
Yacine Ali-Haïmoud 
New York University

ICTP school on cosmology, January 2021

Physics of the Cosmic 
Microwave Background

Lecture I: setting the stage



Basic definitions [note: c = 1]

CMB = electromagnetic radiation permeating the Universe. 

It can be described by its specific intensity

frequency direction of 
propagation

<latexit sha1_base64="nD1wCaj4pO7X1Hh0YdJ6uWCl/44=">AAACJnicbVBNSwMxEM36bf2qevQSLIKCtLui6EUQvehNwarQXUs2nbbBJLsks2Jd+mu8+Fe8eFBEvPlTTGsPan3DwOO9GZJ5cSqFRd//8EZGx8YnJqemCzOzc/MLxcWlC5tkhkOVJzIxVzGzIIWGKgqUcJUaYCqWcBnfHPX8y1swViT6HDspRIq1tGgKztBJ9eL+yXqos00athnmurtBw6GqhQh3aFQOplWxleP7ijUVrrrXW1G9WPLLfh90mAQDUiIDnNaLL2Ej4ZkCjVwya2uBn2KUM4OCS+gWwsxCyvgNa0HNUc0U2Cjvn9mla05p0GZiXGukffXnRs6UtR0Vu0nFsG3/ej3xP6+WYXMvyoVOMwTNvx9qZpJiQnuZ0YYwwFF2HGHcCPdXytvMMI4u2YILIfh78jC52CoHO2X/bLt0cDiIY4qskFWyTgKySw7IMTklVcLJA3kiL+TVe/SevTfv/Xt0xBvsLJNf8D6/AJKyotU=</latexit>

I(⌫, n̂) [erg/s/Hz/sr/cm
2
]

…or equivalently by its phase-space density  = (2/h3)f  
[number of photons per d3x d3p] 

…or equivalently by its photon occupation number f 
[number of photons per quantum state] 

<latexit sha1_base64="QqEHFyC2kIZOgNT+blIEHL/Rde8=">AAACHXicbVDLSgMxFM3UV62vqks3wSJUkDJTK7oRim50V8E+oFNLJs10QpPMkGSEMvRH3Pgrblwo4sKN+Dem7Sxs64HA4ZxzubnHixhV2rZ/rMzS8srqWnY9t7G5tb2T391rqDCWmNRxyELZ8pAijApS11Qz0ookQdxjpOkNrsd+85FIRUNxr4cR6XDUF9SnGGkjdfOV26Ir4hPoBkgnYnQML2EZBt3ElRzWRhAa8+EU+rOhbr5gl+wJ4CJxUlIAKWrd/JfbC3HMidCYIaXajh3pToKkppiRUc6NFYkQHqA+aRsqECeqk0yuG8Ejo/SgH0rzhIYT9e9EgrhSQ+6ZJEc6UPPeWPzPa8fav+gkVESxJgJPF/kxgzqE46pgj0qCNRsagrCk5q8QB0girE2hOVOCM3/yImmUS85Zyb6rFKpXaR1ZcAAOQRE44BxUwQ2ogTrA4Am8gDfwbj1br9aH9TmNZqx0Zh/MwPr+BS8Fn4U=</latexit>

I(⌫, n̂) = 2hP⌫
3f(⌫, n̂)



T (⌫, n) = T0
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+�T (⌫, n)
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spectral-spatial 
distortions (e.g. SZ)

+�T (⌫)
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spectral 
distortions

+�T (n)
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anisotropies

Basic definitions [note: kB = 1, Eγ = hP ν]

For a perfect blackbody at temperature T:

For generic radiation (non-blackbody), can always define T:
<latexit sha1_base64="cHXG5SL6U/7Llv77i+GSaqNxVsk=">AAACMHicbVDLSgMxFM34rPVVdekmWISKUmdE0Y1QFNFlBdsKnVLupJk2NMkMSUYow3ySGz9FNwqKuPUrTGsFXwcCh3PO5eaeIOZMG9d9ciYmp6ZnZnNz+fmFxaXlwspqXUeJIrRGIh6p6wA05UzSmmGG0+tYURABp42gfzr0GzdUaRbJKzOIaUtAV7KQETBWahfOr0pnbb8LQsAO9ntgUplt4WPshwpI+mVlqc9lydsN/wtvY28raxeKbtkdAf8l3pgU0RjVduHe70QkEVQawkHrpufGppWCMoxwmuX9RNMYSB+6tGmpBEF1Kx0dnOFNq3RwGCn7pMEj9ftECkLrgQhsUoDp6d/eUPzPayYmPGqlTMaJoZJ8LgoTjk2Eh+3hDlOUGD6wBIhi9q+Y9MBWZWzHeVuC9/vkv6S+V/YOyu7lfrFyMq4jh9bRBiohDx2iCrpAVVRDBN2iB/SMXpw759F5dd4+oxPOeGYN/YDz/gFlq6dY</latexit>

T (E� , n̂) =
E�

ln(1/f(E� , n̂) + 1)

<latexit sha1_base64="SL99elaAD3w4Uja8pMYBQcWNiA0="></latexit>

f =
1

exp(hP⌫/T )� 1
=

1

exp(E�/T )� 1



1965: Discovery of the CMB

Penzias & Wilson detect “excess radiation” at ν = 4 GHz
 Corresponds to T ≈ 3 K radiation interpreted as the CMB by 

Dicke, Peebles, Roll & Wilkinson

Additional measurements are required to 
confirm the interpretation

Discovery of the CMB
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Table I. Potential energy of 0' for Yale potential.
Matrix element
First Second
order order Weight

State nl +I {MeV) (MeV) factor

Contribution
to the potential

energy
(Mev)

00
'S, 00
S 00
3si 00
Si 10
Sp QQ

'S, 00
Sp QQ

Sp 00
Sp 10
I' 01
3J'p 01
Pi 01
3P2 01
Dp 02
'D, 02
'D, 02
'D, 02

00 -2.02
01 -2.02
02 -2.02
10 -2.02
00 -0.66
00 -8.03
01 -8.03
02 -8.03
10 -8.03
00 -7.24
00 4.86
00 -1.63
00 2.70
00 -0.84
00 -0.50
00 1.08
00 -2.01
00 0.07

-6,98
—6 ~ 74
—6.53
-6.57
-6.97

~ ~ ~

3 -27.0
9 —78.8

15/2 —64.1
-12.9

2 -11.4
3 -24.1
9 72 03

15/2 -60.2
—12.0

2 —10.8
6 +24.2
6 -9.8
18 48.6
30 -25.2
15/2 -3.8

1.6
2
5 -5,0

0.2
Total = -337.8

about 6.5 MeV per particle after correcting
for the Coulomb energy and the center-of-mass

motion. Results of Hartree- Fock calculations
using the harmonic-oscillator basis will be re-
ported shortly as well as further calculational
details. We want to emphasize at this stage
that in the framework of our theory we have
already obtained reasonable values for the bind-
ing energy, spin-orbit splittings, and the P-
shell effective interaction.
We are grateful to Professor F. Villars for

stimulating discussions and comments during
this work and to M. Tomaselli for preliminary
calculations of the second-order terms,
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COSMIC BACKGROUND RADIATION AT 3.2 cm —SUPPORT FOR COSMIC BLACK-BODY RADIATION*

P. G. Rollt and David T. Wilkinson
Palmer Physical Laboratory, Princeton University, Princeton, New Jersey

(Received 27 January 1966}

Dicke et al. ' have suggested that the universe
may be filled with black-body radiation which
originated at a time when the matter and radi-
ation were in a hot, highly contracted, state
—the primordial fireball. As the universe ex-
panded, the cosmological red shift would have
cooled the cosmic black-body radiation to the
extent that one should now look for it in the
microwave band. Concurrent with this sugges-
tion, Penzias and Wilson' reported the discov-
ery of an excess background radiation at a, wave-
length of 7.35 cm. The measurement of the
spectrum of this new microwave background
provides a severe test of the cosmic black-body-
radiation hypothesis. This Letter reports a
measurement of the microwave background at
a wavelength of 3.2 cm; the flux found is that

which would be emitted by a black body at 3.0
+0.5 K. A more complete description of the
experiment will appear elsewhere.
Figure 1 shows a schematic diagram of the

instrument. It is a Dicke-type radiometer'
in which the receiver input is periodically switched
between a horn antenna and a reference source
(cold load). The output of the receiver at the
switching frequency is synchronously detect-
ed and recorded. The record is a measure
of the difference between the temperature of
the reference source and the apparent temper-
ature of the radiation collected by the antenna.
The horn antenna is shielded to exclude radi-
ation from the ground and has a main lobe half-
angle (10 dB down) of 10'. The cold-load ter-
mination is immersed in liquid helium to es-
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ic errors stem from inaccurate knowledge of
the wall radiation in the horn antenna and cold
load. The error quoted for THI, (see Table I)
is the estimated limit of error as a result of
uncertainties in the wall heating experiments
mentioned above. The estimated limits of er-
ror in TCL are based upon bench measurements
of the cold-load wall losses at room temper-
ature and at 77'K, and upon wall heating exper-
iments similar to those employed to measure
THL

The result of this experiment is shown in
Fig. 2 along with the results of Penzias and
Wilson. ' lt is seen that the measurements to
date of the microwave background are consis-
tent with a cosmic black-body radiation tem-
perature of 3'K. Also, the brightness of the
microwave background is about 100 times great-
er than that expected by extrapolating long-wave-
length measurements' of the galactic and ex-
tragalactic background. On the basis of the
measurements at 7.35- and 3.2-cm wavelength,
the spectral index (brightness = constx &+) of
the microwave background is found to be -2.4
- e - -1.4. This should be compared with e
= -2.0 for black-body radiation in this wavelength
range, and with 0.5 ~ e ~ 1.0 for most nonther-
mal radio sources. '~' Thus the results of mea-
surements of the microwave background at wave-
lengths of 7.35 and 3.2 cm lend support to the
cosmic black-body radiation hypothesis and,
at the very least, indicate a new source of cos-
mic microwaves.

The proposed cosmic black-body radiation
is expected to be isotropic, and so TBG was
measured with the antenna pointing in various
directions along the +40' celestial parallel (see
column 3 in Table I). The results indicate that
TBG is the same in these directions to within
+10'%%uo. Isotropy measurements are continuing
at Princeton.

We would like to acknowledge many valuable
discussions with R. H. Dicke and P. J. E. Pee-
bles concerning the experimental and theoret-
ical aspects of this work.
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FIG. 2. Measurements to date of the microwave
background radiation. The galactic radio background is
extrapolated with a spectral index of n =0.5. This
figure due to P. J. E. Peebles.
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COBE measures the CMB spectrum, consistent with 
blackbody spectrum (i.e. no detected spectral distortions)

(best limit: spectral distortions < 0.01%, Mather et al. 1999)
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Fig. 2.—Preliminary spectrum of the cosmic microwave background from 
the FIRAS instrument at the north Galactic pole, compared to a blackbody. 
Boxes are measured points and show size of assumed 1% error band. The units 
for the vertical axis are 10“4 ergs s -1 cm-2 sr~1 cm. 

The error band in Figure 2 is a conservative estimate of the 
systematic errors in our current calibration algorithm, taken to 
be 1% of the peak intensity of the spectrum. Since the data 
show a good null both when the FIRAS is looking at the external 
calibrator and at the sky, one can determine from the interfero- 
grams alone that the spectrum of the sky is close to a blackbody, 
regardless of the details of the data reduction and calibration. 

IV. DISCUSSION 
The CMBR temperature reported here lies between the 

average of direct ground-based measurements, 2.655 ± 0.036 
K (see Smoot et al 1988 for a tabulation), and the precise 
measurement of 2.783 ± 0.025 K (1 o) at 0.8 cm"1 made from a 
balloon by Johnson and Wilkinson (1987). At the CN tran- 
sition frequency, the temperature measured by FIRAS is 
2.735 ± 0.06 K, compared to 2.70 ± 0.04 K from Meyer and 
Jura (1985), 2.796( +0.014, -0.039) K from Crane et al. (1989), 
and 2.77 ± 0.4 K from Kaiser and Wright (1990). The FIRAS 
data are not consistent with the departures from a blackbody 
spectrum reported by Matsumoto et al. (1988). 

Using the conservative 1% error bands, these new data set a 
3 a upper limit on the Comptonization y parameter of 0.001 
and on the chemical potential g of 0.009. This value of g is 
based on a fit to a pure Bose-Einstein spectrum with g inde- 
pendent of frequency. The hot smooth intergalactic medium 
(IGM) suggested to explain the cosmic X-ray background by 

Fig. 3.—Composite plot of recent measurements of the temperature of the 
sky (temperature of the cosmic background vs. wavelength). A = Sironi et al. 
(1987), B = Levin et al. (1987), C = Sironi and Bonelli (1986), D = De Amici et 
al. (1988), E = Mandolesi et al. (1986), F = Kogut et al. (1988), G = Johnson 
and Wilkinson (1987), H = Smoot et al. (1985), I = Smoot et al. (1987), 
J = Crâne et al. (1989), K = Meyer et al. (1989), Palazzi et al. (1990), 
L = Matsumoto et al. (1988). 

Field and Perrenod (1977), Guilbert and Fabian (1986), and 
recalculated by Taylor and Wright (1989) can be ruled out, 
since the predicted X-ray background scales as y2. The new 
limits on y would limit the X-ray background to only 1/36 of 
the observed value, even at a heating redshift as small as zc = 2. 
Many other sources of distortions of the CMBR spectrum 
(Bond, Carr, and Hogan 1986) are also severely constrained. 

A more accurate determination of the spectrum will be made 
after further sky observations, calibrations, and refinement of 
the calibration algorithm. The ultimate accuracy of any mea- 
sured spectrum distortions should be limited only by the 
optical design and stability of the external calibrator and by 
the models of radiation from interstellar dust. 

It is a pleasure to acknowledge the vital contributions of all 
those at GSFC who devoted their efforts to making this chal- 
lenging mission not only possible but enjoyable as well. Special 
thanks are due to Paul Richards and Patrick Thaddeus for 
their early encouragement to the lead author, to Robert 
Maichle and Michael Roberto for leading the engineering 
effort on the FIRAS instrument, and to Shirley Read, Robert 
Kümmerer, and Leonard Olson for their leadership in software 
development for the FIRAS. 
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FIG. 3. (a) The intensity of the sky as a function of wave
number as measured by COBRA. It is derived from an
analysis of all the interferograms recorded while the observa-
tion door was open. The smooth curve is a Planck function
which fits the data well. The curve oscillating along the abscis-
sa axis is the diff'erence between the experimental and Planck
curves. (b) The equivalent blackbody temperature as a func-
tion of frequency. Results of COBRA inferred from the data
in (a) are shown as circles. The scatter at the band ends was
caused by microphonic pickup. Other recent data have been
plotted on the same graph: s, Smoot (Ref. 18); JW, Johnson
and Wilkinson (Ref. 19); c, Crane et al. (Ref. 13); mrh,
Meyer, Roth, and Hawkins (Ref. 14); mat, Matsumoto et al.
(Ref. 16); m, Mandolesi et al. (Ref. 20). The dotted lines are
upper and lower limits found by FIRAS on COBE (Ref. 17).
Note added: Kaiser and Wright (Ref. 15) measure T=2.74
+ 0.05 from CN at k =2.64 mm.

diffuse galactic radiation, "being free of strong sources.
During flight the Sun and Moon were both beneath the
Earth's horizon, which itself was always more than 90
from the telescope axis. Laboratory measurements of
the telescopes beam pattern limit the response at this an-
gle to be less than 10

A composite graph showing a selection of some rele-
vant data during the flight is shown in Fig. 2. Average
interferograms for each of the three conditions of cali-
brator temperature have been produced for each detec-
tor, from which it is possible to make an absolute cali-
bration of the sensitivity, and evaluate the spectrum of

sky emission. The average of the two detector results is
shown in Fig. 3(a) as an intensity spectrum, and in Fig.
3(b) as an equivalent blackbody temperature as a func-
tion of frequency.

In Fig. 3(a), in addition to the measured data, a
Planck function has been drawn corresponding to a tem-
perature of 2.736 K, as well as the deviation between the
data and the calculated curve. The fit is quite good. The
quality of the fit may be judged from Fig. 3(b). In the
frequency region 3 ~ v ~ 16 cm ', where the signal-to-
noise ratio is high, the rms scatter of the temperature is
9.5 mK, about —,

' % of the mean. The standard deviation
of the mean temperature equals 2 mK. Outside of this
band the confidence of the temperature measurement is
not good, in part because the power available to abso-
lutely calibrate the instrument is very small, and in part
because the power is insensitive to T. Nevertheless, one
can say with considerable certainty that for 20 ~ v ~ 30
cm ' the temperature is less than 3 K, a new upper limit
in this region. Further analysis is underway to establish
precise confidence levels for this limit.

Various factors contribute to uncertainty in the mea-
sured value for the mean temperature: (1) internal cali-
brator nonuniformity, contributing an estimated 5 mK;
(2) uncertainties in offset corrections, 3 mK (the un-
corrected offsets are of the order of 30 mK); (3) possible
noncancellation of microphonics which developed during
liftoff, 2 mK (the microphonic disturbance is common to
the two detectors whereas optical signals are exactly out
of phase, so microphonics cancel in taking the difference
between interferograms measured by the two detectors);
(4) statistical fluctuations in the measured spectrum, 2
mK; (5) uncertainties due to heating of the sky telescope
by temporary coupling to the warm door during liftoff, 5
mK (this perturbation is shown to be at least this small
by comparing interferograms measured at various horn
temperatures). The linear sum of these uncertainties
equals 17 mK. It is expected that further analysis may
reduce the magnitude of uncertainties (I), (3), and (5).

The above conservative estimate of the uncertainty of
the temperature of the CBR is the smallest of any mea-
surement of this quantity yet reported and provides a
reference against which other measurements can be com-
pared in search for spectral distortions. Referring to Fig.
3(b), this measurement falls slightly below previous
single-frequency (CN) determinations in the same fre-
quency range, ' ' and particularly below the broadband
rocket measurements' which differ from our results by
about 4~, 12o., and 17o. in their three bands. The latter
were interpreted as due to large infrared distortions in
the CBR; these distortions are inconsistent with our re-
sults. In due course, the systematic errors of the COBE
experiment' are expected to be understood and the cor-
responding error bars reduced. At that time it will be
fruitful to make a detailed comparison between the re-
sults of these two precise experiments. The fact that the
mean temperatures agree to within 1 mK, much less
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COBE-FIRAS + other data (Fixsen 2009):
T0 = 2.7255 ± 0.0006 K



Aside on CMB spectral distortions
• Suppose photons start with a blackbody spectrum.

• Suppose some process injects energy into the photons (either 
fresh photons, or heats up photons). 

• If energy injection is at t ≲ 2 months, it gets fully thermalized

Free-free (Bremsstrahlung) e� + p $ e� + p+ �

Double-Compton scattering e� + � $ e� + �0 + �00

Efficiently change photon number and energy;  
recover perfect blackbody at different T

• Absent injection of additional energy, phase-space density is 
conserved, photons retain a blackbody spectrum Tγ ∝ 1/a



Aside on CMB spectral distortions

• If energy injection is at 2 months ≲ t ≲ 300 yrs, photons can no 
longer be efficiently created or destroyed, but Thomson 
scattering efficiently changes photon energy (not number)  

e� + � $ e� + �
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f�(E�) =
1

exp (E�/T�+µ)� 1

➡ Photons acquire a Bose-Einstein distribution with non-zero 
chemical potential µ
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Aside on CMB spectral distortions

• If energy injection is after 300 yrs, it cannot be thermalized.

➡ Photon spectrum gets distorted from blackbody. Specific 
shape of distortion depends on energy injection process.

<latexit sha1_base64="OKSzKie59P48KXGjEPZk2OJes98="></latexit>

f�(E�) = fBB
� (E�) [1 +�(E�)]

<latexit sha1_base64="2N4RudavyjDTqt7tI+vK9/KVhC8="></latexit>

� ⇠ 1
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➡  Upper limits on CMB spectral distortions imply stringent 
constraints on exotic energy injection at t ≳ 2 months 



For now we will assume that CMB has a perfect blackbody 
spectrum and focus on CMB anisotropies

COBE-DMR
1992

CMB temperature anisotropies
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CMB photons gravitationally lensed by structure between and 
now => probes structure formation (+ neutrino masses). 

Planck map of the lensing potentialCMB lensing

Ongoing and future measurements: SPT, ACT, Simons 
Observatory, CMB Stage IV

CMB lensing
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Planck Collaboration: Cosmological parameters

Fig. 5. Constraints on parameters of the base-⇤CDM model from the separate Planck EE, T E, and TT high-` spectra combined
with low-` polarization (lowE), and, in the case of EE also with BAO (described in Sect. 5.1), compared to the joint result using
Planck TT,TE,EE+lowE. Parameters on the bottom axis are our sampled MCMC parameters with flat priors, and parameters on the
left axis are derived parameters (with H0 in km s�1Mpc�1). Contours contain 68 % and 95 % of the probability.

Table 1. Base-⇤CDM cosmological parameters from Planck TT,TE,EE+lowE+lensing. Results for the parameter best fits,
marginalized means and 68 % errors from our default analysis using the Plik likelihood are given in the first two numerical
columns. The CamSpec likelihood results give some idea of the remaining modelling uncertainty in the high-` polarization, though
parts of the small shifts are due to slightly di↵erent sky areas in polarization. The “Combined” column give the average of the
Plik and CamSpec results, assuming equal weight. The combined errors are from the equal-weighted probabilities, hence including
some uncertainty from the systematic di↵erence between them; however, the di↵erences between the high-` likelihoods are so small
that they have little e↵ect on the 1� errors. The errors do not include modelling uncertainties in the lensing and low-` likelihoods
or other modelling errors (such as temperature foregrounds) common to both high-` likelihoods. A total systematic uncertainty of
around 0.5� may be more realistic, and values should not be overinterpreted beyond this level. The best-fit values give a represen-
tative model that is an excellent fit to the baseline likelihood, though models nearby in the parameter space may have very similar
likelihoods. The first six parameters here are the ones on which we impose flat priors and use as sampling parameters; the remaining
parameters are derived from the first six. Note that ⌦m includes the contribution from one neutrino with a mass of 0.06 eV. The
quantity ✓MC is an approximation to the acoustic scale angle, while ✓⇤ is the full numerical result.

Parameter Plik best fit Plik [1] CamSpec [2] ([2] � [1])/�1 Combined

⌦bh2 . . . . . . . . . . . . . 0.022383 0.02237 ± 0.00015 0.02229 ± 0.00015 �0.5 0.02233 ± 0.00015
⌦ch2 . . . . . . . . . . . . . 0.12011 0.1200 ± 0.0012 0.1197 ± 0.0012 �0.3 0.1198 ± 0.0012
100✓MC . . . . . . . . . . . 1.040909 1.04092 ± 0.00031 1.04087 ± 0.00031 �0.2 1.04089 ± 0.00031
⌧ . . . . . . . . . . . . . . . . 0.0543 0.0544 ± 0.0073 0.0536+0.0069

�0.0077 �0.1 0.0540 ± 0.0074
ln(1010As) . . . . . . . . . 3.0448 3.044 ± 0.014 3.041 ± 0.015 �0.3 3.043 ± 0.014
ns . . . . . . . . . . . . . . . 0.96605 0.9649 ± 0.0042 0.9656 ± 0.0042 +0.2 0.9652 ± 0.0042

⌦mh2 . . . . . . . . . . . . 0.14314 0.1430 ± 0.0011 0.1426 ± 0.0011 �0.3 0.1428 ± 0.0011
H0 [ km s�1Mpc�1] . . . 67.32 67.36 ± 0.54 67.39 ± 0.54 +0.1 67.37 ± 0.54
⌦m . . . . . . . . . . . . . . 0.3158 0.3153 ± 0.0073 0.3142 ± 0.0074 �0.2 0.3147 ± 0.0074
Age [Gyr] . . . . . . . . . 13.7971 13.797 ± 0.023 13.805 ± 0.023 +0.4 13.801 ± 0.024
�8 . . . . . . . . . . . . . . . 0.8120 0.8111 ± 0.0060 0.8091 ± 0.0060 �0.3 0.8101 ± 0.0061
S 8 ⌘ �8(⌦m/0.3)0.5 . . 0.8331 0.832 ± 0.013 0.828 ± 0.013 �0.3 0.830 ± 0.013
zre . . . . . . . . . . . . . . . 7.68 7.67 ± 0.73 7.61 ± 0.75 �0.1 7.64 ± 0.74
100✓⇤ . . . . . . . . . . . . 1.041085 1.04110 ± 0.00031 1.04106 ± 0.00031 �0.1 1.04108 ± 0.00031
rdrag [Mpc] . . . . . . . . . 147.049 147.09 ± 0.26 147.26 ± 0.28 +0.6 147.18 ± 0.29
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Fig. 5. Constraints on parameters of the base-⇤CDM model from the separate Planck EE, T E, and TT high-` spectra combined
with low-` polarization (lowE), and, in the case of EE also with BAO (described in Sect. 5.1), compared to the joint result using
Planck TT,TE,EE+lowE. Parameters on the bottom axis are our sampled MCMC parameters with flat priors, and parameters on the
left axis are derived parameters (with H0 in km s�1Mpc�1). Contours contain 68 % and 95 % of the probability.

Table 1. Base-⇤CDM cosmological parameters from Planck TT,TE,EE+lowE+lensing. Results for the parameter best fits,
marginalized means and 68 % errors from our default analysis using the Plik likelihood are given in the first two numerical
columns. The CamSpec likelihood results give some idea of the remaining modelling uncertainty in the high-` polarization, though
parts of the small shifts are due to slightly di↵erent sky areas in polarization. The “Combined” column give the average of the
Plik and CamSpec results, assuming equal weight. The combined errors are from the equal-weighted probabilities, hence including
some uncertainty from the systematic di↵erence between them; however, the di↵erences between the high-` likelihoods are so small
that they have little e↵ect on the 1� errors. The errors do not include modelling uncertainties in the lensing and low-` likelihoods
or other modelling errors (such as temperature foregrounds) common to both high-` likelihoods. A total systematic uncertainty of
around 0.5� may be more realistic, and values should not be overinterpreted beyond this level. The best-fit values give a represen-
tative model that is an excellent fit to the baseline likelihood, though models nearby in the parameter space may have very similar
likelihoods. The first six parameters here are the ones on which we impose flat priors and use as sampling parameters; the remaining
parameters are derived from the first six. Note that ⌦m includes the contribution from one neutrino with a mass of 0.06 eV. The
quantity ✓MC is an approximation to the acoustic scale angle, while ✓⇤ is the full numerical result.

Parameter Plik best fit Plik [1] CamSpec [2] ([2] � [1])/�1 Combined

⌦bh2 . . . . . . . . . . . . . 0.022383 0.02237 ± 0.00015 0.02229 ± 0.00015 �0.5 0.02233 ± 0.00015
⌦ch2 . . . . . . . . . . . . . 0.12011 0.1200 ± 0.0012 0.1197 ± 0.0012 �0.3 0.1198 ± 0.0012
100✓MC . . . . . . . . . . . 1.040909 1.04092 ± 0.00031 1.04087 ± 0.00031 �0.2 1.04089 ± 0.00031
⌧ . . . . . . . . . . . . . . . . 0.0543 0.0544 ± 0.0073 0.0536+0.0069

�0.0077 �0.1 0.0540 ± 0.0074
ln(1010As) . . . . . . . . . 3.0448 3.044 ± 0.014 3.041 ± 0.015 �0.3 3.043 ± 0.014
ns . . . . . . . . . . . . . . . 0.96605 0.9649 ± 0.0042 0.9656 ± 0.0042 +0.2 0.9652 ± 0.0042

⌦mh2 . . . . . . . . . . . . 0.14314 0.1430 ± 0.0011 0.1426 ± 0.0011 �0.3 0.1428 ± 0.0011
H0 [ km s�1Mpc�1] . . . 67.32 67.36 ± 0.54 67.39 ± 0.54 +0.1 67.37 ± 0.54
⌦m . . . . . . . . . . . . . . 0.3158 0.3153 ± 0.0073 0.3142 ± 0.0074 �0.2 0.3147 ± 0.0074
Age [Gyr] . . . . . . . . . 13.7971 13.797 ± 0.023 13.805 ± 0.023 +0.4 13.801 ± 0.024
�8 . . . . . . . . . . . . . . . 0.8120 0.8111 ± 0.0060 0.8091 ± 0.0060 �0.3 0.8101 ± 0.0061
S 8 ⌘ �8(⌦m/0.3)0.5 . . 0.8331 0.832 ± 0.013 0.828 ± 0.013 �0.3 0.830 ± 0.013
zre . . . . . . . . . . . . . . . 7.68 7.67 ± 0.73 7.61 ± 0.75 �0.1 7.64 ± 0.74
100✓⇤ . . . . . . . . . . . . 1.041085 1.04110 ± 0.00031 1.04106 ± 0.00031 �0.1 1.04108 ± 0.00031
rdrag [Mpc] . . . . . . . . . 147.049 147.09 ± 0.26 147.26 ± 0.28 +0.6 147.18 ± 0.29
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Protagonists and stage

first ~4e5 yrs

Thomson scattering
photons (CMB)

neutrinos 
(collisionless, “hot”)

“baryons”

e-

p+

He++

cold dark matter
(pressureless, collisionless)

? ?
?

gravity



The stage: FLRW spacetime
Friedmann-Lemaître-Robertson-Walker (FLRW) metric for a 
homogeneous and isotropic (and spatially flat) Universe:

ds2 = �dt2 + a2(t)d~x2 a: scale factor (a=1 today) 

x : comoving  coordinate 

η: conformal time= a2(⌘)
⇥
�d⌘2 + d~x2

⇤

In the absence of interactions, particle momenta (as observed 
by comoving observers) “redshift” as  

<latexit sha1_base64="zQkM6MEUyCpVmTXNzg9SALPLKKc=">AAACDXicbVDLSgMxFM3UV62vUZduglWoCHVGFF0W3bisYB/QGYZMmrahmUlMMoU69Afc+CtuXCji1r07/8a0nYW2HggczrmXm3NCwajSjvNt5RYWl5ZX8quFtfWNzS17e6eueCIxqWHOuGyGSBFGY1LTVDPSFJKgKGSkEfavx35jQKSiPL7TQ0H8CHVj2qEYaSMF9oEIUk9GkIdqBD0hudAcuicIeuQ+oQNYco8fjgK76JSdCeA8cTNSBBmqgf3ltTlOIhJrzJBSLdcR2k+R1BQzMip4iSIC4T7qkpahMYqI8tNJmhE8NEobdrg0L9Zwov7eSFGk1DAKzWSEdE/NemPxP6+V6M6ln9JYJJrEeHqokzBoEo+rgW0qCdZsaAjCkpq/QtxDEmFtCiyYEtzZyPOkflp2z8vO7VmxcpXVkQd7YB+UgAsuQAXcgCqoAQwewTN4BW/Wk/VivVsf09Gcle3sgj+wPn8AVMqaaw==</latexit>

pobs / 1/a ⌘ (1 + z)

Cosmological redshift: 
<latexit sha1_base64="rahWix36g/sAsmx8NdsM1RjkMGY=">AAAB8HicbVBNSwMxEJ2tX7V+VT16CRZBEOpuUfQiFL14rGA/pF1KNs22oUl2SbJCXforvHhQxKs/x5v/xrTdg7Y+GHi8N8PMvCDmTBvX/XZyS8srq2v59cLG5tb2TnF3r6GjRBFaJxGPVCvAmnImad0ww2krVhSLgNNmMLyZ+M1HqjSL5L0ZxdQXuC9ZyAg2VnrwTp7QFfJOcbdYcsvuFGiReBkpQYZat/jV6UUkEVQawrHWbc+NjZ9iZRjhdFzoJJrGmAxxn7YtlVhQ7afTg8foyCo9FEbKljRoqv6eSLHQeiQC2ymwGeh5byL+57UTE176KZNxYqgks0VhwpGJ0OR71GOKEsNHlmCimL0VkQFWmBibUcGG4M2/vEgalbJ3XnbvzkrV6yyOPBzAIRyDBxdQhVuoQR0ICHiGV3hzlPPivDsfs9ack83swx84nz+HpY7s</latexit>

1 + z = 1/a



The stage: FLRW spacetime

Hubble expansion rate: 
<latexit sha1_base64="GxbXYp7EHgKxvsMjVBln9E3C49I=">AAAB/nicbVBNS8NAEN3Ur1q/ouLJy2IRPJVEFL0IRS89VrAf0JSy2WzapZtN2J0IJQT8K148KOLV3+HNf+O2zUFbHww83pthZp6fCK7Bcb6t0srq2vpGebOytb2zu2fvH7R1nCrKWjQWser6RDPBJWsBB8G6iWIk8gXr+OO7qd95ZErzWD7AJGH9iAwlDzklYKSBfdS4wV6oCM0C7AmJSZ4FkA/sqlNzZsDLxC1IFRVoDuwvL4hpGjEJVBCte66TQD8jCjgVLK94qWYJoWMyZD1DJYmY7mez83N8apQAh7EyJQHP1N8TGYm0nkS+6YwIjPSiNxX/83ophNf9jMskBSbpfFGYCgwxnmaBA64YBTExhFDFza2YjogJA0xiFROCu/jyMmmf19zLmnN/Ua3fFnGU0TE6QWfIRVeojhqoiVqIogw9o1f0Zj1ZL9a79TFvLVnFzCH6A+vzB2LhlSE=</latexit>

H =
d ln a

dt

Hubble “constant”    H0 = H(a = 1) = H(today) 
<latexit sha1_base64="l1BQj8s+SFG8lVOMhdfoA/1881k="></latexit>

H0 = (67.4± 0.5)km/s/Mpc [Planck 2018]

<latexit sha1_base64="FE6o6vtvY3HKXT+BVKZRiA2JsCI="></latexit>

H0 = (73.5± 1.4)km/s/Mpc [local measurements]

The famous “Hubble tension”. 

Friedman’s equation (in a spatially flat Universe): 
<latexit sha1_base64="ZHM6IswLTl9qMHsBg+BFKnvKhTU="></latexit>

H
2 =

8⇡G

3
⇢tot =

8⇡G

3

�
⇢� + ⇢⌫ + ⇢c + ⇢b + ⇢⇤

�



The stage: FLRW spacetime

•Mean number densities:

•For massive neutrinos:
<latexit sha1_base64="gv+5HYg10P6jvqdMLsCjgE+GrbM="></latexit>

⇢⌫ / a�4 while T⌫ � m⌫ ,
<latexit sha1_base64="4jfilRFjxgzBYrZOaUNIcN/zFqQ="></latexit>

⇢⌫ / a�3 once T⌫ ⌧ m⌫ ,

<latexit sha1_base64="M5hHlBV+VejYZ1MiDJ9XKWy3F+k=">AAACBHicbVC7TsMwFHV4lvIKMHaxqJBYqBIegrGChQkViT6kJlSO67RWHTuyHaQqysDCr7AwgBArH8HG3+C0GaDlSJaOzrlX1+cEMaNKO863tbC4tLyyWlorr29sbm3bO7stJRKJSRMLJmQnQIowyklTU81IJ5YERQEj7WB0lfvtByIVFfxOj2PiR2jAaUgx0kbq2RVPGDvfTm8y6MVSxFpAdJ8enWQ9u+rUnAngPHELUgUFGj37y+sLnESEa8yQUl3XibWfIqkpZiQre4kiMcIjNCBdQzmKiPLTSYgMHhilD0MhzeMaTtTfGymKlBpHgZmMkB6qWS8X//O6iQ4v/JTyONGE4+mhMGHQ5MwbgX0qCdZsbAjCkpq/QjxEEmFteiubEtzZyPOkdVxzz2rO7Wm1flnUUQIVsA8OgQvOQR1cgwZoAgwewTN4BW/Wk/VivVsf09EFq9jZA39gff4ArxKYGg==</latexit>

N / a�3

•For radiation:
<latexit sha1_base64="l9uiTSN2YzQp68gKzOr0DCtKKzc="></latexit>

⇢� = N�hp�i / a�4

•  Non-relativistic species 
(cold dark matter, baryons):

<latexit sha1_base64="bIY+wAuy3eL9zvrb9X82EXHIW10=">AAACH3icbVDNS8MwHE3n15xfVY9egkPw4mj9vghDL55kgvuAtZY0y7awtClJKoxS/xIv/itePCgi3vbfmG4FdfMHCY/3fo/kPT9iVCrLGhmFufmFxaXicmlldW19w9zcakgeC0zqmDMuWj6ShNGQ1BVVjLQiQVDgM9L0B1eZ3nwgQlIe3qlhRNwA9ULapRgpTXnmqcO1nLkTR/R56rXgBfzhbjLiMdCXEwkeKQ7RfXJwlHpm2apY44GzwM5BGeRT88wvp8NxHJBQYYakbNtWpNwECUUxI2nJiSWJEB6gHmlrGKKASDcZ50vhnmY6sMuFPqGCY/a3I0GBlMPA15sBUn05rWXkf1o7Vt1zN6FhFCsS4slD3ZhBnTMrC3aoIFixoQYIC6r/CnEfCYSVrrSkS7CnI8+CxmHFPqlYt8fl6mVeRxHsgF2wD2xwBqrgGtRAHWDwBF7AG3g3no1X48P4nKwWjNyzDf6MMfoGdlijMg==</latexit>

⇢X = NX mX / a�3



The stage: FLRW spacetime
Dimensionless density parameters:

<latexit sha1_base64="DNw5vf9C8FPtu4tZicNGHWwXkRQ="></latexit>

⌦X =
8⇡G ⇢X,0

3H2
0

<latexit sha1_base64="qVcAa/EyilSHN5S/q+4UKPW9w44=">AAAB/HicbZDLSsNAFIZP6q3WW7RLN4NFcFUSUXQjFN24s4K9QBPCZDpph84kYWYilFBfxY0LRdz6IO58G6dtFtr6w8DHf87hnPnDlDOlHefbKq2srq1vlDcrW9s7u3v2/kFbJZkktEUSnshuiBXlLKYtzTSn3VRSLEJOO+HoZlrvPFKpWBI/6HFKfYEHMYsYwdpYgV31VCaCLvLuBB1gA1fIDeyaU3dmQsvgFlCDQs3A/vL6CckEjTXhWKme66Taz7HUjHA6qXiZoikmIzygPYMxFlT5+ez4CTo2Th9FiTQv1mjm/p7IsVBqLELTKbAeqsXa1Pyv1st0dOnnLE4zTWMyXxRlHOkETZNAfSYp0XxsABPJzK2IDLHERJu8KiYEd/HLy9A+rbvndef+rNa4LuIowyEcwQm4cAENuIUmtIDAGJ7hFd6sJ+vFerc+5q0lq5ipwh9Znz/l3ZOf</latexit>X

X

⌦X = 1

Equivalently:

<latexit sha1_base64="bpn1qR6ydjmQHnzshWJgqTtkyHw=">AAACCHicbVC7SgNBFJ31GeNr1dLCwSBYJbOiaCMEbdIIEcwDkhBmJ5NkyMzuMnNXDEvS2fgrNhaK2PoJdv6Nk0ehiQcuHM65l3vv8SMpDBDy7SwsLi2vrKbW0usbm1vb7s5u2YSxZrzEQhnqqk8NlyLgJRAgeTXSnCpf8orfux75lXuujQiDO+hHvKFoJxBtwShYqekeFJoEX2KPkGEXD3Ed+ANolfRUzuRuIjZouhmSJWPgeeJNSQZNUWy6X/VWyGLFA2CSGlPzSASNhGoQTPJBuh4bHlHWox1eszSgiptGMn5kgI+s0sLtUNsKAI/V3xMJVcb0lW87FYWumfVG4n9eLYb2RSMRQRQDD9hkUTuWGEI8SgW3hOYMZN8SyrSwt2LWpZoysNmlbQje7MvzpHyS9c6y5PY0k7+axpFC++gQHSMPnaM8KqAiKiGGHtEzekVvzpPz4rw7H5PWBWc6s4f+wPn8ASR3mC8=</latexit>

H0 = 100 h km/s/Mpc
<latexit sha1_base64="aeVDNrSj/YJ8KqsWQS/yNJDUb8A=">AAACBXicbVC7TsMwFHXKq5RXgBEGiwqJqUoqEIwVLGwUiT6kJkSOe9NadR7YTqUq6sLCr7AwgBAr/8DG3+C2GaDlSFc6Pude+d7jJ5xJZVnfRmFpeWV1rbhe2tjc2t4xd/eaMk4FhQaNeSzaPpHAWQQNxRSHdiKAhD6Hlj+4mvitIQjJ4uhOjRJwQ9KLWMAoUVryzEMnDqFHvDZ24CFlQ+zc5O/+fdUzy1bFmgIvEjsnZZSj7plfTjemaQiRopxI2bGtRLkZEYpRDuOSk0pICB2QHnQ0jUgI0s2mV4zxsVa6OIiFrkjhqfp7IiOhlKPQ150hUX05703E/7xOqoILN2NRkiqI6OyjIOVYxXgSCe4yAVTxkSaECqZ3xbRPBKFKB1fSIdjzJy+SZrVin1Ws29Ny7TKPo4gO0BE6QTY6RzV0jeqogSh6RM/oFb0ZT8aL8W58zFoLRj6zj/7A+PwBN7WXvQ==</latexit>

!X ⌘ ⌦Xh2

<latexit sha1_base64="KoBStqofA4GYcYHkV9i2kosbhGk="></latexit>

H
2(a) = H

2
0


⌦⇤ + (⌦c + ⌦b)a

�3 + ⌦�a
�4 + ⌦⌫

⇢⌫(a)

⇢⌫,0

�

Perturbed FLRW metric:
<latexit sha1_base64="zhGGn3puX/9EQej0/0DNfpxw73U="></latexit>

ds2 = a2(⌘)
⇥
�(1+2 )d⌘2 + (1�2�)d~x2

⇤
+ a2(⌘)hGW

ij dxidxj



Cold dark matter

Approximated as a collisionless and pressureless ideal fluid 
entirely described by its density and velocity fields

<latexit sha1_base64="xgcLVYwivLsbnzLx0i+UUEBPFjo=">AAACAXicbVDLSgMxFM3UV62vqhvBTbAIFaTMiKLLohuXFewDOkPJpLdtaCYzJJliGcaNv+LGhSJu/Qt3/o1pOwttPXDh5Jx7yb3HjzhT2ra/rdzS8srqWn69sLG5tb1T3N1rqDCWFOo05KFs+UQBZwLqmmkOrUgCCXwOTX94M/GbI5CKheJejyPwAtIXrMco0UbqFA/cEdBklHZo2QVNTvH0/ZCedIolu2JPgReJk5ESylDrFL/cbkjjAISmnCjVduxIewmRmlEOacGNFUSEDkkf2oYKEoDykukFKT42Shf3QmlKaDxVf08kJFBqHPimMyB6oOa9ifif145178pLmIhiDYLOPurFHOsQT+LAXSaBaj42hFDJzK6YDogkVJvQCiYEZ/7kRdI4qzgXFfvuvFS9zuLIo0N0hMrIQZeoim5RDdURRY/oGb2iN+vJerHerY9Za87KZvbRH1ifPxcQlqY=</latexit>

~vc(⌘, ~x)
<latexit sha1_base64="LXJbJmIHlloraCpNvekOvQ8EU10="></latexit>

⇢c(⌘, ~x) = (1 + �c(⌘, ~x)) ⇢c(⌘)

Fluid equations: relativistic generalization of 
<latexit sha1_base64="mpZB5yplH4tZ8r5e3qOpEjuvKGo="></latexit>

@⇢c
@t

+ ~r · (⇢c~vc) = 0

<latexit sha1_base64="BG6k4C5KyMBpVsk/f9z8pAnnTJ0="></latexit>

@~vc
@t

+ (~vc · ~r)~vc = �~r�Newt

continuity (mass conservation)

momentum equation

See Fabian Schmidt’s lectures for the rich physics of 
CDM gravitational collapse and structure formation.



Massive neutrinos

• Three neutrino (+ antineutrino) flavors 

• Three mass eigenstates

<latexit sha1_base64="4JNXKbPgy5sXbkZHcDuOgu6qhFU=">AAACAXicbZDLSgMxFIYz9VbrbdSN4CZYBBdSZkTRZdGNywr2Ap1hyKSZNjTJDLkIpdSNr+LGhSJufQt3vo2ZdhbaeiDk4//PITl/nDGqtOd9O6Wl5ZXVtfJ6ZWNza3vH3d1rqdRITJo4ZansxEgRRgVpaqoZ6WSSIB4z0o6HN7nffiBS0VTc61FGQo76giYUI22lyD0IhInIKcyvgJsCNDKRW/Vq3rTgIvgFVEFRjcj9CnopNpwIjRlSqut7mQ7HSGqKGZlUAqNIhvAQ9UnXokCcqHA83WACj63Sg0kq7REaTtXfE2PElRrx2HZypAdq3svF/7yu0clVOKYiM5oIPHsoMQzqFOZxwB6VBGs2soCwpPavEA+QRFjb0Co2BH9+5UVondX8i5p3d16tXxdxlMEhOAInwAeXoA5uQQM0AQaP4Bm8gjfnyXlx3p2PWWvJKWb2wZ9yPn8Am46WWg==</latexit>⌫e, ⌫µ, ⌫⌧
<latexit sha1_base64="hQ35Yh09y0Pumiovu7MbpMgXc6c=">AAACGnicbZBLSwMxEMez9VXrq+rRS7AIHqTsVkWPRS8eK9gHdEvJptM2NJtd8xBK6efw4lfx4kERb+LFb2N2uwdtHUjmx39mSOYfxJwp7brfTm5peWV1Lb9e2Njc2t4p7u41VGQkhTqNeCRbAVHAmYC6ZppDK5ZAwoBDMxhdJ/XmA0jFInGnxzF0QjIQrM8o0VbqFj1fmK53gpNUmaVTe8N9ijBT/NBkoInpFktu2U0DL4KXQQllUesWP/1eRE0IQlNOlGp7bqw7EyI1oxymBd8oiAkdkQG0LQoSgupM0tWm+MgqPdyPpD1C41T9PTEhoVLjMLCdIdFDNV9LxP9qbaP7l50JE7HRIOjsob7hWEc48Qn3mASq+dgCoZLZv2I6JJJQbd0sWBO8+ZUXoVEpe+dl9/asVL3K7MijA3SIjpGHLlAV3aAaqiOKHtEzekVvzpPz4rw7H7PWnJPN7KM/4Xz9AFpCnzw=</latexit>

⌫1, ⌫2, ⌫3 6= ⌫e, ⌫µ, ⌫⌧

• Individual neutrino masses are still unknown, but sum of 
neutrino masses constrained to Σ mν < 0.12 eV (Planck 2018)

• Neutrinos decouple from the plasma at T ~ MeV, while ultra-
relativistic. They have a (perturbed) relativistic Fermi-Dirac 
occupation number

<latexit sha1_base64="NrWaGfg1+I23kJo/juCOmHTOVgE=">AAACGnicbVDLSgMxFM3UV62vUZdugkVoEeqMKLoRim5cVugLOqVk0kwbmsmEJCOWYb7Djb/ixoUi7sSNf2Om7UJbDwQO59zDzT2+YFRpx/m2ckvLK6tr+fXCxubW9o69u9dUUSwxaeCIRbLtI0UY5aShqWakLSRBoc9Iyx/dZH7rnkhFI17XY0G6IRpwGlCMtJF6tutFxs7SSZD2PB6XRBleQS+QCCdumnjkQZTEST2zyvAYumnPLjoVZwK4SNwZKYIZaj370+tHOA4J15ghpTquI3Q3QVJTzEha8GJFBMIjNCAdQzkKieomk9NSeGSUPgwiaR7XcKL+TiQoVGoc+mYyRHqo5r1M/M/rxDq47CaUi1gTjqeLgphBHcGsJ9inkmDNxoYgLKn5K8RDZFrRps2CKcGdP3mRNE8r7nnFuTsrVq9ndeTBATgEJeCCC1AFt6AGGgCDR/AMXsGb9WS9WO/Wx3Q0Z80y++APrK8feACf0w==</latexit>

f⌫(p) =
1

exp(p/T⌫) + 1
<latexit sha1_base64="QdQ+BG2zIoqj78e+6Fwih9mpPrA=">AAACBnicbVDLSgNBEJz1GeNr1aMIg0HwtOyKEo9BLx4j5AXZEHonk2TIzOwyMyuGJV68+CtePCji1W/w5t84eRw0saChqOqmuytKONPG97+dpeWV1bX13EZ+c2t7Z9fd26/pOFWEVknMY9WIQFPOJK0aZjhtJIqCiDitR4PrsV+/o0qzWFbMMKEtAT3JuoyAsVLbPaq0Q5niEJJExffY94oBfsBW7IEQ0HYLvudPgBdJMCMFNEO57X6FnZikgkpDOGjdDPzEtDJQhhFOR/kw1TQBMoAebVoqQVDdyiZvjPCJVTq4Gytb0uCJ+nsiA6H1UES2U4Dp63lvLP7nNVPTvWxlTCapoZJMF3VTjk2Mx5ngDlOUGD60BIhi9lZM+qCAGJtc3oYQzL+8SGpnXnDh+bfnhdLVLI4cOkTH6BQFqIhK6AaVURUR9Iie0St6c56cF+fd+Zi2LjmzmQP0B87nDwWYl48=</latexit>

T⌫ ⇡ 0.71 T�



• Epochs relevant to observable CMB properties correspond to 
T << MeV, when neutrinos are fully decoupled from rest of 
the plasma, i.e. collisionless 

Massive neutrinos

Liouville’s theorem: in the absence of collisions
phase-space density is conserved along trajectories: 
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Collisionless Boltzmann equation:



•“baryons” in cosmology= ions, electrons and neutral atoms.  

•At T << MeV,  all the ``baryons” are non-relativistic 

• Big Bang Nucleosynthesis produces Helium (+ trace amounts 
of heavier elements, irrelevant for standard CMB physics).  

Mass fractions:       76% Hydrogen, 24% Helium  [YHe = 0.24] 

Baryons

Exercise: show that the ratio of helium to hydrogen by number is 
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⇡ 0.08



Baryons

• Baryons are an ideal fluid, fully described by their density, 
velocity and temperature (same temperature for H, He, e-) 
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Tb(⌘, ~x)

continuity (mass conservation)

momentum 
equation

• Fluid equations: relativistic generalization of 
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dTb
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= �̃Thomson (T� � Tb) heat equation
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Recombination
 H and He start fully ionized, and eventually “recombine” with 
electrons, to form neutral atoms. Recombination is a crucial 
piece of CMB physics, we’ll study it in lecture 2.



Photons (i.e. the CMB)

• Described by photon occupation number fγ

•Not an ideal fluid and not collisionless in general — 
in fact, they are either one or the other

We will spend lectures 3-4 deriving this equation and 
discussing it solutions in some limiting regimes. 

 Described by the collisional Boltzmann equation
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Task at hand: solve linear 
coupled differential equations

Thomson scattering

neutrinos 

e-

p+

He++

cold dark matter

? ?
?

gravity
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�c,~vc

baryonsphotons (CMB)
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�b,~vb, Tb, xe



Initial conditions

• Observations are consistent with adiabatic initial conditions: all 
species have equal relative fluctuations in their number density:
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• non-relativistic species (CDM and baryons): 
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• relativistic species (neutrinos and photons): 
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N / T 3, ⇢ / T 4
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• On very large scales (>> Hubble radius), peculiar velocities 
initially vanish



Initial conditions

•  Metric perturbations can be decomposed into ``scalar” [φ, ψ], 
“vector” and “tensor” modes  (see Valerie Domcke’s lecture 4)

• “vector” modes decay and are neglected 

• we will assume scalar modes (and will briefly touch on tensor 
modes [i.e. gravitational waves] in lectures 4/5). 
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primordial curvature 
perturbation

• Initial conditions are only described statistically 



Initial conditions
• Initial conditions are observed to be consistent with Gaussian
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h⇣(~k)⇣⇤(~k0)i = (2⇡)3�D(~k
0 � ~k)P⇣(k) primordial 

curvature 
power spectrumcomoving Fourier wavenumber

• Variance of primordial curvature perturbations:
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• Slow-roll inflation predicts quasi scale-invariant power spectrum:
(see Valerie Domcke’s lectures) 
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provide pressure provide containment
(impede free streaming)

What are we seeing exactly?

e-

p
He

“baryons”photons

together: ideal fluid with large pressure

before last scattering:



Small initial overdensities generate sound waves in 
photon-baryon fluid, propagating for ~400,000 years



Superposition of many incoherent sound waves, 
oscillating for ~400,000 years
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Planck 2018 

Best-fit model
(6 parameters)
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Effect of non-standard xe on CMB power spectra
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Planck collaboration 2018

Planck Collaboration: Cosmological parameters

Fig. 5. Constraints on parameters of the base-⇤CDM model from the separate Planck EE, T E, and TT high-` spectra combined
with low-` polarization (lowE), and, in the case of EE also with BAO (described in Sect. 5.1), compared to the joint result using
Planck TT,TE,EE+lowE. Parameters on the bottom axis are our sampled MCMC parameters with flat priors, and parameters on the
left axis are derived parameters (with H0 in km s�1Mpc�1). Contours contain 68 % and 95 % of the probability.

Table 1. Base-⇤CDM cosmological parameters from Planck TT,TE,EE+lowE+lensing. Results for the parameter best fits,
marginalized means and 68 % errors from our default analysis using the Plik likelihood are given in the first two numerical
columns. The CamSpec likelihood results give some idea of the remaining modelling uncertainty in the high-` polarization, though
parts of the small shifts are due to slightly di↵erent sky areas in polarization. The “Combined” column give the average of the
Plik and CamSpec results, assuming equal weight. The combined errors are from the equal-weighted probabilities, hence including
some uncertainty from the systematic di↵erence between them; however, the di↵erences between the high-` likelihoods are so small
that they have little e↵ect on the 1� errors. The errors do not include modelling uncertainties in the lensing and low-` likelihoods
or other modelling errors (such as temperature foregrounds) common to both high-` likelihoods. A total systematic uncertainty of
around 0.5� may be more realistic, and values should not be overinterpreted beyond this level. The best-fit values give a represen-
tative model that is an excellent fit to the baseline likelihood, though models nearby in the parameter space may have very similar
likelihoods. The first six parameters here are the ones on which we impose flat priors and use as sampling parameters; the remaining
parameters are derived from the first six. Note that ⌦m includes the contribution from one neutrino with a mass of 0.06 eV. The
quantity ✓MC is an approximation to the acoustic scale angle, while ✓⇤ is the full numerical result.

Parameter Plik best fit Plik [1] CamSpec [2] ([2] � [1])/�1 Combined
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14

Planck Collaboration: Cosmological parameters

Fig. 5. Constraints on parameters of the base-⇤CDM model from the separate Planck EE, T E, and TT high-` spectra combined
with low-` polarization (lowE), and, in the case of EE also with BAO (described in Sect. 5.1), compared to the joint result using
Planck TT,TE,EE+lowE. Parameters on the bottom axis are our sampled MCMC parameters with flat priors, and parameters on the
left axis are derived parameters (with H0 in km s�1Mpc�1). Contours contain 68 % and 95 % of the probability.
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Plan for the next lectures

• Lecture 2: cosmological recombination

• Lecture 3: derivation of the photon Boltzmann equation 

• Lecture 4: solutions of the photon Boltzmann equation

• Lecture 5: introduction to CMB polarization and 
lensing, and/or cosmological parameter estimation 


