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Outline of lectures
1. The problem: collisionless Boltzmann equation and fluid approximation


1. Linear evolution


2. Nonlinear evolution of matter


1. Perturbation theory


2. Simulations


3. Phenomenology of nonlinear matter distribution


3. Formation and distribution of galaxies


1. Galaxy formation in a nutshell


2. Spherical collapse model


3. Physical clustering of halos and galaxies; bias


4. Observed clustering of galaxies


4. Beyond ΛCDM
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Notation

• Comoving coordinates:


• Conformal time:


• Comoving distance:


• Particle velocity/momentum:


• Fluid velocity; divergence:


• Gravitational potential:

D
Symbols

D.1 Mathematical and geometrical definitions

Symbol Explanation

ḟ (x, t) ≡ ∂f (x, t)/∂t Partial derivative with respect to time
f ′(x,η) ≡ ∂f (x,η)/∂η Derivative with respect to conformal time
φ,α ≡ ∂φ(x)/∂xα Partial derivative with respect to coordinate xα

δν
α , δij Kronecker symbol

δ
(n)
D (k − k) Dirac-delta distribution in n dimensions

êx,y,z Unit vector in direction of three spatial Cartesian axes
n̂ 3D unit vector (full-sky position)
θ 2D Euclidean vector (flat-sky position)
d' Solid angle integration measure

Throughout, spatial indices ijk . . . are raised and lowered with δij .

D.2 Frequently used relations
Frequently used time integration measures are

dη = dt

a(t)
= da

a2H(a)
= d lna

aH(a)
. (D.1)

For light rays, we further have

dχ = −dη = dz

H(z)
. (D.2)

Our convention for the perturbed FLRW metric is (Eq. (3.49))

g00(x, t) = −1 − 2)(x, t),

g0i (x, t) = 0,

gij (x, t) = a2(t)δij [1 + 2*(x, t)] . (D.3)
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Figure 12: Left panel: illustration of halo auto- (red, top line) and cross-power spectra (green, middle line), and the matter
power spectrum (blue, bottom line) at z = 0. The solid lines show the total LO plus NLO result, while the dashed curves
show the LO (linear) prediction only. The bias parameters used here are b1 = 1.50, b2 = �0.69, and bK2 = �0.14, as in
Tab. 6, while br2� = R2

⇤ with R⇤ = 2.61h�1 Mpc. btd = 23/42(b1 � 1) is taken from the Lagrangian LIMD prediction

(Sec. 2.4). The stochastic amplitudes are taken from the Poisson expectation, P
{0}
" = 1/nh and P

{2}
" = �R2

⇤/nh, with

nh = 1.41 · 10�4(h�1 Mpc)�3. We have set P
{2}
""m = 0 in P nlo

hm (k). Right panel: fractional size of the NLO contributions to
the matter and halo-matter cross-power spectrum at z = 0. The red dashed line shows the result for Phm(k) for the fiducial
bias parameters given above. The di↵erent shaded areas around P nlo

hm show the e↵ect of rescaling the various bias parameters
by a factor in the range [0.5, 2]. Clearly, the contributions from di↵erent bias parameters exhibit similar dependencies on k,
and are in general di�cult to disentangle using only the power spectrum. The perturbative description is expected to fail for
k & 0.25hMpc�1, where P nlo

mm(k) becomes as large as the LO prediction PL(k).

We will return to this in Sec. 4.5.3. It is often assumed that there is no stochastic contribution to the
halo-matter cross-power spectrum. However, this is only true at lowest order. The nonlinear small-scale
modes of the density field are responsible for both the halo stochasticity " and the stochastic contribution
to the matter density field "m, which, as discussed in Appendix B.3, is due to the e↵ective pressure of the
nonlinear matter fluctuations and scales as k2 in the low-k limit. Hence, one has to allow for a correlation

between the two stochastic fields, leading to the term k2P {2}

""m in P nlo
hm , which is comparable to the other

NLO contributions. Note that it could be either positive or negative.
The magnitude and scale dependence of the NLO corrections to the halo and matter power spectra is

shown in Fig. 12. As expected, we see that the corrections become increasingly important towards smaller
scales (higher k). We see a particularly steep suppression of Phh(k), which, for our fiducial parameters, is

dominated by the higher-derivative stochastic contribution k2P {2}

" . The right panel of Fig. 12 shows the
fractional size of the NLO correction to Pmm(k) and Phm(k). Depending on the value of the various bias
and stochastic parameters, the NLO correction could be either positive or negative (shaded regions), and
cancellations between the di↵erent NLO contributions can occur. In any case, as soon as the fractional
size of the NLO correction approaches order unity, we expect that higher-order loop contributions which we
have not included become comparable to P nlo

hm (k) as well, and hence the perturbative expansion ceases to
converge.

The NLO halo-matter power spectrum adds five additional free parameters to the ones present at leading

order (b1, P {0}

" ). These can, in principle, be disentangled due to the di↵erent scale dependence of each term.
However, as illustrated in Fig. 12, these scale dependences are su�ciently similar that it is di�cult to
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Galaxy power 
spectrum

• Example calculation of NLO rest-frame galaxy power spectrum, 
using guessed, order-unity values for bias coefficients
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Observed galaxy 
statistics

• Observed galaxy positions xobs are given by 
position on the sky and measured redshift


• Need to connect this to “true” position x of 
galaxy


• Main effect: Doppler shift to redshift due to 
peculiar velocity of galaxy:

5
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• Observed galaxy statistics are obtained from rest-
frame statistics via coordinate transformation:


• By combining three ingredients, we can obtain 
consistent theoretical description for observed 
galaxy statistics (n-point functions in redshift space):


• Perturbation theory for matter


• Bias expansion


• Velocity bias expansion
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Observed galaxy 
statistics

(number conservation)



• Observed galaxy statistics are obtained from rest-frame 
statistics via coordinate transformation:


• By combining three ingredients, we can obtain 
consistent theoretical description for observed galaxy 
statistics (e.g. power spectrum, or higher n-point 
functions in redshift space):


• Perturbation theory for matter


• Bias expansion to get δg

• Velocity bias expansion to get ug
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Velocity bias
• Galaxy velocities are important probe of 

cosmology - but how are they related to 
matter velocity?


• The relative velocity between matter and 
galaxies is an observable, and thus cannot 
involve           


• Leading contribution:


• Two more derivatives: suppressed by k2
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Velocity bias

•  


• This is what we expect from pressure forces too:


• Summary: Galaxy velocities are unbiased on large 
scales


• Observed galaxy density at linear order:

F = r�p / r�
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• This is what we expect from pressure forces too:
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scales
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Velocity bias

•  
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scales
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Probing cosmology 
with LSS

• Have already seen that dark energy affects growth 
factor


• Probed via gravitational lensing (measuring entire 
clustering stress-energy) and by galaxy velocities 
(via redshift-space distortions)


• Expansion history constrained by BAO feature


• Modified Gravity


• Primordial non-Gaussianity


• Neutrinos
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Neutrinos
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Figure 5: As Figure 1, but with the constraints derived using only the scale-dependent free-
streaming signals in the galaxy, CMB lensing and galaxy-CMB lensing power spectra as a
probe (see Section 2.3). One can see that the constraints are quite independent of all the
cosmological extensions considered in both the linear and NLO cases. These constraints are
independent of ⌧ .
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Figure 6: The suppression in the matter power spectrum caused by the addition of a single
massive neutrino of mass 0.06 eV relative to the case with no massive neutrinos, for both the
linear and 1-loop/NLO cases. The relative suppression is enhanced in the NLO case. This
enhanced effect propagates into both the galaxy and CMB lensing power spectra.

3.2 Free-Streaming Constraints

Figure 5 shows the forecasted constraints on the total neutrino mass using only the scale-
dependence of the power spectrum as a constraining tool (see Section 2.3). It can be seen that
although the constraints are weakened somewhat by extending to the NLO power spectrum,
they remain independent of changes in curvature and the dark energy equation of state.
However, they degrade from around 0.08 eV to approximately 0.11 eV. This is a smaller
relative change than in the combined case.

Interestingly, fixing all of the new nuisance parameters in the NLO case improves the
constraint only to around 0.1 eV. From Figure 6, we can see that the free-streaming signal is

– 12 –

Effect of massive 
neutrinos on LSS

• The effect of massive neutrinos 
on clustering can’t be neglected, 
because they become 
nonrelativistic in the late 
universe (unlike radiation)


• Neutrinos change expansion 
history and lead to scale-and 
redshift-dependent suppression of 
matter power spectrum


• Goal: measure these effects via 
galaxy clustering or gravitational 
lensing and constrain Mν

14

Boyle & FS, 2020
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Effect of massive 
neutrinos on LSS

• How to treat mildly relativistic 
neutrinos, and scale-dependent 
growth accurately?


• Various analytical and numerical 
approaches have been proposed


• Fortunately, a small effect, so we 
do not need extremely accurate 
treatment 


• To a good approximation, galaxy 
bias can be assumed to refer to 
CDM+baryons

15
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Primordial non-
Gaussianity

Probing interactions during inflation

16



• Single-field inflation: fluctuations generated at 
some point know nothing about larger-scale 
perturbations that left the horizon long ago


• No coupling between modes of widely different 
wavelengths         *:


• Technically: no non-Gaussianity of the local type 
generated: 

Primordial non-
Gaussianity

�l, �s
⌦
�l(x1)�

2
s(x2)

↵
= 0

h�l(x1)�s(x2)i = 0*                              by construction
fNL = 0
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Primordial non-
Gaussianity

• A detection of local-type NG would rule out 
single-field inflation


• Effect on LSS: large-scale potential 
perturbation rescales small-scale density 
field: �s(x) ! [1 + 2fNL�(x)] �s(x)



LSS with non-Gaussianity

• For Gaussian initial conditions, the dependence 
of the tracer abundance on the small-scale 
fluctuations     is irrelevant for clustering


• We treated these by adding the constant 
noise contribution


• With fNL, we can no longer ignore this 
dependence because     is correlated over long 
distances !

�s(x) ! [1 + 2fNL�(x)] �s(x)

�s

�s
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LSS with non-Gaussianity
• With local PNG, amplitude of small-scale initial fluctuations 

depends on value of primordial potential Φ. Thus, Φ has to 
appear in bias expansion


• This effect can only be induced primordially: equivalence 
principle forbids galaxies from knowing about Φ,Ψ 
otherwise!


• Leads to characteristic signature in Pg(k) on large scales, since
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Prediction for LSS 
statistics 9

FIG. 7: Cross-power spectra for various fNL. The upper panel
displays Phδ(k), measured in our simulations at z = 1 for ha-
los of mass 1.6×1013M! < M < 3.2×1013M!. The solid line
corresponds to the theoretical prediction for Pδδ with a fitted
bias b0=3.25. We see a strongly scale-dependant correction to
the bias for fNL "= 0, increasing towards small k (large scales).
The bottom panel displays the ratio b(k, fNL)/b(k, fNL = 0).
The errors are computed from the scatter amongst our simu-
lations and within the bins. Triangles correspond to our large
(10243 particle) simulations whereas diamonds correspond to
our smaller (5123 particle) simulations. The dotted lines cor-
respond to our expression for the bias dependence on fNL

defined in Eq. (9).

note that the gravitational potential is a nonlocal quan-
tity. Hence the locality-based argument above does not
apply for this form of nongaussianity, and our derived
scale-dependence of the bias is not surprising. The spe-
cific form we have derived is particular to the quadratic,
local form of NG that we have assumed, however we ex-
pect any NG that couples density modes with potential
modes will in general lead to scale-dependent bias. On
the other hand, nongaussianity of the form fNLδ2 does
not lead to scale-dependent bias.

In order to test our prediction for the scale dependence
of bias, we have computed halo bias in our N-body simu-
lations by taking the ratio of the matter power spectrum
Pδδ and the halo-matter cross spectrum Phδ = 〈δ∗hδ〉. We
have used the cross spectrum rather than the halo auto
spectrum because the former should be less sensitive to
shot noise from the small number of halos compared to
DM particles. We have checked, however, that using the
halo auto-spectra to compute bias gives consistent re-
sults as the cross-spectra; i.e. we find no evidence for
stochasticity. Examples of the various power spectra and
resulting bias factors are plotted in figure Fig. 7.

As can be seen, we numerically confirm the form of
the predicted scale dependence. Because we focus on the
statistics of rare objects, the errors on bias from individ-
ual simulations plotted in Fig. 8 is large. We therefore
attempt to improve the statistics on the comparison by

FIG. 8: Ratio of the bias shift ∆b measured from our simula-
tions to that predicted by Eqn. (9), using δc = 1.686. Biases
were computed from cross-spectra measured on 28 simulations
with 5 various fNL (-500, -100, 100, 500), 3 various redshifts
(z = 0, 0.5, 1) and 5 halo mass bins. Note that at higher
k, nonlinear evolution also generates scale dependence in the
bias [78].

combining the bias measurements from multiple simula-
tions. Figure 8 plots the average ratio between the bias
measured in our simulations and our analytic prediction
Eqn. (9), using δc = 1.686 as predicted from the spherical
collapse model [79]. In computing the average plotted in
this figure, we used a uniform weighting across the dif-
ferent simulations, redshifts, and mass bins. Alternative
weightings can shift the results by ∼ 10%, so we conser-
vatively estimate the systematic error in our comparison
to be 20%. The agreement between our numerical sim-
ulation results and our predicted bias scale-dependence,
Eqn. (9), is excellent and perhaps surprising. Naively,
we might expect a somewhat larger collapse threshold δc
to apply, considering the ellipsoidal rather than spherical
nature of the collapse of halos in this mass range [70].

VI. COSMOLOGICAL CONSEQUENCES

Having derived fitting formulae for the abundance and
clustering of halos in NG models, we now investigate how
well upcoming surveys may constrain fNL, and whether
NG could possibly affect the constraints derived on other
cosmological parameters. We focus on galaxy cluster sur-
veys and redshift surveys. Cluster surveys aim to con-
strain cosmological parameters, in particular dark energy
parameters, by exploiting the exponential sensitivity of
the galaxy cluster abundance on cosmology. Similarly, a
major goal for upcoming redshift surveys is to constrain
dark energy by localizing baryonic acoustic oscillation
(BAO) features in the galaxy power spectrum at mul-
tiple redshifts. Examples of upcoming surveys include

⇠h(r) / 4b10b01fNLh�L(1)�(2)i

Dalal et al., 2008
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ferent simulations, redshifts, and mass bins. Alternative
weightings can shift the results by ∼ 10%, so we conser-
vatively estimate the systematic error in our comparison
to be 20%. The agreement between our numerical sim-
ulation results and our predicted bias scale-dependence,
Eqn. (9), is excellent and perhaps surprising. Naively,
we might expect a somewhat larger collapse threshold δc
to apply, considering the ellipsoidal rather than spherical
nature of the collapse of halos in this mass range [70].

VI. COSMOLOGICAL CONSEQUENCES

Having derived fitting formulae for the abundance and
clustering of halos in NG models, we now investigate how
well upcoming surveys may constrain fNL, and whether
NG could possibly affect the constraints derived on other
cosmological parameters. We focus on galaxy cluster sur-
veys and redshift surveys. Cluster surveys aim to con-
strain cosmological parameters, in particular dark energy
parameters, by exploiting the exponential sensitivity of
the galaxy cluster abundance on cosmology. Similarly, a
major goal for upcoming redshift surveys is to constrain
dark energy by localizing baryonic acoustic oscillation
(BAO) features in the galaxy power spectrum at mul-
tiple redshifts. Examples of upcoming surveys include

• With local NG, tracers 
follow the potential on large 
scales rather than matter


• Unique signature: probing 
highest energy physics with 
galaxies on the largest scales!


• Similar contributions to 
galaxy bispectrum, which we 
can compute as well


• Future LSS surveys should be 
able to improve on Planck 
constraints using this effect
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Viable Modified Gravity

● Gravity well constrained on wide range of 
scales:

– Early Universe: BBN, CMB (z ~ 1100,  L ~ 104 Mpc)

– Today: Solar System (z=0, L ~ 10-11 Mpc)

● Idea: reduce to GR in high-density / 
curvature regime
– Applies to Early Universe & Solar System

– Some (additional) non-linear mechanism needed

-> Pedro Ferreira’s lecture

General difficulty with testing GR in cosmology: we have to make 
assumptions about matter content (Tμν).
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Scalar-Tensor Theories in 
Cosmology

WARNING: slightly different metric convention in following slides.
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Scalar-Tensor Theories in 
Cosmology

● Scalar-tensor theory:

Einstein potentials

(at late times)

Einstein frame

WARNING: slightly different metric convention in following slides.

Metric perturbations obtained in GR
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Scalar-Tensor Theories in 
Cosmology

● Scalar-tensor theory:

Einstein frame

Non-rel. 
dynamics

Lensing

In general also:

In a wide class of modified gravity theories, forces on non-
relativistic objects are enhanced, but lensing is unmodified!
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Linear vs Non-linear Scales...

– Rel. deviation of matter P(k) from ΛCDM / smooth DE

f(R)

chameleon

Self-acc.
DGP

Full / linearized

simulations

Vainshtein

Simulations of modified gravity are substantially more effort 
than those for standard GR…
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Direct Tests of Gravity ... ?

● Compare (non-rel.) dynamics with lensing:

– Linear regime: redshift distortions vs weak lensing

– Non-linear regime: dynamical mass vs lensing mass

Zhang et al 08, Reyes et al 2010

Schwab et al, Smith 09
FS, 2010

X-ray, SZ, galaxy dynamics in clusters
Rotation in galaxies

Unique signature of modified gravity - hard to generate in any other way!


