is expected to evolve from currently-running (G1) experiments to
G2 experiments (defined as in R&D or construction now), to G3 experiments which will eventually reach
the irreducible neutrino background. Down-selection and consolidation will occur at each stage, given the
growing financial cost and manpower needs of these experiments. The DOE has a formal down-selection
process for one or more major G2 experiments. Since substantial NSF contributions are also expected,
XENON1T is considered to be a joint NSF/international US-led G2 experiment. Additional G2 experiments
may also move to construction in the coming year by either having relatively low overall cost or relatively
low cost to DOE/NSF. It is unclear when and how the U.S. funding agencies will select G3 experiments, but
such a stage is on their planning horizon. It is expected that only one or two U.S.-led G3 experiments at
the $100M range will be financially tenable.

3 Dark Matter Direct Detection in Context

Direct detection is only one method to search for dark matter. Because dark matter can potentially interact
with any of the known particles or, as in the case of hidden sector dark matter, another currently unknown
particle (as shown in Fig. 5), it is important to place direct detection in the larger context of dark matter
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Figure 5. Dark matter may have non-gravitational interactions with any of the known particles as well as
other dark particles, and these interactions can be probed in several di↵erent ways.

research. The Snowmass Cosmic Frontier Working Group CF4 has prepared a report [2] exploring the

Community Planning Study: Snowmass 2013

FIGURE 2. Simulated GLAST allsky map of neutralino DM annihilation in the Galactic halo, for a fiducial observer located 8
kpc from the halo center along the intermediate principle axis. We assumed Mχ = 46 GeV, ⟨σv⟩ = 5×10−26 cm3 s−1, a pixel size
of 9 arcmin, and a 2 year exposure time. The flux from the subhalos has been boosted by a factor of 10 (see text for explanation).
Backgrounds and known astrophysical gamma-ray sources have not been included.

DM ANNIHILATION ALLSKY MAP

Using the DM distribution in our Via Lactea simulation, we have constructed allsky maps of the gamma-ray flux from
DM annihilation in our Galaxy. As an illustrative example we have elected to pick a specific set of DM particle physics
and realistic GLAST/LAT parameters. This allows us to present maps of expected photon counts.

The number of detected DM annihilation gamma-ray photons from a solid angle ΔΩ along a given line of sight (θ ,
φ ) over an integration time of τexp is given by

Nγ (θ ,φ) = ΔΩ τexp
⟨σv⟩
M2
χ

[

∫ Mχ

Eth

(

dNγ
dE

)

Aeff(E)dE
]

∫

los
ρ(l)2dl, (2)

where Mχ and ⟨σv⟩ are the DM particle mass and velocity-weighted cross section, Eth and Aeff(E) are the detector
threshold and energy-dependent effective area, and dNγ/dE is the annihilation spectrum.

We assume that the DM particle is a neutralino and have chosen standard values for the particle mass and annihilation
cross section: Mχ = 46 GeV and ⟨σv⟩= 5×10−26 cm3 s−1. These values are somewhat favorable, but well within the
range of theoretically and observationally allowed models. As a caveat we note that the allowed Mχ -⟨σv⟩ parameter
space is enormous (see e.g. [7]), and it is quite possible that the true values lie orders of magnitude away from the
chosen ones, or indeed that the DM particle is not a neutralino, or not even weakly interacting at all. We include only
the continuum emission due to the hadronization and decay of the annihilation products (b  b and u  u only, for our low
Mχ ) and use the spectrum dNγ/dE given in [8].

For the detector parameters we chose an exposure time of τexp = 2 years and a pixel angular size of Δθ = 9 arcmin,
corresponding to the 68% containment GLAST/LAT angular resolution. For the effective area we used the curve
published on the GLAST/LAT performance website [9] and adopted a threshold energy of Eth = 0.45 GeV (chosen to

14

1 10 100 1000 104
10 50

10 49

10 48

10 47

10 46

10 45

10 44

10 43

10 42

10 41

10 40

10 39

10 38

10 37

WIMP Mass GeV c
2

W
IM
P
n
u
cl
eo
n
cr
o
ss
se
ct
io
n
cm

2

CDMS II Ge  (2009)

Xenon100 (2012)

CRESST

CoGeNT
(2012)

CDMS Si
(2013)

EDELWEISS (2011)

DAMA SIMPLE (2012)

ZEPLIN-III (2
012)COUPP (2012)

LUX (2013)

 D
A

M
IC           (2012)

C
D

M
S

lite
 (2

0
13)

   10 Neutrino Events   100 Neutrino Events

   1 Neutrino Event

   3 Neutrino Events   30 Neutrino Events

3 Neutrino Events1 Neutrino Event

30 Neutrino Events
10 Neutrino Events

100 Neutrino Events

1 10 100 1000 104
10 14

10 13

10 12

10 11

10 10

10 9

10 8

10 7

10 6

10 5

10 4

10 3

10 2

10 1

WIMP Mass GeV c
2

W
IM
P
n
u
cl
eo
n
cr
o
ss
se
ct
io
n
p
b

8B
Neutrinos

Atmospheric and DSNB Neutrinos

7Be
Neutrinos

COHERENT NEUTRIN O SCATTERING
 

 
C

O
H

E
R

E
N

T
 N

E
U

TRI NO  SCATTERING  
COHERENT NEUTRINO SCATTERING  

CDMS II Ge  (2009)

Xenon100 (2012)

CRESST

CoGeNT
(2012)

CDMS Si
(2013)

EDELWEISS (2011)

DAMA SIMPLE (2012)

ZEPLIN-III (2
012)COUPP (2012)

LUX (2013)

 D
A

M
IC           (2012)

C
D

M
S

lite
 (2

0
13)

Figure 12: Left : Neutrino isoevent contour lines (long dash orange) compared with current limits and regions of interest. The
contours delineate regions in the WIMP-nucleon cross section vs WIMP mass plane which for which dark matter experiments
will see neutrino events (see Sec. IIID). Right : WIMP discovery limit (thick dashed orange) compared with current limits
and regions of interest. The dominant neutrino components for different WIMP mass regions are labeled. Progress beyond
this line would require a combination of better knowledge of the neutrino background, annual modulation, and/or directional
detection. We show 90% confidence exclusion limits from DAMIC [55] (light blue), SIMPLE [56] (purple), COUPP [57] (teal),
ZEPLIN-III [58] (blue), EDELWEISS standard [59] and low-threshold [60] (orange), CDMS II Ge standard [61], low-threshold
[62] and CDMSlite [63] (red), XENON10 S2-only [64] and XENON100 [65] (dark green) and LUX [66] (light green). The filled
regions identify possible signal regions associated with data from CDMS-II Si [1] (light blue, 90% C.L.), CoGeNT [67] (yellow,
90% C.L.), DAMA/LIBRA [68] (tan, 99.7% C.L.), and CRESST [69] (pink, 95.45% C.L.) experiments. The light green shaded
region is the parameter space excluded by the LUX Collaboration.

3. Measurement of annual modulation. In the case of
a 6 GeV/c2 WIMP, next generation experiments
could reach sufficiently high statistics to disen-
tangle the WIMP and the neutrino contributions
using the 6% annual modulation rate of dark mat-
ter interactions [54]. However, in the case of hea-
vier WIMPs, very large and unrealistic exposures
would be required to obtain enough events to detect
such predicted annual modulation for cross sections
around 10−48 cm2. Furthermore, the atmospheric
neutrino event rate also undergoes annual modula-
tion due to the change in temperature of the atmos-
phere throughout the year [50]. A dedicated study
taking into account systematic uncertainties in the
neutrino fluxes and their modulations is required
to assess the feasibility of annual modulation dis-
crimination in light of atmospheric neutrino back-
grounds.

4. Measurement of the nuclear recoil direction as

suggested by upcoming directional detection expe-
riments [51]. Since the main neutrino background
has a solar origin, the directional signal of such
events is expected to be drastically different than
the WIMP-induced ones [52, 53]. This way, a
better discrimination between WIMP and neutrino
events will enhance the WIMP detection signifi-
cance allowing us to get stronger discovery limits.
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Experimental strategy

Experimental sensitivity

CASPEr

How can we probe axion dark matter?

Axion helioscope

CAST

Resonant cavity

ADMX

Figure 1: Axionic Black Hole Atom: The spinning black hole “feeds” superradiant states form-
ing an axion Bose-Einstein condensate. The resulting bosonic atom will emit gravitons through
axion transitions between levels and annihilations and will emit axions as a consequence of self-
interactions in the axion field.

Consequently, one may expect hundreds of axion-like particles in a given string compactification.
However, a plenitude of cycles does not yet guarantee the presence of a plenitude of axions. There
is a number of e�ects in string theory that could produce a large axion mass, such as branes
wrapping the cycles, and fluxes. One can roughly estimate the number of light axions as being
determined by the number of cycles without fluxes—presumably, around one tenth of the total
number of cycles. Still this leaves us with the expectation of several tens of axion-like particles.

The discovery of a plenitude of particles in our vacuum with similar properties but di�erent
masses supports the idea of a plenitude of vacua, as both the axiverse and the multiverse are
dynamical consequences of the same fundamental ingredients.

The masses of string axions are exponentially sensitive to the sizes of the corresponding cycles,
so one expects them to be homogeneously distributed on the logarithmic scale. However, given
that the QCD �-parameter is constrained to be less than 10�10, non-perturbative string corrections
to the QCD axion potential should be at least ten orders of magnitude suppressed as compared
to the QCD generated potential. It is then natural to expect many of the axions to be much
lighter than the QCD axion; these are the axions whose mass is dominated only by these small
non-perturbative string e�ects.

The implicit, and very plausible assumption behind this line of reasoning is that there is no
anthropic reason for the existence and properties of the QCD axion. Consequently, these properties
should follow from the dynamics of the compactification manifold, rather than being a result of
fine-tuning, and the QCD axion should be a typical representative among other axion-like fields.
A priori we expect tens (or even hundreds) of light axions, it would be really surprising if the
QCD axion turned out to be the single one.

5

Astrophysics

BH superradiance

ADMX

• Astrophysics/cosmology: stellar cooling, CMB, BBN (Phys. Lett.

B. 2014: K. Blum, R. D’Agnolo,M. Lisanti,B.S.), superradiance
• Laboratory experiments: ADMX (resonant cavity), CAST
(axion helioscope), . . .
• New proposal: 1602.01086 (Y. Kahn, B.S., J. Thaler): A
broadband approach to axion dark matter detection

Projected ADMX-G2 discovery potential

15 D. Bowring | ADMX - the Axion Dark Matter eXperiment



Inelastic kinematics

� . 300 keV. By including larger nuclear recoil energies in future analyses, the combined reach of
these experiments can be extended to � ⇠ 550 keV, and the iodine based-results can be improved
upon by over an order of magnitude in much of the parameter space, just using present xenon
exposures. Moreover, our study reveals that because tungsten is the heaviest element currently
employed in dark matter experiments, experiments like CRESST can probe the largest inelastic dark
matter mass splitting.2

There are now many examples of well-motivated dark matter models that predict sizable inelastic
mass splittings, in this work we will consider three examples. A supersymmetric example is Higgsino
dark matter with O(100) keV mass splittings between the Higgsino states induced by mixing with
very heavy, or carefully tuned, neutralinos. In this case the coupling to the nucleus is through Z

exchange. For our second example, we consider DM-nucleus interactions that take place through
photon exchange. Specifically, we will focus on magnetic inelastic dark matter (MIDM) [18, 20],
where the DM-photon coupling is a transition dipole operator, between states split by O(100) keV.
In our third example, the state exchanged during direct detection is a dark photon of mass ⇠ 0.1�10
GeV; here the dark sector inelastic splitting arises from coupling to the scalar that makes the dark
photon massive. Further details on these models will be given in Sec. 5.

The setup of the rest of this paper is as follows. In Sec. 2, we explore the kinematics of inelastic
scattering, particularly studying how detector nuclear recoil energies and velocity phase space a↵ect
searches for dark matter with a large inelastic mass splitting. In Sec. 3, we examine the dark matter-
nuclear scattering rate at large inelastic mass splittings and recoil energies for xenon and tungsten
targets. Sec. 4 finds how existing and prospective dark matter direct detection analyses can bound
inelastic dark matter. In Sec. 5, we explore a number of dark matter models that give rise to a large
inelastic mass splitting. In Sec. 6, we note that four events recently observed in the ER = 30-120 keV
recoil energy band at CRESST would be consistent with 1 TeV WIMP-like dark matter with a
⇠ 200 keV mass splitting. In Sec. 7 we conclude.

2 Inelastic Kinematics

To begin, we examine kinematic properties of inelastic dark matter (see e.g. [2,6,12,24,25] for prior
discussion). Here we will scrutinize the impact of dark matter inelastic mass splitting � and dark
matter velocity v on the spectrum of expected nuclear recoil event energies at fixed target dark
matter searches. The kinetic energy of a dark matter particle is E0 = 1

2
mXv

2, where the velocity v

is in the laboratory frame. In the non-relativistic limit appropriate for dark matter scattering, the
recoil energy is

ER =
µ

mN

h�
µv

2 cos2 ✓lab � �
�
± (µv2 cos2 ✓lab)

1/2
�
µv

2 cos2 ✓lab � 2�
�1/2i

,

where ✓lab is the scattering angle in the laboratory frame, and µ is the reduced mass of dark matter
and the nucleus. We illustrate the kinematically allowed space of recoil energies as a function of
velocity in Fig. 1. The contours correspond to maximal scattering angle, i.e., cos2 ✓lab = 1. In this
figure, we show several target elements for a fixed dark matter mass mX = 1TeV and several di↵erent
inelastic splittings.

Notice that there is both a lower bound and an upper bound on the recoil energy, assuming
a maximum incoming terrestrial dark matter speed. Unsurprisingly, the maximum recoil energy

2
The heavier element thallium (A = 205) is used as a doping agent in the DAMA [22] and KIMS [23] experiments,

with O(10
�3

) concentrations. This impurity is too small to provide a meaningful bound but has been investigated in

the past as a possible inelastic explanation of the DAMA excess [24].

3
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iDM—Higgsino model 
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bosons in the minimal supersymmetric standard model (MSSM), see e.g. [42, 43]. The electrically-
neutral component of the Higgsino doublets have the same quantum numbers as, and therefore mix
with, other MSSM fermions, such as the singlet bino and SM weak triplet wino. If the wino or
bino masses are much heavier than the Higgsino, as is the case in some “split” supersymmetric
models [44,45], the mass splitting between Higgsino states can be small enough that Higgsinos could
be found in high recoil data already collected at direct detection experiments.

After electroweak symmetry breaking, the Higgsino dark matter sector is composed of two neutral
Majorana fermions (X1, X2) with inter-state mass splitting:

�
H̃

' m
2

Z

⇣sin2 ✓W
M1

+
cos2 ✓W
M2

⌘
+O

⇣ 1

M2
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M2

⌘
M1 � M2 � µ

(15)

where M1, M2, and µ are the bino, wino, and Higgsino mass term, respectively and µ ⇠ mX1 ,mX2

in the parameter space of interest. Additionally, lest the reader think that narrow splittings for
Higgsinos only occur in “split” supersymmetry models, from the form of Eq. (15) it is clear that it
is possible to achieve a (fine-tuned) small splitting even if µ ⇠ M1 ⇠ M2, provided M1 and M2 have
opposite sign. The details of how the narrow splitting between the lightest two neutralinos arises
will not concern the remainder of this discussion.

• Relic Abundance: The relic abundance of neutralinos has been studied extensively. For
simplicity, we will assume a spectrum where all superpartners other than the Higgsinos are
decoupled to the point that the inter-Higgsino splitting shrinks to O(100 keV). In this limit,
the contribution to the energy density fraction of the universe from the Higgsinos is [43]

⌦h2 = 0.10
⇣

µ

1TeV

⌘
2

. (16)

The correct abundance therefore requires Higgsinos masses of ⇠ 1.1 TeV, which we will use
throughout this section.

• Cross section: Higgsinos couple to nuclei via the Z boson, and the dark matter-nucleus cross-
section in this case can be parameterized in terms of the Fermi coupling GF and the DM-nucleus
reduced mass µN ,

�
H̃

NX =
G

2

F
µ
2

N

8⇡

�
A� [2� 4s2W]Z

�2
, (17)

where, matching to Eq. 12, the e↵ective per-nucleon cross-section is �n ⇠ 10�39 cm2, with
a precise value that depends upon the nucleus being scattered upon (i.e. the ratio of “A” to
“Z”). In Fig. 5, the cross-sections for Higgsino scattering o↵ nucleons in tungsten and xenon
nuclei are indicated with a horizontal line. Thus, we see that Higgsinos with inelastic mass
splittings up to 220 (300) keV could be excluded with presently available PICO data (analysis
of LUX-PandaX high recoil data). Finally, a future tungsten-based experiment with much
larger exposure than CRESST has the potential to probe Higgsino DM with mass splittings
up to ⇠ 550 keV.

• Loop-level elastic scattering: At the nucleon level, tree-level Z exchange leads to Higgsino
inelastic scattering with a cross section

�
H̃

n ⇠
⇡m

2
n ↵

2

W

8m4

W

⇥ (velocity factor) ⇠ 10�39 cm2
⇥ (velocity factor), (18)
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bosons in the minimal supersymmetric standard model (MSSM), see e.g. [42, 43]. The electrically-
neutral component of the Higgsino doublets have the same quantum numbers as, and therefore mix
with, other MSSM fermions, such as the singlet bino and SM weak triplet wino. If the wino or
bino masses are much heavier than the Higgsino, as is the case in some “split” supersymmetric
models [44,45], the mass splitting between Higgsino states can be small enough that Higgsinos could
be found in high recoil data already collected at direct detection experiments.

After electroweak symmetry breaking, the Higgsino dark matter sector is composed of two neutral
Majorana fermions (X1, X2) with inter-state mass splitting:
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where M1, M2, and µ are the bino, wino, and Higgsino mass term, respectively and µ ⇠ mX1 ,mX2

in the parameter space of interest. Additionally, lest the reader think that narrow splittings for
Higgsinos only occur in “split” supersymmetry models, from the form of Eq. (15) it is clear that it
is possible to achieve a (fine-tuned) small splitting even if µ ⇠ M1 ⇠ M2, provided M1 and M2 have
opposite sign. The details of how the narrow splitting between the lightest two neutralinos arises
will not concern the remainder of this discussion.

• Relic Abundance: The relic abundance of neutralinos has been studied extensively. For
simplicity, we will assume a spectrum where all superpartners other than the Higgsinos are
decoupled to the point that the inter-Higgsino splitting shrinks to O(100 keV). In this limit,
the contribution to the energy density fraction of the universe from the Higgsinos is [43]
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The correct abundance therefore requires Higgsinos masses of ⇠ 1.1 TeV, which we will use
throughout this section.

• Cross section: Higgsinos couple to nuclei via the Z boson, and the dark matter-nucleus cross-
section in this case can be parameterized in terms of the Fermi coupling GF and the DM-nucleus
reduced mass µN ,
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where, matching to Eq. 12, the e↵ective per-nucleon cross-section is �n ⇠ 10�39 cm2, with
a precise value that depends upon the nucleus being scattered upon (i.e. the ratio of “A” to
“Z”). In Fig. 5, the cross-sections for Higgsino scattering o↵ nucleons in tungsten and xenon
nuclei are indicated with a horizontal line. Thus, we see that Higgsinos with inelastic mass
splittings up to 220 (300) keV could be excluded with presently available PICO data (analysis
of LUX-PandaX high recoil data). Finally, a future tungsten-based experiment with much
larger exposure than CRESST has the potential to probe Higgsino DM with mass splittings
up to ⇠ 550 keV.

• Loop-level elastic scattering: At the nucleon level, tree-level Z exchange leads to Higgsino
inelastic scattering with a cross section
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Z-exchange inelastic (see 1405.3692)
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bosons in the minimal supersymmetric standard model (MSSM), see e.g. [39, 40]. The electrically-
neutral component of the Higgsino doublets have the same quantum numbers as, and therefore mix
with, other MSSM fermions, such as the singlet bino and SM weak triplet wino. If the wino or
bino masses are much heavier than the Higgsino, as is the case in some “split” supersymmetric
models [41,42], the mass splitting between Higgsino states can be small enough that Higgsinos could
be found in high recoil data already collected at direct detection experiments.

After electroweak symmetry breaking, the Higgsino dark matter sector is composed of two neutral
Majorana fermions (X1, X2) with inter-state mass splitting:
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where M1, M2, and µ are the bino, wino, and Higgsino mass term, respectively and µ ⇠ mX1 ,mX2

in the parameter space of interest. Additionally, lest the reader think that narrow splittings for
Higgsinos only occur in “split” supersymmetry models, from the form of Eq. (15) it is clear that it
is possible to achieve a (fine-tuned) small splitting even if µ ⇠ M1 ⇠ M2, provided M1 and M2 have
opposite sign. The details of how the narrow splitting between the lightest two neutralinos arises
will not concern the remainder of this discussion.

• Relic Abundance: The relic abundance of neutralinos has been studied extensively. For
simplicity, we will assume a spectrum where all superpartners other than the Higgsinos are
decoupled to the point that the inter-Higgsino splitting shrinks to O(100 keV). In this limit,
the contribution to the energy density fraction of the universe from the Higgsinos is [40]
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The correct abundance therefore requires Higgsinos masses of ⇠ 1.1 TeV, which we will use
throughout this section.

• Cross section: Higgsinos couple to nuclei via the Z boson, and the dark matter-nucleus cross-
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where, matching to Eq. 12, the e↵ective per-nucleon cross-section is �n ⇠ 10�39 cm2, with
a precise value that depends upon the nucleus being scattered upon (i.e. the ratio of “A” to
“Z”). In Fig. 5, the cross-sections for Higgsino scattering o↵ nucleons in tungsten and xenon
nuclei are indicated with a horizontal line. Thus, we see that Higgsinos with inelastic mass
splittings up to 220 (300) keV could be excluded with presently available PICO data (analysis
of LUX-PandaX high recoil data). Finally, a future tungsten-based experiment with much
larger exposure than CRESST has the potential to probe Higgsino DM with mass splittings
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Figure 3: The distance through the Earth from a point 2 km below the Earth’s surface at
40� north (left) and south (right) of the equator, along the direction to Cygnus, through a
(sidereal) day; 0 < �  2⇡.

We show separately the line of sight depth to Cygnus through the core, crust and mantle.
Which dominates the total rate will depend upon the lifetime of the excited state. The
full analysis, below, takes all this into account. The purpose of this simple analysis is to
demonstrate the origin of interesting modulation effects, especially apparent for labs in the
southern hemisphere.

3.4 Daily Modulation – Northern Hemisphere

First explain the daily modulation in the northern hemisphere where the story is pretty
standard.

3.5 Detailed calculations (in appendix?)

Here we outline the details for calculating the expected rate. To begin, consider a simplified
case: a constant flux of �2 traveling in a straight line at speed v, from a postion ~rs inside
the Earth towards a detector at a position ~rD. In this case, the probability that the �2 will
travel a distance L = |~rs � ~rD| and decay inside the detector is

P0(L, v) ⇡
Z

L�RD

L+RD

dx
exp (�x/v ⌧)

v ⌧
= 2 exp


� L

v ⌧

�
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(7)

where ⌧ is the �2 lifetime and RD is the radius of the detector.

The final result will be integrated over all possible scatter sites ~rs in the Earth. To model
the distribution of target nuclei, we use a three-layer model of the Earth corresponding to
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Figure 3: The distance through the Earth from a point 2 km below the Earth’s surface at
40� north (left) and south (right) of the equator, along the direction to Cygnus, through a
(sidereal) day; 0 < �  2⇡.

We show separately the line of sight depth to Cygnus through the core, crust and mantle.
Which dominates the total rate will depend upon the lifetime of the excited state. The
full analysis, below, takes all this into account. The purpose of this simple analysis is to
demonstrate the origin of interesting modulation effects, especially apparent for labs in the
southern hemisphere.

3.4 Daily Modulation – Northern Hemisphere

First explain the daily modulation in the northern hemisphere where the story is pretty
standard.

3.5 Detailed calculations (in appendix?)

Here we outline the details for calculating the expected rate. To begin, consider a simplified
case: a constant flux of �2 traveling in a straight line at speed v, from a postion ~rs inside
the Earth towards a detector at a position ~rD. In this case, the probability that the �2 will
travel a distance L = |~rs � ~rD| and decay inside the detector is
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where ⌧ is the �2 lifetime and RD is the radius of the detector.

The final result will be integrated over all possible scatter sites ~rs in the Earth. To model
the distribution of target nuclei, we use a three-layer model of the Earth corresponding to
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- nFe [km�3] nPb [km�3] Outer Radius [km]
Core 1.1⇥ 1038 1.3⇥ 1031 3483

Mantle 3.1⇥ 1036 2.4⇥ 1030 6341
Crust 2.0⇥ 1036 8.4⇥ 1031 6371

Table 1: Number densities for iron (column 1) and lead (column 2), along with the outer-
edge radii (column 3), for the core, mantle, and crust in our three-layer approximation of
the earth.

with s ⇡ 0.9 fm and rn ⇡ 1.14 (A/0.93149)1/3 fm, and where q± =
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Putting everything together, the expected rate for �0
2 to decay inside the detector is

given by
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[I guess this will appear earlier in the paper, but I used ⇢� = 0.3 GeV/cm3 as the local
energy density of DM]

4 Current and Future Sensitivities

We are now ready to estimate the limits that a deep neutrino detector can place on our
framework using a daily modulation signal. As an example, we will consider the Borexino
detector and the spectrum it observed during Phase I and/or II of its running [36]. The ob-
served rate in the vicinity of 250-600 keV is of order few⇥0.1 events/(day⇥keV⇥100 tonnes).
This rate does not include the larger 210Po peak which can be effectively subtracted using
a fit of shower shape variables (see e.g. figure 53 of [36]). The rate is dominated by the 7Be
neutrino signal, which amusingly serves as the background for our analysis, but there are
also several radioactive backgrounds which play a significant role. Below 250 keV the 14C
background dominates, producing a higher background rate. For concreteness we show the
background rate that we will use in Figure 4, extracted from [41] and [36]. In our estimate
we will not assume any fundamental understanding of these background but will instead
make use of the daily modulation of the signal.
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- nFe [km�3] nPb [km�3] Outer Radius [km]
Core 1.1⇥ 1038 1.3⇥ 1031 3483

Mantle 3.0⇥ 1036 2.4⇥ 1030 6341
Crust 1.2⇥ 1036 4.9⇥ 1031 6371

Table 1: Number densities for iron (column 1) and lead (column 2), along with the outer-
edge radii (column 3), for the core, mantle, and crust in our three-layer approximation of
the earth.

There are two solutions for the Jacobian, corresponding to the two possible the two possible
outgoing speeds in the lab frame, or (equivalently) two outgoing angles in the CM frame. To
account for the substructure of the nucleus, we use the Helm form factor [citeLewinSmith]
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The expected rate inside the detector, taking into account all of the details above, is
given by
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[I guess this will appear earlier in the paper, but I used ⇢� = 0.3 GeV/cm3 is local
energy density of DM]

4 Current and Future Sensitivities

We are now ready to estimate the limits that a deep neutrino detector can place on our
framework using a daily modulation signal. As an example, we will consider the spectrum
observed during Phase I and/or II of Borexino [?, 35]. The observed rate in the vicinity of
250-600 keV is of order few⇥0.1 events/(day⇥keV⇥100 tonnes). This rate does not include
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