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Cosmology from: 
gravitational waves



How can GW help to probe cosmology?



GW can bring information from the early universe: 
phenomena occurring in the early universe can produce 

stochastic GW backgrounds (SGWB) 

test of the early universe and high energy phenomena

early 
universe

How can GW help to probe cosmology?



The GW signal from binaries travels through the FLRW 
spacetime: it can be used to probe the  

late-time dynamics and the content of the universe 

test of accelerated expansion, test of GR at large scales

late 
universe

How can GW help to probe cosmology?



Summary of the course

• LECTURE 1: GW definition, GW energy momentum tensor, 
GW in FLRW space-time, GW equation of motion 

• LECTURE 2: SGWB from the early universe: generalities 

• LECTURE 3: SGWB from the early universe: examples of 
sources 

• LECTURE 4: GW emission from binaires: generalities 

• LECTURE 5: GW emission from binaries: probe of the 
universe expansion

C.C. and D.G. Figueroa, “Cosmological backgrounds of GWs”, arXiv:1801.04268



What are gravitational waves?

• GWs emerge naturally in General Relativity:  

Newtonian theory + special relativity = a causal theory of gravitation 

There must be some form of radiation propagating information causally: 
GWs! 

• “waves” in physics are propagating perturbations over a background. In 
General Relativity:  

1. take a background space-time metric (the gravitational field)  
2. define a small perturbation over this background metric 
3. insert it into the equations that describe the space-time dynamics 

(Einstein equations) 
4. (if everything goes well) one finds a dynamical solution for the 

perturbation which is propagating as a wave -> GWs!

Which background metric to choose? 
Simplest choice: flat space-time



GWs in linearised theory over Minkowski
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Riemann 
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Einstein 
tensor

Linearise in hµν , raise and lower indices with ηµν
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trace-reversed 
metric perturbation 

(OK - still small)
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“Gravitational Waves”, M. Maggiore, Oxford University Press 2008

<latexit sha1_base64="cwgOnJMxS2QVUI+VgR/63yn0+x4=">AAACE3icbVDLSgMxFM34rPU16tJNsAjiosyIostSNy4r2Ad06nAnzbShmYdJpliG/oMbf8WNC0XcunHn35hpR9DWA4Fzz7k3yT1ezJlUlvVlLCwuLa+sFtaK6xubW9vmzm5DRokgtE4iHomWB5JyFtK6YorTViwoBB6nTW9wmfnNIRWSReGNGsW0E0AvZD4joLTkmsdONbrHDr1L2BA7MQjFgLsO8LgPP+XttHTNklW2JsDzxM5JCeWouean041IEtBQEQ5Stm0rVp00u5RwOi46iaQxkAH0aFvTEAIqO+lkpzE+1EoX+5HQJ1R4ov6eSCGQchR4ujMA1ZezXib+57UT5V90UhbGiaIhmT7kJxyrCGcB4S4TlCg+0gSIYPqvmPRBAFE6xqIOwZ5deZ40Tsr2Wdm6Pi1VqnkcBbSPDtARstE5qqArVEN1RNADekIv6NV4NJ6NN+N92rpg5DN76A+Mj2+zyJ6x</latexit>⇤ ⌘ @↵@
↵



<latexit sha1_base64="fmhaYudpJbWHxbZmzh1JWUJGStQ="></latexit>

gµ⌫(x) = ⌘µ⌫ + hµ⌫(x) , |hµ⌫(x)| ⌧ 1

Affine connection

Riemann 
tensor

<latexit sha1_base64="Ep0k7tR60oNnQ1qCi8/fRvQbglw="></latexit>

�↵
µ⌫ =

1

2
(@⌫h

↵
µ + @µh

↵
⌫ � @↵hµ⌫) +O(h2)

Einstein 
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Linearise in hµν , raise and lower indices with ηµν
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we would like to set 
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GWs in linearised theory over Minkowski
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GR is invariant under general coordinate transformation 

the linearised theory is invariant under  
infinitesimal (slowly varying) coordinate transformation
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By a suitable coordinate transformation, it is 
always possible to go to the LORENTZ GAUGE 

GWs in linearised theory over Minkowski
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IN LORENTZ GAUGE EINSTEIN EQUATIONS TAKE 
THE FORM OF A WAVE EQUATION!

<latexit sha1_base64="8Pm+f/uYlNohSzCMlP4LU6Zqz1A=">AAACEHicbVC7TsMwFHXKq5RXgJHFokKUpUoQCBakChbGItGH1ITIcZ3WquNEtoOoonwCC7/CwgBCrIxs/A1OmwFajmTp3HPu1fU9fsyoVJb1bZQWFpeWV8qrlbX1jc0tc3unLaNEYNLCEYtE10eSMMpJS1HFSDcWBIU+Ix1/dJX7nXsiJI34rRrHxA3RgNOAYqS05JmHToyEoojdpU6YZKnjIwGHmZdXDk+y2sMRvIBWxTOrVt2aAM4TuyBVUKDpmV9OP8JJSLjCDEnZs61YuWm+DDOSVZxEkhjhERqQnqYchUS66eSgDB5opQ+DSOjHFZyovydSFEo5Dn3dGSI1lLNeLv7n9RIVnLsp5XGiCMfTRUHCoIpgng7sU0GwYmNNEBZU/xXiIRIIK51hHoI9e/I8aR/X7dO6dXNSbVwWcZTBHtgHNWCDM9AA16AJWgCDR/AMXsGb8WS8GO/Gx7S1ZBQzu+APjM8f8/+cdw==</latexit>

@µh̄µ⌫(x) = 0

Tµν source energy 
momentum tensor

GWs in linearised theory over Minkowski

From the Lorentz gauge condition one gets

The energy-momentum tensor of the source is conserved

the source does not loose energy and momentum by the GW emission 

in linearised theory, the background space-time is flat, i.e. the source is 
described by Newtonian gravity

linearised theory does not describe how GW emission influences the source

<latexit sha1_base64="bPaICFwMRRsUt/hCbffTN04bSzk=">AAACA3icbVDLSsNAFJ34rPUVdaebwSK4KokouhEKblxW6AuaGCbTSTt0MgnzEEoIuPFX3LhQxK0/4c6/cdJmoa0Hhjmcc++duSdMGZXKcb6tpeWV1bX1ykZ1c2t7Z9fe2+/IRAtM2jhhieiFSBJGOWkrqhjppYKgOGSkG45vCr/7QISkCW+pSUr8GA05jShGykiBfeilSCiK2H3mxTpvBcXlcZ1fO4Fdc+rOFHCRuCWpgRLNwP7yBgnWMeEKMyRl33VS5WfFfMxIXvW0JCnCYzQkfUM5ion0s+kOOTwxygBGiTCHKzhVf3dkKJZyEoemMkZqJOe9QvzP62sVXfkZ5alWhOPZQ5FmUCWwCAQOqCBYsYkhCAtq/grxCAmElYmtakJw51deJJ2zuntRd+7Oa41GGUcFHIFjcApccAka4BY0QRtg8AiewSt4s56sF+vd+piVLlllzwH4A+vzB6KamCM=</latexit>

@µTµ⌫ = 0



<latexit sha1_base64="0FjR+aIj73E8Xy6Rb+dSosfzHd0=">AAACGXicbVDLSsNAFJ34rPUVdelmsAgutCTiayOUutBlhb6gCWEynbRDJ5MwMxFLyG+48VfcuFDEpa78G6dtEG09cOFwzr3ce48fMyqVZX0Zc/MLi0vLhZXi6tr6xqa5td2UUSIwaeCIRaLtI0kY5aShqGKkHQuCQp+Rlj+4GvmtOyIkjXhdDWPihqjHaUAxUlryTMupRvcwdXwkYD/zUidMHJ5k8BIepfYZdGIKrzPnsP7jeGbJKltjwFli56QEctQ888PpRjgJCVeYISk7thUrN0VCUcxIVnQSSWKEB6hHOppyFBLppuPPMrivlS4MIqGLKzhWf0+kKJRyGPq6M0SqL6e9kfif10lUcOGmlMeJIhxPFgUJgyqCo5hglwqCFRtqgrCg+laI+0ggrHSYRR2CPf3yLGkel+3TsnV7UqpU8zgKYBfsgQNgg3NQATegBhoAgwfwBF7Aq/FoPBtvxvukdc7IZ3bAHxif38zBn44=</latexit>

⇤h̄µ⌫ = �16⇡GTµ⌫

IN LORENTZ GAUGE EINSTEIN EQUATIONS TAKE 
THE FORM OF A WAVE EQUATION!

<latexit sha1_base64="dTN9rMU04El6CTfwyqkRSmyZ9ns=">AAACDnicbZC7SgNBFIZnvcZ4W7W0GQwBq7ArijZC0MYygrlAdllmJ5NkyMzsMhchLPsENr6KjYUittZ2vo2TZIuY+MPAz3fO4cz545RRpT3vx1lZXVvf2Cxtlbd3dvf23YPDlkqMxKSJE5bITowUYVSQpqaakU4qCeIxI+14dDuptx+JVDQRD3qckpCjgaB9ipG2KHKrWRAjCYd5lAXcBMLk8BrOMWEsziO34tW8qeCy8QtTAY Uakfsd9BJsOBEaM6RU1/dSHWZIaooZycuBUSRFeIQGpGutQJyoMJuek8OqJT3YT6R9QsMpnZ/IEFdqzGPbyZEeqsXaBP5X6xrdvwozKlKjicCzRX3DoE7gJBvYo5JgzcbWICyp/SvEQyQR1jbBsg3BXzx52bTOav5Fzbs/r9RvijhK4BicgFPgg0tQB3egAZoAgyfwAt7Au/PsvDofzuesdcUpZo7AHzlfv4O5nGg=</latexit>

h̄µ⌫ = h̄⌫µ

<latexit sha1_base64="8Pm+f/uYlNohSzCMlP4LU6Zqz1A=">AAACEHicbVC7TsMwFHXKq5RXgJHFokKUpUoQCBakChbGItGH1ITIcZ3WquNEtoOoonwCC7/CwgBCrIxs/A1OmwFajmTp3HPu1fU9fsyoVJb1bZQWFpeWV8qrlbX1jc0tc3unLaNEYNLCEYtE10eSMMpJS1HFSDcWBIU+Ix1/dJX7nXsiJI34rRrHxA3RgNOAYqS05JmHToyEoojdpU6YZKnjIwGHmZdXDk+y2sMRvIBWxTOrVt2aAM4TuyBVUKDpmV9OP8JJSLjCDEnZs61YuWm+DDOSVZxEkhjhERqQnqYchUS66eSgDB5opQ+DSOjHFZyovydSFEo5Dn3dGSI1lLNeLv7n9RIVnLsp5XGiCMfTRUHCoIpgng7sU0GwYmNNEBZU/xXiIRIIK51hHoI9e/I8aR/X7dO6dXNSbVwWcZTBHtgHNWCDM9AA16AJWgCDR/AMXsGb8WS8GO/Gx7S1ZBQzu+APjM8f8/+cdw==</latexit>

@µh̄µ⌫(x) = 0 6 radiative components

WAIT! ARE THESE ALL PHYSICAL?

satisfying to remain in the Lorentz gauge

<latexit sha1_base64="kq3idOt2ACIe4iw2Y7s6MAnN0us=">AAACK3icbVBLSwMxGMz6rPVV9eglWARBKLui6LHUi8cK9gHdsmTT7DY0myx5qGXp//HiX/GgBx949X+Ytoto60BgMjMfyTdhyqjSrvvuLCwuLa+sFtaK6xubW9ulnd2mEkZi0sCCCdkOkSKMctLQVDPSTiVBSchIKxxcjv3WLZGKCn6jhynpJijmNKIYaSsFpVrmh0jC/ijI/MT43IygzwSPJY37Gkkp7uB84hj69/TnGpTKbsWdAM4TLydlkKMelJ79nsAmIVxjhpTqeG6quxmSmmJGRkXfKJIiPEAx6VjKUUJUN5vsOoKHVunBSEh7uIYT9fdEhhKlhklokwnSfTXrjcX/vI7R0UU3ozw1mnA8fSgyDGoBx8XBHpUEaza0BGFJ7V8h7iOJsLb1Fm0J3uzK86R5UvHOKu71ablay+sogH1wAI6AB85BFVyBOmgADB7AE3gFb86j8+J8OJ/T6IKTz+yBP3C+vgGbr6ke</latexit>

h̄µ⌫ �! h̄µ⌫ + ⇠µ⌫
<latexit sha1_base64="hr3BJFrXUGpYqs+kBbGzhISn/ko="></latexit>

⇠⌫µ ⌘ ⌘⌫µ@
↵⇠↵ � @µ⇠⌫ � @⌫⇠µwith 

IF IN VACUUM:

<latexit sha1_base64="RjqWR0LE/XyYbAI9WNY0hFFtYJw=">AAACE3icbZDLSgMxFIYz9VbrbdSlm2ARRaHMiKLLohuXFewFOtOSSdNpaCYZkoy2DH0HN76KGxeKuHXjzrcxbWehrT8EPv5zDifnD2JGlXacbyu3sLi0vJJfLaytb2xu2ds7NSUSiUkVCyZkI0CKMMpJVVPNSCOWBEUBI/Wgfz2u1++JVFTwOz2MiR+hkNMuxUgbq20fDw5bqRclI+gxwUNJw55GUooHOMj8E+gNaMtg2y46JWciOA9uBkWQqdK2v7yOwElEuMYMKdV0nVj7KZKaYkZGBS9RJEa4j0LSNMhRRJSfTm4awQPjdGBXSPO4hhP390SKIqWGUWA6I6R7arY2Nv+rNRPdvfRTyuNEE46ni7oJg1rAcUCwQyXBmg0NICyp+SvEPSQR1ibGggnBnT15HmqnJfe85NyeFctXWRx5sAf2wRFwwQUogxtQAVWAwSN4Bq/gzXqyXqx362PamrOymV3wR9bnD0/Enms=</latexit>

x0µ �! xµ + ⇠µ
<latexit sha1_base64="tV3PHVWyZdMj+1AHJ9oVmDlXWjk=">AAAB9XicbVDLSgNBEOyNrxhfUY9eBoPgKeyKohchxIvHCOYB2TXMTmaTITOzy8ysJiz5Dy8eFPHqv3jzb5w8DppY0FBUddPdFSacaeO6305uZXVtfSO/Wdja3tndK+4fNHScKkLrJOaxaoVYU84krRtmOG0limIRctoMBzcTv/lIlWaxvDejhAYC9ySLGMHGSg9+NR4if8g6vkiv3U6x5JbdKdAy8eakBHPUOsUvvxuTVFBpCMdatz03MUGGlWGE03HBTzVNMBngHm1bKrGgOsimV4/RiVW6KIqVLWnQVP09kWGh9UiEtlNg09eL3kT8z2unJroKMiaT1FBJZouilCMTo0kEqMsUJYaPLMFEMXsrIn2sMDE2qIINwVt8eZk0zsreRdm9Oy9VqvM48nAEx3AKHlxCBW6hBnUgoOAZXuHNeXJenHfnY9aac+Yzh/AHzucPqMKR9g==</latexit>⇤⇠µ = 0

Tµν source energy 
momentum tensor

GWs in linearised theory over Minkowski

<latexit sha1_base64="3T4jx3XuAoOiCxnr6NZ+fCO7EJ8=">AAACKHicbVDLSgMxFM3UV62vqks3wSKtCGVGFN2IpW5cVrAP6Awlk6ZtaJIZk4y0DP0cN/6KGxFFuvVLzLRFtPXAhZNz7iX3Hj9kVGnbHluppeWV1bX0emZjc2t7J7u7V1NBJDGp4oAFsuEjRRgVpKqpZqQRSoK4z0jd798kfv2RSEUDca+HIfE46graoRhpI7Wy1245GORdH0nYa8Uuj1wRjfKuopw8JFZhzjpxB/TncXxlt7I5u2hPABeJMyM5MEOllX1z2wGOOBEaM6RU07FD7cVIaooZGWXcSJEQ4T7qkqahAnGivHhy6AgeGaUNO4E0JTScqL8nYsSVGnLfdHKke2reS8T/vGakO5deTEUYaSLw9KNOxKAOYJIabFNJsGZDQxCW1OwKcQ9JhLXJNmNCcOZPXiS106JzXrTvznKl8iyONDgAh6AAHHABSuAWVEAVYPAEXsA7+LCerVfr0xpPW1PWbGYf/IH19Q1kWabM</latexit>

⇤0h̄0
µ⌫ ' ⇤(h̄µ⌫ + ⇠µ⌫) = 0

<latexit sha1_base64="63b4fUXR2p3Cl/aq/UVeuSb26E8=">AAAB83icdVDLSgNBEJz1GeMr6tHLYBA8LbMxJvEgBL14jJAXZEOYncwmQ2Znl3kIYclvePGgiFd/xpt/42wSQUULGoqqbrq7goQzpRH6cFZW19Y3NnNb+e2d3b39wsFhW8VGEtoiMY9lN8CKciZoSzPNaTeRFEcBp51gcpP5nXsqFYtFU08T2o/wSLCQEayt5DcHqR8ZX5jZFRoUisi9rFVK5QpELkJVr+RlpFQtn5ehZ5UMRbBEY1B494cxMREVmnCsVM9Die6nWGpGOJ3lfaNogskEj2jPUoEjqvrp/OYZPLXKEIaxtCU0nKvfJ1IcKTWNAtsZYT1Wv71M/MvrGR3W+ikTidFUkMWi0HCoY5gFAIdMUqL51BJMJLO3QjLGEhNtY8rbEL4+hf+Tdsn1Llx0Vy7Wr5dx5MAxOAFnwANVUAe3oAFagIAEPIAn8OwY59F5cV4XrSvOcuYI/IDz9gk0p5HN</latexit>

Tµ⌫ = 0



TRANSVERSE TRACELESS GAUGE

Restricting to vacuum space-time, the residual coordinate 
freedom can be used to fix 4 constraints 

<latexit sha1_base64="suh+0psEOT9d2v/wZPAjNhMRF5M=">AAACAHicbVC7TsMwFHV4lvIKMDCwWFRITFWCQLAgVbAwFok+pCZEjuu0Vm0nsh2kKgoDv8LCAEKsfAYbf4PTZoCWI13do3PulX1PmDCqtON8WwuLS8srq5W16vrG5ta2vbPbVnEqMWnhmMWyGyJFGBWkpalmpJtIgnjISCccXRd+54FIRWNxp8cJ8TkaCBpRjLSRAns/80Ik4fA+83ia50H2WPRLJ7BrTt2ZAM4TtyQ1UKIZ2F9eP8YpJ0JjhpTquU6i/QxJTTEjedVLFUkQHqEB6RkqECfKzyYH5PDIKH0YxdKU0HCi/t7IEFdqzEMzyZEeqlmvEP/zeqmOLvyMiiTVRODpQ1HKoI5hkQbsU0mwZmNDEJbU/BXiIZIIa5NZ1YTgzp48T9ondfes7tye1hpXZRwVcAAOwTFwwTlogBvQBC2AQQ6ewSt4s56sF+vd+piOLljlzh74A+vzBxoulro=</latexit>

h̄µ
µ = 0

<latexit sha1_base64="bJFv2BTXpFOIHThYy6T2ctLL6X0=">AAAB73icbVBNSwMxEJ2tX7V+VT16CRbBU8mKoheh6MVjBfsB7VKyabYNzSZrkhXK0j/hxYMiXv073vw3pu0etPXBwOO9GWbmhYngxmL87RVWVtfWN4qbpa3tnd298v5B06hUU9agSijdDolhgkvWsNwK1k40I3EoWCsc3U791hPThiv5YMcJC2IykDzilFgntYe9DPPJNe6VK7iKZ0DLxM9JBXLUe+Wvbl/RNGbSUkGM6fg4sUFGtOVUsEmpmxqWEDoiA9ZxVJKYmSCb3TtBJ07po0hpV9Kimfp7IiOxMeM4dJ0xsUOz6E3F/7xOaqOrIOMySS2TdL4oSgWyCk2fR32uGbVi7AihmrtbER0STah1EZVcCP7iy8ukeVb1L6r4/rxSu8njKMIRHMMp+HAJNbiDOjSAgoBneIU379F78d69j3lrwctnDuEPvM8fcZuPkw==</latexit>

h0i = 0
<latexit sha1_base64="tg00DAMmPsKgMDb7kdUHJG9ChP4=">AAAB73icbVBNSwMxEJ2tX7V+VT16CRbBU8mKoheh6MVjBfsB7VKyabYNzSZrkhXK0j/hxYMiXv073vw3pu0etPXBwOO9GWbmhYngxmL87RVWVtfWN4qbpa3tnd298v5B06hUU9agSijdDolhgkvWsNwK1k40I3EoWCsc3U791hPThiv5YMcJC2IykDzilFgntYe9DOPJNe6VK7iKZ0DLxM9JBXLUe+Wvbl/RNGbSUkGM6fg4sUFGtOVUsEmpmxqWEDoiA9ZxVJKYmSCb3TtBJ07po0hpV9Kimfp7IiOxMeM4dJ0xsUOz6E3F/7xOaqOrIOMySS2TdL4oSgWyCk2fR32uGbVi7AihmrtbER0STah1EZVcCP7iy8ukeVb1L6r4/rxSu8njKMIRHMMp+HAJNbiDOjSAgoBneIU379F78d69j3lrwctnDuEPvM8fGoyPWg==</latexit>

h00 = 0
come for free

There are only 2 remaining physical degrees of freedom in the metric

Exercise: 
solve 

Einstein 
equations 

and write the 
line element 
in TT gauge 

GWs in linearised theory over Minkowski

<latexit sha1_base64="5zoWG1tBmC0aIk7Cw+Oz3Tut+88=">AAAB83icbVBNS8NAEJ3Ur1q/qh69BIsgKCURRY9FLx4r2A9oQthsN+3SzSbsToQS+je8eFDEq3/Gm//GbZuDtj4YeLw3w8y8MBVco+N8W6WV1bX1jfJmZWt7Z3evun/Q1kmmKGvRRCSqGxLNBJeshRwF66aKkTgUrBOO7qZ+54kpzRP5iOOU+TEZSB5xStBI3jA4Ox8GHvKY6aBac+rODPYycQtSgwLNoPrl9ROaxUwiFUTrnuuk6OdEIaeCTSpepllK6IgMWM9QScwSP5/dPLFPjNK3o0SZkmjP1N8TOYm1Hseh6YwJDvWiNxX/83oZRjd+zmWaIZN0vijKhI2JPQ3A7nPFKIqxIYQqbm616ZAoQtHEVDEhuIsvL5P2Rd29qjsPl7XGbRFHGY7gGE7BhWtowD00oQUUUniGV3izMuvFerc+5q0lq5g5hD+wPn8AhKKRWQ==</latexit>

h+, h⇥

<latexit sha1_base64="Sm2Z6XuTZUH1Tt9mgRys/sDO9ik=">AAAB+3icbVDLSsNAFL3xWesr1qWbwSK4KokouhGKblxWsA9oY5hMp+3YySTMTMQS8ituXCji1h9x5984abPQ1gMXDufcO3PvCWLOlHacb2tpeWV1bb20Ud7c2t7ZtfcqLRUlktAmiXgkOwFWlDNBm5ppTjuxpDgMOG0H4+vcbz9SqVgk7vQkpl6Ih4INGMHaSL5d6cVYaob5PRv5KXvILh3frjo1Zwq0SNyCVKFAw7e/ev2IJCEVmnCsVNd1Yu2l+buE06zcSxSNMRnjIe0aKnBIlZdOd8/QkVH6aBBJU0Kjqfp7IsWhUpMwMJ0h1iM17+Xif1430YMLL2UiTjQVZPbRIOFIRygPAvWZpETziSGYSGZ2RWSEJSbaxFU2IbjzJy+S1knNPas5t6fV+lURRwkO4BCOwYVzqMMNNKAJBJ7gGV7hzcqsF+vd+pi1LlnFzD78gfX5Aw/hlHI=</latexit>

@ihij = 0



To exhibit the two physical d.o.f. of GWs we had to restrict to vacuum 

However, the fact that GWs have only two physical components is a 
manifestation of the intrinsic nature of the gravitational interaction, 
mediated by the graviton, a spin-two massless field that has only two 

independent helicity states  

It should be true also in space-time with matter!

Are we happy with this definition? So so…

1. Drop the condition of empty space-time 
2. Exploit the invariance of Minkowski space-time under spatial rotations, 

and split the metric perturbation into irreducible components under 
rotations (scalar, vector, tensor) 

3. Construct metric perturbation variables that are invariant under 
infinitesimal coordinate transformations 

4. Find the metric perturbation variable that obeys a wave equation -> we 
define GWs in non-vacuum space-times 

WHAT WE DO NEXT:



GWs in linearised theory over Minkowski, with matter

E.E. Flanagan and S.A. Hughes, “The basics of GW theory”, arXiv:gr-qc/0501041

“Space-time and geometry: an introduction to GWs”, S. Carroll, Pearson Education Limited, 2014

“The Cosmic Microwave Background”, R. Durrer, Cambridge University Press, 2008

2. Exploit the invariance of Minkowski space-time under spatial rotations, 
and split the metric perturbation into irreducible components under 
rotations

<latexit sha1_base64="fmhaYudpJbWHxbZmzh1JWUJGStQ="></latexit>

gµ⌫(x) = ⌘µ⌫ + hµ⌫(x) , |hµ⌫(x)| ⌧ 1

<latexit sha1_base64="woCfj0ERIYOuPkVDAx+RT4O8XNQ=">AAACAXicbVBNS8MwGE7n15xfVS+Cl+AqeJDRDkSPYyJ4nOA+YC0jzdItLG1DkgqjzIt/xYsHRbz6L7z5b0y7HnTzgYQnz/O+vHkfnzMqlW1/G6WV1bX1jfJmZWt7Z3fP3D/oyDgRmLRxzGLR85EkjEakrahipMcFQaHPSNefXGd+94EISePoXk058UI0imhAMVJaGphHlsvH1DqHVjO7XC7zx401MKt2zc4Bl4lTkCoo0BqYX+4wxklIIoUZkrLv2Fx5KRKKYkZmFTeRhCM8QSPS1zRCIZFemm8wg6daGcIgFvpECubq744UhVJOQ19XhkiN5aKXif95/UQFV15KI54oEuH5oCBhUMUwiwMOqSBYsakmCAuq/wrxGAmElQ6tokNwFldeJp16zbmo2Xf1aqNZxFEGx+AEnAEHXIIGuAUt0AYYPIJn8ArejCfjxXg3PualJaPoOQR/YHz+ABMPk20=</latexit>

�, B,  , E

scalars vectors
<latexit sha1_base64="/Cn9VwRYK7oUOraxpusjsg96Kpw=">AAAB83icbVBNSwMxEJ31s9avqkcvwVbwIGW3IHosCuKxov2AdinZdLYNzWaXJCuU0r/hxYMiXv0z3vw3pu0etPXBMI/3ZsjkBYng2rjut7Oyura+sZnbym/v7O7tFw4OGzpOFcM6i0WsWgHVKLjEuuFGYCtRSKNAYDMY3kz95hMqzWP5aEYJ+hHtSx5yRo2VOqWHLi+dk9Ktbd1C0S27M5Bl4mWkCBlq3cJXpxezNEJpmKBatz03Mf6YKsOZwEm+k2pMKBvSPrYtlTRC7Y9nN0/IqVV6JIyVLWnITP29MaaR1qMosJMRNQO96E3F/7x2asIrf8xlkhqUbP5QmApiYjINgPS4QmbEyBLKFLe3EjagijJjY8rbELzFLy+TRqXsXZTd+0qxep3FkYNjOIEz8OASqnAHNagDgwSe4RXenNR5cd6dj/noipPtHMEfOJ8/a8mP+Q==</latexit>

Si, Fi

tensor

<latexit sha1_base64="gwhGWI2QY4TUnn4HYf3lLO5VQnk="></latexit>

h00 = �2�

h0i = @iB + Si (@iSi = 0)

hij = �2 �ij + (@i@j �
1

3
�ijr2)E + @iFj + @jFi +Hij

(@iFi = 0, @iHij = 0, Hii = 0)

<latexit sha1_base64="VgHsPIGs6hFEdfu/mlZFOx1nVac=">AAAB73icbVDLTgJBEOz1ifhCPXqZCCaeyC6J0SPRC0dM5JHAhswODYzMzq4zsyZkw0948aAxXv0db/6NA+xBwUo6qVR1p7sriAXXxnW/nbX1jc2t7dxOfndv/+CwcHTc1FGiGDZYJCLVDqhGwSU2DDcC27FCGgYCW8H4dua3nlBpHsl7M4nRD+lQ8gFn1FipXar1Uv4wLfUKRbfszkFWiZeRImSo9wpf3X7EkhClYYJq3fHc2PgpVYYzgdN8N9EYUzamQ+xYKmmI2k/n907JuVX6ZBApW9KQufp7IqWh1pMwsJ0hNSO97M3E/7xOYgbXfsplnBiUbLFokAhiIjJ7nvS5QmbExBLKFLe3EjaiijJjI8rbELzll1dJs1L2LsvuXaVYvcniyMEpnMEFeHAFVahBHRrAQMAzvMKb8+i8OO/Ox6J1zclmTuAPnM8fXqOPhg==</latexit>

Hij



GWs in linearised theory over Minkowski, with matter

3. Construct metric perturbation variables that are invariant under 
infinitesimal coordinate transformations

<latexit sha1_base64="RjqWR0LE/XyYbAI9WNY0hFFtYJw=">AAACE3icbZDLSgMxFIYz9VbrbdSlm2ARRaHMiKLLohuXFewFOtOSSdNpaCYZkoy2DH0HN76KGxeKuHXjzrcxbWehrT8EPv5zDifnD2JGlXacbyu3sLi0vJJfLaytb2xu2ds7NSUSiUkVCyZkI0CKMMpJVVPNSCOWBEUBI/Wgfz2u1++JVFTwOz2MiR+hkNMuxUgbq20fDw5bqRclI+gxwUNJw55GUooHOMj8E+gNaMtg2y46JWciOA9uBkWQqdK2v7yOwElEuMYMKdV0nVj7KZKaYkZGBS9RJEa4j0LSNMhRRJSfTm4awQPjdGBXSPO4hhP390SKIqWGUWA6I6R7arY2Nv+rNRPdvfRTyuNEE46ni7oJg1rAcUCwQyXBmg0NICyp+SvEPSQR1ibGggnBnT15HmqnJfe85NyeFctXWRx5sAf2wRFwwQUogxtQAVWAwSN4Bq/gzXqyXqx362PamrOymV3wR9bnD0/Enms=</latexit>

x0µ �! xµ + ⇠µ
<latexit sha1_base64="zAHfPPi4aj1b9GFt6yXsByABHJg=">AAACNHicbZDLSgMxFIYz3q23UZdugkXaLiwzouhGKLoR3ChYLXTKkElTG5pkhlykZehDufFB3IjgQhG3PoOZdha2eiDw8/3nJDl/lDCqtOe9OjOzc/MLi0vLhZXVtfUNd3PrVsVGYlLHMYtlI0KKMCpIXVPNSCORBPGIkbuod575dw9EKhqLGz1ISIuje0E7FCNtUehedkthGnATCDMs90sVeAq7v0AF7sMgQVJTxMKM9mlonQkqxpSb0C16VW9U8K/wc1EEeV2F7nPQjrHhRGjMkFJN30t0K80uxowMC4FRJEG4h+5J00qBOFGtdLT0EO5Z0oadWNojNBzR3xMp4koNeGQ7OdJdNe1l8D+vaXTnpJVSkRhNBB4/1DEM6hhmCcI2lQRrNrACYUntXyHuIomwtjkXbAj+9Mp/xe1B1T+qeteHxdpZHscS2AG7oAx8cAxq4AJcgTrA4BG8gHfw4Tw5b86n8zVunXHymW0wUc73D3khqs4=</latexit>

h0
µ⌫(x

0) = hµ⌫(x)� @µ⇠⌫ � @⌫⇠µ

<latexit sha1_base64="FfX3ANZvwO9K5eKKzdo+MQQcSm4="></latexit>

⇠µ = (⇠0, ⇠i) ⌘ (d0, @id+ di) with @idi = 0

Two scalars, one vector and one tensor physical variables

16 free functions - 6 contraints - 4 constraints = 
6 physical degrees of freedom 

gauge 
invariant

<latexit sha1_base64="AkmBxlC6CvL6014h3C4Tt8JT2EU="></latexit>

� ⌘ �+ Ḃ � Ë/2

⇥ ⌘ �2 �r2
E/3

⌃i ⌘ Si � Ḟi with @i⌃i = 0

Hij with @iHij = 0 H
i
i = 0



GWs in linearised theory over Minkowski, with matter

<latexit sha1_base64="3ufIVArZXCSo9LYwmRakUp3ryzU="></latexit>

T00 = ⇢

T0i = @iu+ ui (@iui = 0)

Tij = p�ij + (@i@j �
1

3
�ijr2)� + @ivj + @jvi +⇧ij

(@ivi = 0, @i⇧ij = 0, ⇧ii = 0)

scalars vectors tensor
<latexit sha1_base64="cYr/PfGXTeIjzc020ox3I+4Qsgk=">AAACA3icbVDLSgMxFM3UV62vUXe6CXYEF1JmCqLLohuXFewDOkPJpJk2NMkMSUYoQ8GNv+LGhSJu/Ql3/o2ZdhbaeiCXwzn3cnNPmDCqtOt+W6WV1bX1jfJmZWt7Z3fP3j9oqziVmLRwzGLZDZEijArS0lQz0k0kQTxkpBOOb3K/80CkorG415OEBBwNBY0oRtpIffvI8eUods6hk+YlyYuv6JAjp29X3Zo7A1wmXkGqoECzb3/5gxinnAiNGVKq57mJDjIkNcWMTCt+qkiC8BgNSc9QgThRQTa7YQpPjTKAUSzNExrO1N8TGeJKTXhoOjnSI7Xo5eJ/Xi/V0VWQUZGkmgg8XxSlDOoY5oHAAZUEazYxBGFJzV8hHiGJsDaxVUwI3uLJy6Rdr3kXNfeuXm1cF3GUwTE4AWfAA5egAW5BE7QABo/gGbyCN+vJerHerY95a8kqZg7BH1ifPzCClKw=</latexit>⇢, u, p, �

<latexit sha1_base64="S2czcfb74BOfdPgRQGBqZrru+7w=">AAAB8XicbVDLTgJBEOzFF+IL9ehlIph4IrskRo9ELx4xkUeEDZkdBhiZnd3M9JqQDX/hxYPGePVvvPk3DrAHBSvppFLVne6uIJbCoOt+O7m19Y3Nrfx2YWd3b/+geHjUNFGiGW+wSEa6HVDDpVC8gQIlb8ea0zCQvBWMb2Z+64lrIyJ1j5OY+yEdKjEQjKKVHsrduuil4nFa7hVLbsWdg6wSLyMlyFDvFb+6/YglIVfIJDWm47kx+inVKJjk00I3MTymbEyHvGOpoiE3fjq/eErOrNIng0jbUkjm6u+JlIbGTMLAdoYUR2bZm4n/eZ0EB1d+KlScIFdssWiQSIIRmb1P+kJzhnJiCWVa2FsJG1FNGdqQCjYEb/nlVdKsVryLintXLdWuszjycAKncA4eXEINbqEODWCg4Ble4c0xzovz7nwsWnNONnMMf+B8/gDlapBn</latexit>

⇧ij
<latexit sha1_base64="OFwjYZ+q8YnVBWEqhgialawnHcE=">AAAB83icbVDLSsNAFL2pr1pfUZduBlvBhZSkILosunFZwT6gDWUynbRDJ5Mwj0IJ/Q03LhRx68+482+ctllo64HLPZxzL3PnhClnSnvet1PY2Nza3inulvb2Dw6P3OOTlkqMJLRJEp7ITogV5UzQpmaa004qKY5DTtvh+H7utydUKpaIJz1NaRDjoWARI1hbqVcxfVa5QpWJbX237FW9BdA68XNShhyNvvvVGyTExFRowrFSXd9LdZBhqRnhdFbqGUVTTMZ4SLuWChxTFWSLm2fowioDFCXSltBoof7eyHCs1DQO7WSM9UitenPxP69rdHQbZEykRlNBlg9FhiOdoHkAaMAkJZpPLcFEMnsrIiMsMdE2ppINwV/98jpp1ar+ddV7rJXrd3kcRTiDc7gEH26gDg/QgCYQSOEZXuHNMc6L8+58LEcLTr5zCn/gfP4A6fWQSw==</latexit>ui, vi

1. Drop the condition of empty space-time

energy-momentum conservation: four further constraints  
(OK since we are still in linearised theory!)

<latexit sha1_base64="xVjcAGTib9oNqcl3PEZloxrDwcs=">AAACAnicbVDLSgMxFM3UV62vUVfiJlgEV2VGFN0IRTcuK/QFnXHIpJk2NMkMSUYoQ3Hjr7hxoYhbv8Kdf2OmnYW2Hgg5nHPvTe4JE0aVdpxvq7S0vLK6Vl6vbGxube/Yu3ttFacSkxaOWSy7IVKEUUFammpGuokkiIeMdMLRTe53HohUNBZNPU6Iz9FA0IhipI0U2AdegqSmiAUeT2HzPjOXJ9LJlRPYVafmTAEXiVuQKijQCOwvrx/jlBOhMUNK9Vwn0X6Wj8eMTCpeqkiC8AgNSM9QgThRfjZdYQKPjdKHUSzNERpO1d8dGeJKjXloKjnSQzXv5eJ/Xi/V0aWfUZGkmgg8eyhKGdQxzPOAfSoJ1mxsCMKSmr9CPEQSYW1Sq5gQ3PmVF0n7tOae15y7s2r9uoijDA7BETgBLrgAdXALGqAFMHgEz+AVvFlP1ov1bn3MSktW0bMP/sD6/AEm5ZdD</latexit>

@µT
µ⌫ = 0

16 free functions - 6 contraints - 4 constraints = 
6 physical degrees of freedom 



GWs in linearised theory over Minkowski, with matter

4. Find the metric perturbation variable that obeys a wave 
equation -> we define GWs in non-vacuum space-times 

Write Einstein equations in terms of the 6 gauge invariant variables

<latexit sha1_base64="ORONjSTENeqvUn+89kCEctBdcBI="></latexit>

r2⇥ = �8⇡G⇢ r2� = 4⇡G (⇢+ 3p� 3u̇)

r2⌃i = �16⇡GSi ⇤Hij = �16⇡G⇧ij

Three Poisson-like equations, one wave equation 
Only the TT metric components are radiative

Exercise:  
find the 

differences 
with 

cosmological 
perturbation 

theory



GW energy-momentum tensor and GW propagation

“Gravitational Waves”, M. Maggiore, Oxford University Press 2008

E.E. Flanagan and S.A. Hughes, “The basics of GW theory”, arXiv:gr-qc/0501041

R.A. Isaacson, Physical Review, Volume 166, number 5, pages 1263 and 1272, 1968

According to GR, any form of energy contributes to space-time curvature 
Are GWs a source of space-time curvature?

• One needs to go beyond linearisation over Minkowski, otherwise one 
excludes from the beginning the presence of any background space-time 
curvature 

<latexit sha1_base64="N+AvFQRWHSUkxVL9ndOZy6i6Kpk="></latexit>

gµ⌫(x) = ḡµ⌫(x) + hµ⌫(x) , |hµ⌫(x)| ⌧ 1

• In this new setting, how to decide what is the background and what is 
the fluctuation? 

1. The background space-time has a clear symmetry (static, FLRW…) 
2. It is possible to resort to a clear separation of scales/frequencies 



<latexit sha1_base64="UOTtCAo2jl1fwed9XpOvHtiDP7s=">AAAB73icbVA9SwNBEJ3zM8avqKXNYhAsJNyJomWIjYVFBPMByXHsbfaSJXu75+6eEI74I2wsFLH179j5b9wkV2jig4HHezPMzAsTzrRx3W9naXlldW29sFHc3Nre2S3t7Te1TBWhDSK5VO0Qa8qZoA3DDKftRFEch5y2wuH1xG89UqWZFPdmlFA/xn3BIkawsVL7NqidPkVBLSiV3Yo7BVokXk7KkKMelL66PUnSmApDONa647mJ8TOsDCOcjovdVNMEkyHu046lAsdU+9n03jE6tkoPRVLZEgZN1d8TGY61HsWh7YyxGeh5byL+53VSE135GRNJaqggs0VRypGRaPI86jFFieEjSzBRzN6KyAArTIyNqGhD8OZfXiTNs4p3UXHvzsvVWh5HAQ7hCE7Ag0uowg3UoQEEODzDK7w5D86L8+58zFqXnHzmAP7A+fwBNMGPbA==</latexit>

LB , fB

<latexit sha1_base64="IotQiIVIud1vja12NUHyYOvCoFE=">AAAB8XicbVDLSgMxFL3js9ZX1aWbYBFcSJkRRZdFNy4r2Ae2Q7mTybShmcyQZIRS6le4caGIW//GnX9j2s5CWw8EDuecS+49QSq4Nq777Swtr6yurRc2iptb2zu7pb39hk4yRVmdJiJRrQA1E1yyuuFGsFaqGMaBYM1gcDPxm49MaZ7IezNMmR9jT/KIUzRWeugIGw3x9CnqlspuxZ2CLBIvJ2XIUeuWvjphQrOYSUMFat323NT4I1SGU8HGxU6mWYp0gD3WtlRizLQ/mm48JsdWCUmUKPukIVP198QIY62HcWCTMZq+nvcm4n9eOzPRlT/iMs0Mk3T2UZQJYhIyOZ+EXDFqxNASpIrbXQnto0JqbElFW4I3f/IiaZxVvIuKe3derl7ndRTgEI7gBDy4hCrcQg3qQEHCM7zCm6OdF+fd+ZhFl5x85gD+wPn8AVJYkK8=</latexit>

�, f

typical scale of spatial variations / 
frequency of time variations of the 

background 
(needn’t be related among themselves)

typical length-scale / 
frequency of the GWs 

<latexit sha1_base64="i0SzYxYkgGgwsQZgJYWSNHePE6w=">AAAB/HicbVDLSsNAFL3xWesr2qWbwSK4KokouhGKblxWsA9oQplMJu3QySTMTIQQ6q+4caGIWz/EnX/jtM1CWw8MHM45l3vnBClnSjvOt7Wyura+sVnZqm7v7O7t2weHHZVkktA2SXgiewFWlDNB25ppTnuppDgOOO0G49up332kUrFEPOg8pX6Mh4JFjGBtpIFd87gJh/jaiyQmBZkU0WRg152GMwNaJm5J6lCiNbC/vDAhWUyFJhwr1XedVPsFlpoRTidVL1M0xWSMh7RvqMAxVX4xO36CTowSoiiR5gmNZurviQLHSuVxYJIx1iO16E3F/7x+pqMrv2AizTQVZL4oyjjSCZo2gUImKdE8NwQTycytiIywaUGbvqqmBHfxy8ukc9ZwLxrO/Xm9eVPWUYEjOIZTcOESmnAHLWgDgRye4RXerCfrxXq3PubRFaucqcEfWJ8/JVKVGA==</latexit>

� =
c

f

• There are two expansions in the game: 
<latexit sha1_base64="iz1Diacxz+7a0BdST9alBhZ5ZVQ=">AAAB+nicbVDLSsNAFJ3UV62vVJduBovgqiSi6LLoxmUF+4AmhMl00g6dmYR5KCXtp7hxoYhbv8Sdf+O0zUJbD1w4nHMv994TZ4wq7XnfTmltfWNzq7xd2dnd2z9wq4dtlRqJSQunLJXdGCnCqCAtTTUj3UwSxGNGOvHoduZ3HolUNBUPepyRkKOBoAnFSFspcquTYZQH3ATCTCcBY9CP3JpX9+aAq8QvSA0UaEbuV9BPseFEaMyQUj3fy3SYI6kpZmRaCYwiGcIjNCA9SwXiRIX5/PQpPLVKHyaptCU0nKu/J3LElRrz2HZypIdq2ZuJ/3k9o5PrMKciM5oIvFiUGAZ1Cmc5wD6VBGs2tgRhSe2tEA+RRFjbtCo2BH/55VXSPq/7l3Xv/qLWuCniKINjcALOgA+uQAPcgSZoAQyewDN4BW/OxHlx3p2PRWvJKWaOwB84nz9jtJQS</latexit>

|hµ⌫ | ⌧ 1

<latexit sha1_base64="XZlXoKr3pksqYCJcAFj136PD1Q4=">AAACGXicbVDLSsNAFJ34rPEVdelmsAgupCSi6LLUjQsXFewDmhAmk0k7dDIJMxOhhPQz3Pgrblwo4lJX/o3TNgttPTBwOOce7twTpIxKZdvfxtLyyuraemXD3Nza3tm19vbbMskEJi2csER0AyQJo5y0FFWMdFNBUBww0gmG1xO/80CEpAm/V6OUeDHqcxpRjJSWfMt2I4Fw7jIdCVGR3/qNArqMQed0PDZnZqS1PCpl36raNXsKuEicklRBiaZvfbphgrOYcIUZkrLn2KnyciQUxYwUpptJkiI8RH3S05SjmEgvn15WwGOthDBKhH5cwan6O5GjWMpRHOjJGKmBnPcm4n9eL1PRlZdTnmaKcDxbFGUMqgROaoIhFQQrNtIEYUH1XyEeIN2G0mWaugRn/uRF0j6rORc1++68Wm+UdVTAITgCJ8ABl6AObkATtAAGj+AZvII348l4Md6Nj9noklFmDsAfGF8/fief8g==</latexit>

�

LB
⌧ 1,

fB
f

⌧ 11. 2.

• In order to effectively implement the distinction among background and 
GWs, one needs to average physical quantities 

<latexit sha1_base64="98nicORJJtAhVdkA0TYmRqcYpx0=">AAACBnicbVDLSsNAFJ34rPUVdSnCYBFclUQUXZa6ceGign1AE8JkctMOnTyYmQgldOXGX3HjQhG3foM7/8ZJm4W2HrhwOOdcZu7xU86ksqxvY2l5ZXVtvbJR3dza3tk19/Y7MskEhTZNeCJ6PpHAWQxtxRSHXiqARD6Hrj+6LvzuAwjJkvhejVNwIzKIWcgoUVryzCOH63BAHM6x4xOBHSiYnluviT2zZtWtKfAisUtSQyVanvnlBAnNIogV5UTKvm2lys2JUIxymFSdTEJK6IgMoK9pTCKQbj49Y4JPtBLgMBF6YoWn6u+NnERSjiNfJyOihnLeK8T/vH6mwis3Z3GaKYjp7KEw41gluOgEB0wAVXysCaGC6b9iOiSCUKWbq+oS7PmTF0nnrG5f1K2781qjWdZRQYfoGJ0iG12iBrpBLdRGFD2iZ/SK3own48V4Nz5m0SWj3DlAf2B8/gA9RZet</latexit>

� ⌧ ¯̀⌧ LB

<latexit sha1_base64="Op/44LUKUDO0CBObH0yPHFcMJbo=">AAAB/XicbZDLSsNAFIZP6q3WW7zs3AwWwVVJRNFlqRuXFewFmhAm00k7dJIJMxOhhuKruHGhiFvfw51v47TNQlvP6uP/z+Gc84cpZ0o7zrdVWlldW98ob1a2tnd29+z9g7YSmSS0RQQXshtiRTlLaEszzWk3lRTHIaedcHQz9TsPVComkns9Tqkf40HCIkawNlJgH0VBw+MceSGWKEJTjFBgV52aMyu0DG4BVSiqGdhfXl+QLKaJJhwr1XOdVPs5lpoRTicVL1M0xWSEB7RnMMExVX4+u36CTo3SR5Ew+0Wi0Uz9PZHjWKlxHJrOGOuhWvSm4n9eL9PRtZ+zJM00Tch8UZRxpAWaRoH6TFKi+dgAJpKZWxEZYomJNoFVTAju4svL0D6vuZc15+6iWm8UcZThGE7gDFy4gjrcQhNaQOARnuEV3qwn68V6tz7mrSWrmDmEP2V9/gBlMJPj</latexit>

fB ⌧ f̄ ⌧ f
Examples: GW 
detectors? GW 
from the early 

universe?

GW energy-momentum tensor and GW propagation



Expand up to second order in 
<latexit sha1_base64="iz1Diacxz+7a0BdST9alBhZ5ZVQ=">AAAB+nicbVDLSsNAFJ3UV62vVJduBovgqiSi6LLoxmUF+4AmhMl00g6dmYR5KCXtp7hxoYhbv8Sdf+O0zUJbD1w4nHMv994TZ4wq7XnfTmltfWNzq7xd2dnd2z9wq4dtlRqJSQunLJXdGCnCqCAtTTUj3UwSxGNGOvHoduZ3HolUNBUPepyRkKOBoAnFSFspcquTYZQH3ATCTCcBY9CP3JpX9+aAq8QvSA0UaEbuV9BPseFEaMyQUj3fy3SYI6kpZmRaCYwiGcIjNCA9SwXiRIX5/PQpPLVKHyaptCU0nKu/J3LElRrz2HZypIdq2ZuJ/3k9o5PrMKciM5oIvFiUGAZ1Cmc5wD6VBGs2tgRhSe2tEA+RRFjbtCo2BH/55VXSPq/7l3Xv/qLWuCniKINjcALOgA+uQAPcgSZoAQyewDN4BW/OxHlx3p2PRWvJKWaOwB84nz9jtJQS</latexit>

|hµ⌫ | ⌧ 1

<latexit sha1_base64="ntVDpLLTpiT925d6DNpFamcwsmU=">AAACKHicbVDLSsNAFJ34rPUVdelmsAgtQkmKohux6MZlFfuAJobJdNoOnUzCzEQoIZ/jxl9xI6JIt36J0zZgbT0wcO4593LnHj9iVCrLGhlLyyura+u5jfzm1vbOrrm335BhLDCp45CFouUjSRjlpK6oYqQVCYICn5GmP7gZ+80nIiQN+YMaRsQNUI/TLsVIackzr+69xAlih8fppeMjAX9reDJTPCZFu5TOKZVS6pkFq2xNABeJnZECyFDzzHenE+I4IFxhhqRs21ak3AQJRTEjad6JJYkQHqAeaWvKUUCkm0wOTeGxVjqwGwr9uIITdXYiQYGUw8DXnQFSfTnvjcX/vHasuhduQnkUK8LxdFE3ZlCFcJwa7FBBsGJDTRAWVP8V4j4SCCudbV6HYM+fvEgalbJ9VrbuTgvV6yyOHDgER6AIbHAOquAW1EAdYPAMXsEH+DRejDfjyxhNW5eMbOYA/IHx/QNFvKYS</latexit>

Rµ⌫ = R̄µ⌫ +R(1)
µ⌫ +R(2)

µ⌫

The quadratic term can influence 
the background, as it contains 

both high and low modes

<latexit sha1_base64="Z5a+ck6wHedQiGpKEngyiBPw2do="></latexit>

R̄µ⌫ = [�R(2)
µ⌫ ]

low + 8⇡G
h
Tµ⌫ � 1

2
gµ⌫T

ilowBackground 
Einstein equation

Matter sourcing the 
bckg curvature

GWs sourcing the 
bckg curvature

Necessary condition for GW to make sense

The linear term 
averages to zero

<latexit sha1_base64="a6e8HUIwZjG6Wcy3GWC3bMN8GrY=">AAACDXicbZC7TsMwFIadcivlFmBksShITFGCQLAgVbAwFolepCRUjuu0Vm0nsh1QFfUFWHgVFgYQYmVn421w2wzQ8kuWPv/nHNnnj1JGlXbdb6u0sLi0vFJeraytb2xu2ds7TZVkEpMGTlgi2xFShFFBGppqRtqpJIhHjLSiwdW43ronUtFE3OphSkKOeoLGFCNtrI59EDAkeoxAx3ECOcUL6JtbeJcHkkOWPIw6dtV13IngPHgFVEGhesf+CroJzjgRGjOklO+5qQ5zJDXFjIwqQaZIivAA9YhvUCBOVJhPthnBQ+N0YZxIc4SGE/f3RI64UkMemU6OdF/N1sbmfzU/0/F5mFORZpoIPH0ozhjUCRxHA7tUEqzZ0ADCkpq/QtxHEmFtAqyYELzZleeheex4p457c1KtXRZxlMEe2AdHwANnoAauQR00AAaP4Bm8gjfryXqx3q2PaWvJKmZ2wR9Znz/UgJon</latexit>

h...i = [...]low

<latexit sha1_base64="T4Gx7o1PLD5miDgJRDnN4U9pEcc=">AAACEXicbVDLSsNAFJ34rPVVdelmsAh1U5Ki6LLUjQvBCvYBTQyT6aQdOnkwcyOUkF9w46+4caGIW3fu/BsnbRfaeuDC4Zx7ufceLxZcgWl+G0vLK6tr64WN4ubW9s5uaW+/raJEUtaikYhk1yOKCR6yFnAQrBtLRgJPsI43usz9zgOTikfhHYxj5gRkEHKfUwJacksVOyAwpESkNxm2BfOhYvuS0NTK0mu3kdmSD4Zwcl9zS2Wzak6AF4k1I2U0Q9Mtfdn9iCYBC4EKolTPMmNwUiKBU8Gyop0oFhM6IgPW0zQkAVNOOvkow8da6WM/krpCwBP190RKAqXGgac78/vVvJeL/3m9BPwLJ+VhnAAL6XSRnwgMEc7jwX0uGQUx1oRQyfWtmA6JDgR0iEUdgjX/8iJp16rWWdW8PS3XG7M4CugQHaEKstA5qqMr1EQtRNEjekav6M14Ml6Md+Nj2rpkzGYO0B8Ynz9Bsp1E</latexit>

O

✓
1

LB

◆2
<latexit sha1_base64="WXW9l0llvCJLQURbf0mwUqSK31M=">AAACFXicbVDLSgMxFM3UV62vUZdugkWoIGWmKLosunFnBfuAzlgyaaYNzTxI7ghlmJ9w46+4caGIW8Gdf2PazkJbDwQO59yb5BwvFlyBZX0bhaXlldW14nppY3Nre8fc3WupKJGUNWkkItnxiGKCh6wJHATrxJKRwBOs7Y2uJn77gUnFo/AOxjFzAzIIuc8pAS31zBMnIDCkRKQ3GXYE86Hi+JLQdJiljtD39EnmSD4YwvF9rWeWrao1BV4kdk7KKEejZ345/YgmAQuBCqJU17ZicFMigVPBspKTKBYTOiID1tU0JAFTbjpNleEjrfSxH0l9QsBT9fdGSgKlxoGnJycZ1Lw3Ef/zugn4F27KwzgBFtLZQ34iMER4UhHuc8koiLEmhEqu/4rpkOhSQBdZ0iXY85EXSatWtc+q1u1puX6Z11FEB+gQVZCNzlEdXaMGaiKKHtEzekVvxpPxYrwbH7PRgpHv7KM/MD5/ADDvn3M=</latexit>

O

✓
h

�

◆2

<latexit sha1_base64="jUP8i6pqMQVJz2A+3PF8GmHaUTU=">AAACBnicbVDLSsNAFJ34rPUVdSnCYBFclUQUXZa6ceGign1AE8JkMmmHzkzCzEQoISs3/oobF4q49Rvc+TdO2yy09cDA4Zx7uHNPmDKqtON8W0vLK6tr65WN6ubW9s6uvbffUUkmMWnjhCWyFyJFGBWkralmpJdKgnjISDccXU/87gORiibiXo9T4nM0EDSmGGkjBfbR0GNEKUU59GKJcO4xE45Qkd8GzSKwa07dmQIuErckNVCiFdhfXpTgjBOhMUNK9V0n1X6OpKaYkaLqZYqkCI/QgPQNFYgT5efTMwp4YpQIxok0T2g4VX8ncsSVGvPQTHKkh2rem4j/ef1Mx1d+TkWaaSLwbFGcMagTOOkERlQSrNnYEIQlNX+FeIhMG9o0VzUluPMnL5LOWd29qDt357VGs6yjAg7BMTgFLrgEDXADWqANMHgEz+AVvFlP1ov1bn3MRpesMnMA/sD6/AG4HZlH</latexit>

h . �

LB

GW energy-momentum tensor and GW propagation



Rearranging Einstein equation at order zero, calculating R(2)µν 
and performing the average leads to:

GW energy-momentum tensor in the TT gauge (all gauge freedom removed)

<latexit sha1_base64="J1E36irPfeulLKDPR8dntRNFjRc="></latexit>

Ḡµ⌫ = hRµ⌫i �
1

2
ḡµ⌫hRi = 8⇡G(hTµ⌫i+ TGW

µ⌫ )

Dynamics of the 
bckg space-time

Low-mode part 
of the matter 
component

GWs

<latexit sha1_base64="H0KW54zGNjogrT9aSvXH0voG4Nw="></latexit>

TGW
µ⌫ = � 1

8⇡G
hR(2)

µ⌫ � 1

2
ḡµ⌫R

(2)i = 1

32⇡G
hrµh↵�r⌫h

↵�i

{ { {

not separately 
conserved!

<latexit sha1_base64="qUgiphh9G9IAVcGGyWZZCreQEdc="></latexit>

⇢GW =
hḣij ḣiji
32⇡G

C.W. Misner, K.S. Thorne, J.A. Wheeler, “Gravitation”, Freeman 1997 (chapter 35.15)

GW energy-momentum tensor and GW propagation



Expand up to second order in 
<latexit sha1_base64="iz1Diacxz+7a0BdST9alBhZ5ZVQ=">AAAB+nicbVDLSsNAFJ3UV62vVJduBovgqiSi6LLoxmUF+4AmhMl00g6dmYR5KCXtp7hxoYhbv8Sdf+O0zUJbD1w4nHMv994TZ4wq7XnfTmltfWNzq7xd2dnd2z9wq4dtlRqJSQunLJXdGCnCqCAtTTUj3UwSxGNGOvHoduZ3HolUNBUPepyRkKOBoAnFSFspcquTYZQH3ATCTCcBY9CP3JpX9+aAq8QvSA0UaEbuV9BPseFEaMyQUj3fy3SYI6kpZmRaCYwiGcIjNCA9SwXiRIX5/PQpPLVKHyaptCU0nKu/J3LElRrz2HZypIdq2ZuJ/3k9o5PrMKciM5oIvFiUGAZ1Cmc5wD6VBGs2tgRhSe2tEA+RRFjbtCo2BH/55VXSPq/7l3Xv/qLWuCniKINjcALOgA+uQAPcgSZoAQyewDN4BW/OxHlx3p2PRWvJKWaOwB84nz9jtJQS</latexit>

|hµ⌫ | ⌧ 1

<latexit sha1_base64="ntVDpLLTpiT925d6DNpFamcwsmU=">AAACKHicbVDLSsNAFJ34rPUVdelmsAgtQkmKohux6MZlFfuAJobJdNoOnUzCzEQoIZ/jxl9xI6JIt36J0zZgbT0wcO4593LnHj9iVCrLGhlLyyura+u5jfzm1vbOrrm335BhLDCp45CFouUjSRjlpK6oYqQVCYICn5GmP7gZ+80nIiQN+YMaRsQNUI/TLsVIackzr+69xAlih8fppeMjAX9reDJTPCZFu5TOKZVS6pkFq2xNABeJnZECyFDzzHenE+I4IFxhhqRs21ak3AQJRTEjad6JJYkQHqAeaWvKUUCkm0wOTeGxVjqwGwr9uIITdXYiQYGUw8DXnQFSfTnvjcX/vHasuhduQnkUK8LxdFE3ZlCFcJwa7FBBsGJDTRAWVP8V4j4SCCudbV6HYM+fvEgalbJ9VrbuTgvV6yyOHDgER6AIbHAOquAW1EAdYPAMXsEH+DRejDfjyxhNW5eMbOYA/IHx/QNFvKYS</latexit>

Rµ⌫ = R̄µ⌫ +R(1)
µ⌫ +R(2)

µ⌫

The quadratic term can influence 
the background, as it contains 

both high and low modes

<latexit sha1_base64="n5redv3s0PYnngEwPHcgc198ick="></latexit>

R(1)
µ⌫ = [�R(2)

µ⌫ ]
high + 8⇡G

h
Tµ⌫ � 1

2
gµ⌫T

ihighPerturbed 
Einstein equation

Negligible 
(non-linear interaction of 

the wave with itself)

Matter possibly 
sourcing GWs

The linear term 
averages to zero

<latexit sha1_base64="a6e8HUIwZjG6Wcy3GWC3bMN8GrY=">AAACDXicbZC7TsMwFIadcivlFmBksShITFGCQLAgVbAwFolepCRUjuu0Vm0nsh1QFfUFWHgVFgYQYmVn421w2wzQ8kuWPv/nHNnnj1JGlXbdb6u0sLi0vFJeraytb2xu2ds7TZVkEpMGTlgi2xFShFFBGppqRtqpJIhHjLSiwdW43ronUtFE3OphSkKOeoLGFCNtrI59EDAkeoxAx3ECOcUL6JtbeJcHkkOWPIw6dtV13IngPHgFVEGhesf+CroJzjgRGjOklO+5qQ5zJDXFjIwqQaZIivAA9YhvUCBOVJhPthnBQ+N0YZxIc4SGE/f3RI64UkMemU6OdF/N1sbmfzU/0/F5mFORZpoIPH0ozhjUCRxHA7tUEqzZ0ADCkpq/QtxHEmFtAqyYELzZleeheex4p457c1KtXRZxlMEe2AdHwANnoAauQR00AAaP4Bm8gjfryXqx3q2PaWvJKmZ2wR9Znz/UgJon</latexit>

h...i = [...]low

<latexit sha1_base64="WXW9l0llvCJLQURbf0mwUqSK31M=">AAACFXicbVDLSgMxFM3UV62vUZdugkWoIGWmKLosunFnBfuAzlgyaaYNzTxI7ghlmJ9w46+4caGIW8Gdf2PazkJbDwQO59yb5BwvFlyBZX0bhaXlldW14nppY3Nre8fc3WupKJGUNWkkItnxiGKCh6wJHATrxJKRwBOs7Y2uJn77gUnFo/AOxjFzAzIIuc8pAS31zBMnIDCkRKQ3GXYE86Hi+JLQdJiljtD39EnmSD4YwvF9rWeWrao1BV4kdk7KKEejZ345/YgmAQuBCqJU17ZicFMigVPBspKTKBYTOiID1tU0JAFTbjpNleEjrfSxH0l9QsBT9fdGSgKlxoGnJycZ1Lw3Ef/zugn4F27KwzgBFtLZQ34iMER4UhHuc8koiLEmhEqu/4rpkOhSQBdZ0iXY85EXSatWtc+q1u1puX6Z11FEB+gQVZCNzlEdXaMGaiKKHtEzekVvxpPxYrwbH7PRgpHv7KM/MD5/ADDvn3M=</latexit>

O

✓
h

�

◆2

<latexit sha1_base64="bufL5EMZ8mxzEEcz8Iw65I1U+Co=">AAACFXicbVDLSgMxFM3UV62vUZdugkWoIGWmKLosunFnBfuAzlgyaaYNzTxI7ghlmJ9w46+4caGIW8Gdf2PazkJbDwQO59yb5BwvFlyBZX0bhaXlldW14nppY3Nre8fc3WupKJGUNWkkItnxiGKCh6wJHATrxJKRwBOs7Y2uJn77gUnFo/AOxjFzAzIIuc8pAS31zBMnIDCkRKQ3GXYE86Hi+JLQdJiljtD39Ml9LXMkHwzhuGeWrao1BV4kdk7KKEejZ345/YgmAQuBCqJU17ZicFMigVPBspKTKBYTOiID1tU0JAFTbjpNleEjrfSxH0l9QsBT9fdGSgKlxoGnJycZ1Lw3Ef/zugn4F27KwzgBFtLZQ34iMER4UhHuc8koiLEmhEqu/4rpkOhSQBdZ0iXY85EXSatWtc+q1u1puX6Z11FEB+gQVZCNzlEdXaMGaiKKHtEzekVvxpPxYrwbH7PRgpHv7KM/MD5/AC8vn3M=</latexit>

O

✓
h

�2

◆

GW energy-momentum tensor and GW propagation



GW propagation equation

1. The matter produces only smooth curvature of the background

<latexit sha1_base64="EkRzuMo5+mwia6e6nMDB97HCmy0=">AAACAnicbVDLSsNAFJ3UV62vqCtxM1gEVyURRTdC0Y3LCn1BEsNkOmmHzkzCzEQoIbjxV9y4UMStX+HOv3H6WGjrgQuHc+7l3nuilFGlHefbKi0tr6yuldcrG5tb2zv27l5bJZnEpIUTlshuhBRhVJCWppqRbioJ4hEjnWh4M/Y7D0QqmoimHqUk4KgvaEwx0kYK7QOvGeY+z3yRFcF97ksOB7Q/KK6c0K46NWcCuEjcGamCGRqh/eX3EpxxIjRmSCnPdVId5EhqihkpKn6mSIrwEPWJZ6hAnKggn7xQwGOj9GCcSFNCw4n6eyJHXKkRj0wnR3qg5r2x+J/nZTq+DHIq0kwTgaeL4oxBncBxHrBHJcGajQxBWFJzK8QDJBHWJrWKCcGdf3mRtE9r7nnNuTur1q9ncZTBITgCJ8AFF6AObkEDtAAGj+AZvII368l6sd6tj2lryZrN7IM/sD5/AC4Kl0c=</latexit>

[Tµ⌫ ]
high = 0

<latexit sha1_base64="gBhubtpm5az9Zey8QXr58P8n9os=">AAAB+3icbVDLSsNAFJ34rPUV69LNYBHqpiSi6EYounFZxT6giWEynbRDZyZhZiKWkF9x40IRt/6IO//GaZuFth64cDjnXu69J0wYVdpxvq2l5ZXVtfXSRnlza3tn196rtFWcSkxaOGax7IZIEUYFaWmqGekmkiAeMtIJR9cTv/NIpKKxuNfjhPgcDQSNKEbaSIFduQsyj6eeSPOHrOYe55dOYFedujMFXCRuQaqgQDOwv7x+jFNOhMYMKdVznUT7GZKaYkbyspcqkiA8QgPSM1QgTpSfTW/P4ZFR+jCKpSmh4VT9PZEhrtSYh6aTIz1U895E/M/rpTq68DMqklQTgWeLopRBHcNJELBPJcGajQ1BWFJzK8RDJBHWJq6yCcGdf3mRtE/q7lnduT2tNq6KOErgAByCGnDBOWiAG9AELYDBE3gGr+DNyq0X6936mLUuWcXMPvgD6/MHFHuTzg==</latexit>

R(1)
µ⌫ = 0

<latexit sha1_base64="baW7NbEa2X3HBSicyHfPBx7YmC8="></latexit>

r̄�r̄�hµ⌫ + 2R̄µ↵⌫⇢h
↵⇢ � R̄↵µh

↵⌫ � R̄↵⌫h
↵µ = 0

<latexit sha1_base64="our7FiowmGvee2Fg/cZXuXsrbYA="></latexit>
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Effects due to the propagation of GWs on a curved background 
such as gravitational redshift and lensing

NOTE: if the background is flat space-time (a part from the 
curvature generated by the GWs themselves) one goes back to 

<latexit sha1_base64="1cM+/zW52tzUexKkEZu15yyS8cE=">AAAB+nicbVDLSsNAFJ3UV62vVJduBovgqiSi6EYodeOygn1AE8JkOm2HTmbCPNQS+yluXCji1i9x5984bbPQ1gMXDufcy733xCmjSnvet1NYWV1b3yhulra2d3b33PJ+SwkjMWliwYTsxEgRRjlpaqoZ6aSSoCRmpB2Prqd++55IRQW/0+OUhAkacNqnGGkrRW45qItHOIyyIDEBN5MrL3IrXtWbAS4TPycVkKMRuV9BT2CTEK4xQ0p1fS/VYYakppiRSSkwiqQIj9CAdC3lKCEqzGanT+CxVXqwL6QtruFM/T2RoUSpcRLbzgTpoVr0puJ/Xtfo/mWYUZ4aTTieL+obBrWA0xxgj0qCNRtbgrCk9laIh0girG1aJRuCv/jyMmmdVv3zqnd7VqnV8ziK4BAcgRPggwtQAzegAZoAgwfwDF7Bm/PkvDjvzse8teDkMwfgD5zPH7o2k6c=</latexit>⇤hµ⌫ = 0



<latexit sha1_base64="9iAybMRdq2KsWfS+lhQ0Bi6qsI4="></latexit>

R(1)
µ⌫ � 1

2
(ḡµ⌫R

(1) + hµ⌫R̄) ' 8⇡G [Tµ⌫ ]
high

{ {

Evolution of GWs on a curves but 
smooth / slowly evolving 

background 

Possible source of GWs

GW propagation equation

2. The matter has high-mode components
<latexit sha1_base64="RHlW2V2OIyM014646plaR/0EZxE=">AAACBnicbVDLSsNAFJ3UV62vqEsRBovgqiSi6LLoxmWFvqCJZTKdNkNnJnEeQgldufFX3LhQxK3f4M6/cdpmoa0HLhzOuZd774lSRpX2vG+nsLS8srpWXC9tbG5t77i7e02VGIlJAycske0IKcKoIA1NNSPtVBLEI0Za0fB64rceiFQ0EXU9SknI0UDQPsVIW6nrHnbq3SzgJhBmHN5lgeQwpoN4HAhyD72uW/Yq3hRwkfg5KYMcta77FfQSbDgRGjOkVMf3Uh1mSGqKGRmXAqNIivAQDUjHUoE4UWE2fWMMj63Sg/1E2hIaTtXfExniSo14ZDs50rGa9ybif17H6P5lmFGRGk0Eni3qGwZ1AieZwB6VBGs2sgRhSe2tEMdIIqxtciUbgj//8iJpnlb884p3e1auXuVxFMEBOAInwAcXoApuQA00AAaP4Bm8gjfnyXlx3p2PWWvByWf2wR84nz8315jy</latexit>

[Tµ⌫ ]
high 6= 0

In a FLRW universe, equation of sourcing and propagation of GWs 

<latexit sha1_base64="VOxoqHK4GNTJKiThvn+IPEXHqHU="></latexit>

ds2 = �dt2 + a2(t) (�ij + hij) dx
idxj

<latexit sha1_base64="mAFbcNQBMQOqMFFCj9UtYS7aBGU=">AAACB3icbZDLSsNAFIZP6q3WW9SlIINFcFUSUXQjFN24rGAv0IYwmU7asZNJmJkIJXTnxldx40IRt76CO9/GSdqFVn8Y+PjPOZw5f5BwprTjfFmlhcWl5ZXyamVtfWNzy97eaak4lYQ2Scxj2QmwopwJ2tRMc9pJJMVRwGk7GF3l9fY9lYrF4laPE+pFeCBYyAjWxvLt/V6CpWaY+wwN/YzdTdBFASwHx7erTs0phP6CO4MqzNTw7c9ePyZpRIUmHCvVdZ1Ee1m+g3A6qfRSRRNMRnhAuwYFjqjysuKOCTo0Th+FsTRPaFS4PycyHCk1jgLTGWE9VPO13Pyv1k11eO5lTCSppoJMF4UpRzpGeSiozyQlmo8NYCKZ+SsiQywx0Sa6ignBnT/5L7SOa+5pzbk5qdYvZ3GUYQ8O4AhcOIM6XEMDmkDgAZ7gBV6tR+vZerPep60lazazC79kfXwDaNGYWQ==</latexit>

@ihij = hii = 0

<latexit sha1_base64="kIk/fsc8yHYbEUKlzPA8vbMosXg="></latexit>

ḧij(x, t) + 3H ḣij(x, t)�
r2

a2
hij(x, t) = 16⇡G⇧ij(x, t)



GW propagation equation

• In the rest of the course, we will be dealing with solutions of the above 
equation  

• It can be derived also from cosmological perturbation theory, here I 
presented the connection with a more general approach 

• In cosmology, the FLRW space-time is homogeneous and isotropic, so 
tensor modes can be defined also when λ ～ LB  (exemple: horizon re-
entry after inflation), but one cannot say these are GWs, unless modes 
are well within the horizon (λ ≪ LB)

COMMENTS


