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SGWB from the early universe: generalities

GW propagation equation in FLRW cosmology

Source: tensor 
anisotropic stress

<latexit sha1_base64="nRikM9xAm77uKNgrgVrtbf9ZRAo="></latexit>

�Tij = p̄ �gij + a2[�p �ij + (@i@j �
1

3
�ijr2)� + 2@(ivj) +⇧ij ]

(@ivi = 0, @i⇧ij = 0, ⇧ii = 0)

In the cosmological context: 
energy momentum tensor of the matter content of the 

universe (background + perturbations)

NO GWs FROM THE HOMOGENEOUS MATTER COMPONENT

<latexit sha1_base64="VOxoqHK4GNTJKiThvn+IPEXHqHU="></latexit>

ds2 = �dt2 + a2(t) (�ij + hij) dx
idxj

<latexit sha1_base64="mAFbcNQBMQOqMFFCj9UtYS7aBGU=">AAACB3icbZDLSsNAFIZP6q3WW9SlIINFcFUSUXQjFN24rGAv0IYwmU7asZNJmJkIJXTnxldx40IRt76CO9/GSdqFVn8Y+PjPOZw5f5BwprTjfFmlhcWl5ZXyamVtfWNzy97eaak4lYQ2Scxj2QmwopwJ2tRMc9pJJMVRwGk7GF3l9fY9lYrF4laPE+pFeCBYyAjWxvLt/V6CpWaY+wwN/YzdTdBFASwHx7erTs0phP6CO4MqzNTw7c9ePyZpRIUmHCvVdZ1Ee1m+g3A6qfRSRRNMRnhAuwYFjqjysuKOCTo0Th+FsTRPaFS4PycyHCk1jgLTGWE9VPO13Pyv1k11eO5lTCSppoJMF4UpRzpGeSiozyQlmo8NYCKZ+SsiQywx0Sa6ignBnT/5L7SOa+5pzbk5qdYvZ3GUYQ8O4AhcOIM6XEMDmkDgAZ7gBV6tR+vZerPep60lazazC79kfXwDaNGYWQ==</latexit>

@ihij = hii = 0
<latexit sha1_base64="kIk/fsc8yHYbEUKlzPA8vbMosXg="></latexit>

ḧij(x, t) + 3H ḣij(x, t)�
r2

a2
hij(x, t) = 16⇡G⇧ij(x, t)

Here there 
should be 
also scalar 
and vector 

perturbations

<latexit sha1_base64="PlLdgnYXv74aAcer5NkIbjCuZmw=">AAACFXicbVDLSsNAFJ34rPUVdelmsAiCUhJRdCMU3Lis0Bc0IUwmk3boZBLmIZTQn3Djr7hxoYhbwZ1/47QNWFsPXDhzzr3MvSfMGJXKcb6tpeWV1bX10kZ5c2t7Z9fe22/JVAtMmjhlqeiESBJGOWkqqhjpZIKgJGSkHQ5ux377gQhJU95Qw4z4CepxGlOMlJEC+6wR5F6iPa5HN16IBPx9n3oRYQrNKIFdcarOBHCRuAWpgAL1wP7yohTrhHCFGZKy6zqZ8nMkFMWMjMqeliRDeIB6pGsoRwmRfj65agSPjRLBOBWmuIITdXYiR4mUwyQ0nQlSfTnvjcX/vK5W8bWfU55pRTiefhRrBlUKxxHBiAqCFRsagrCgZleI+0ggrEyQZROCO3/yImmdV93LqnN/UanVijhK4BAcgRPggitQA3egDpoAg0fwDF7Bm/VkvVjv1se0dckqZg7AH1ifPztVn3w=</latexit>

Tµ⌫ = T̄µ⌫ + �Tµ⌫

Perfect fluid



<latexit sha1_base64="/XOoIhDzxQxi1OLgIsQCoetEIOY="></latexit>
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SGWB from the early universe: generalities

Fourier decomposition, and polarisation components +, ×

hTT
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Free wave traveling 
in the z direction

<latexit sha1_base64="dUlVMAXIiejJDH+p+yQ8qEXLV3w=">AAAB/3icbVDLSsNAFJ34rPUVFdy4GSyCq5KIohuh6MZlBfuAJpTJdNIOnUeYmQg1ZuGvuHGhiFt/w51/47TNQlsPXDiccy/33hMljGrjed/OwuLS8spqaa28vrG5te3u7Da1TBUmDSyZVO0IacKoIA1DDSPtRBHEI0Za0fB67LfuidJUijszSkjIUV/QmGJkrNR197MgiuEwvwwkJ30EgwEy2UPedSte1ZsAzhO/IBVQoN51v4KexCknwmCGtO74XmLCDClDMSN5OUg1SRAeoj7pWCoQJzrMJvfn8MgqPRhLZUsYOFF/T2SIaz3ike3kyAz0rDcW//M6qYkvwoyKJDVE4OmiOGXQSDgOA/aoItiwkSUIK2pvhXiAFMLGRla2IfizL8+T5knVP6t6t6eV2lURRwkcgENwDHxwDmrgBtRBA2DwCJ7BK3hznpwX5935mLYuOMXMHvgD5/MH2QuV/w==</latexit>

k = !ẑ

<latexit sha1_base64="V+o2TyNe964p3PArwQByrjATPz8=">AAAB7XicbVDLSgNBEOyNrxhfUY9eBoPgKeyKosegF48RzAOSJcxOZpNJ5rHMzAphyT948aCIV//Hm3/jJNmDJhY0FFXddHdFCWfG+v63V1hb39jcKm6Xdnb39g/Kh0dNo1JNaIMornQ7woZyJmnDMstpO9EUi4jTVjS+m/mtJ6oNU/LRThIaCjyQLGYEWyc1h72Mjaa9csWv+nOgVRLkpAI56r3yV7evSCqotIRjYzqBn9gww9oywum01E0NTTAZ4wHtOCqxoCbM5tdO0ZlT+ihW2pW0aK7+nsiwMGYiItcpsB2aZW8m/ud1UhvfhBmTSWqpJItFccqRVWj2OuozTYnlE0cw0czdisgQa0ysC6jkQgiWX14lzYtqcFX1Hy4rtds8jiKcwCmcQwDXUIN7qEMDCIzgGV7hzVPei/fufSxaC14+cwx/4H3+ANXoj0w=</latexit>

hij

<latexit sha1_base64="LUDvMMSWSM8BeW9CzatcvDr5gAU="></latexit>

e+ij(k̂) = m̂i m̂j � n̂i n̂j

e⇥ij(k̂) = m̂i n̂j + n̂i m̂j

<latexit sha1_base64="rsn84XDQSCfaK6t1X92PLZkUcik=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0nEoseCF48V7Ae0oWy2m3bJZhN2J0IJ/RFePCji1d/jzX/jts1BWx8MPN6bYWZekEph0HW/ndLG5tb2Tnm3srd/cHhUPT7pmCTTjLdZIhPdC6jhUijeRoGS91LNaRxI3g2iu7nffeLaiEQ94jTlfkzHSoSCUbRSNx8EIYlmw2rNrbsLkHXiFaQGBVrD6tdglLAs5gqZpMb0PTdFP6caBZN8VhlkhqeURXTM+5YqGnPj54tzZ+TCKiMSJtqWQrJQf0/kNDZmGge2M6Y4MaveXPzP62cY3vq5UGmGXLHlojCTBBMy/52MhOYM5dQSyrSwtxI2oZoytAlVbAje6svrpHNV9xp19+G61mwWcZThDM7hEjy4gSbcQwvawCCCZ3iFNyd1Xpx352PZWnKKmVP4A+fzBxwBj2k=</latexit>

k

<latexit sha1_base64="mItJD4Fbj/oUEXj0TNzMKIn+13Q=">AAAB7nicbVDLSgNBEOz1GeMr6tHLYBA8hV1R9Bjw4jGCeUCyhNlJbzJkZnaZmRXCko/w4kERr36PN//GSbIHTSxoKKq66e6KUsGN9f1vb219Y3Nru7RT3t3bPzisHB23TJJphk2WiER3ImpQcIVNy63ATqqRykhgOxrfzfz2E2rDE/VoJymGkg4Vjzmj1kntvBfFRE77lapf8+cgqyQoSBUKNPqVr94gYZlEZZmgxnQDP7VhTrXlTOC03MsMppSN6RC7jioq0YT5/NwpOXfKgMSJdqUsmau/J3IqjZnIyHVKakdm2ZuJ/3ndzMa3Yc5VmllUbLEozgSxCZn9TgZcI7Ni4ghlmrtbCRtRTZl1CZVdCMHyy6ukdVkLrmv+w1W1Xi/iKMEpnMEFBHADdbiHBjSBwRie4RXevNR78d69j0XrmlfMnMAfeJ8/HwuPaw==</latexit>m

<latexit sha1_base64="1LF45X10yc9HPw76Hq/gciZF0o4=">AAAB7nicbVDLSgNBEOzxGeMr6tHLYBA8hV1R9Bjw4jGCeUCyhNlJbzJkdnaZmRXCko/w4kERr36PN//GSbIHTSxoKKq66e4KUymM9bxvsra+sbm1Xdop7+7tHxxWjo5bJsk0xyZPZKI7ITMohcKmFVZiJ9XI4lBiOxzfzfz2E2ojEvVoJykGMRsqEQnOrJPaeS+MqJr2K1Wv5s1BV4lfkCoUaPQrX71BwrMYleWSGdP1vdQGOdNWcInTci8zmDI+ZkPsOqpYjCbI5+dO6blTBjRKtCtl6Vz9PZGz2JhJHLrOmNmRWfZm4n9eN7PRbZALlWYWFV8sijJJbUJnv9OB0MitnDjCuBbuVspHTDNuXUJlF4K//PIqaV3W/Oua93BVrdeLOEpwCmdwAT7cQB3uoQFN4DCGZ3iFN5KSF/JOPhata6SYOYE/IJ8/IJCPbA==</latexit>n

The same decomposition can be applied to Πij(x,t)



<latexit sha1_base64="//vPp9xEiW1EHMr4+Yc15fto6do=">AAACHXicbVDLSsNAFJ3UV62vqEs3g0WoUEoiFd0IRTddVrAPaEKZTCft0MkkzEyEEvIjbvwVNy4UceFG/BsnbRba9sCFwzn3cu89XsSoVJb1YxTW1jc2t4rbpZ3dvf0D8/CoI8NYYNLGIQtFz0OSMMpJW1HFSC8SBAUeI11vcpf53UciJA35g5pGxA3QiFOfYqS0NDDrzUEi0ooTIDX2/GSSVqFDFDq/gcipwvFqc2CWrZo1A1wmdk7KIEdrYH45wxDHAeEKMyRl37Yi5SZIKIoZSUtOLEmE8ASNSF9TjgIi3WT2XQrPtDKEfih0cQVn6t+JBAVSTgNPd2aHykUvE1d5/Vj5125CeRQrwvF8kR8zqEKYRQWHVBCs2FQThAXVt0I8RgJhpQMt6RDsxZeXSeeiZl/WrPt6uXGbx1EEJ+AUVIANrkADNEELtAEGT+AFvIF349l4NT6Mz3lrwchnjsE/GN+/4iOhJw==</latexit>

Hr(k, ⌘) = a hr(k, ⌘)

The equation decouples for each polarisation mode. 
In terms of conformal time and comoving wavenumber it becomes:

<latexit sha1_base64="ItmFq+ZLkMPeuLOVs9uW7v14DvM="></latexit>

h00
r (k, ⌘) + 2H h0

r(k, ⌘) + k2 hr(k, ⌘) = 16⇡Ga2 ⇧r(k, ⌘)

Solution of the homogeneous equation
<latexit sha1_base64="V4lKMVlrLkf+aFOOG2ToTXhsbiU="></latexit>

H
00
r (k, ⌘) +

✓
k
2 � a

00

a

◆
Hr(k, ⌘) = 0

Power-law scale factor (it covers matter and 
radiation domination, and De Sitter inflation)

<latexit sha1_base64="829Mvl6MPx7OqyNDQvZ7r20zhxQ=">AAACAnicbVDLSsNAFJ3UV62vqCtxM1ikrmpSFF0W3HRZwT6gieVmOmkHJw9nJkIJxY2/4saFIm79Cnf+jZM2C209cOFwzr3ce48XcyaVZX0bhaXlldW14nppY3Nre8fc3WvLKBGEtkjEI9H1QFLOQtpSTHHajQWFwOO0491dZX7ngQrJovBGjWPqBjAMmc8IKC31zQOoVE7BkSyg99gJQI0I8LQxua31zbJVtabAi8TOSRnlaPbNL2cQkSSgoSIcpOzZVqzcFIRihNNJyUkkjYHcwZD2NA0hoNJNpy9M8LFWBtiPhK5Q4an6eyKFQMpx4OnO7Eg572Xif14vUf6lm7IwThQNyWyRn3CsIpzlgQdMUKL4WBMggulbMRmBAKJ0aiUdgj3/8iJp16r2edW6PivX63kcRXSIjtAJstEFqqMGaqIWIugRPaNX9GY8GS/Gu/Exay0Y+cw++gPj8wf7IZaH</latexit>

a00/a ' H
2

CASE 1: Sub-Hubble modes, relevant for propagation after the source stops

<latexit sha1_base64="ykIv5QlrAplmXLBHZewoXDBr+qk=">AAAB/XicbVDLSsNAFL2pr1pf8bFzM1gEVyUpii4LbrqsYB/QpGUynaRDJw9mJkINxV9x40IRt/6HO//GSZuFth4YOJxzL/fM8RLOpLKsb6O0tr6xuVXeruzs7u0fmIdHHRmngtA2iXkseh6WlLOIthVTnPYSQXHocdr1Jre5332gQrI4ulfThLohDiLmM4KVlobmyWRQd4IAOSFWY4J51pwN6kOzatWsOdAqsQtShQKtofnljGKShjRShGMp+7aVKDfDQjHC6azipJImmExwQPuaRjik0s3m6WfoXCsj5MdCv0ihufp7I8OhlNPQ05N5SLns5eJ/Xj9V/o2bsShJFY3I4pCfcqRilFeBRkxQovhUE0wE01kRGWOBidKFVXQJ9vKXV0mnXrOvatbdZbXRKOoowymcwQXYcA0NaEIL2kDgEZ7hFd6MJ+PFeDc+FqMlo9g5hj8wPn8AuluUwA==</latexit>

k2 � H
2

<latexit sha1_base64="ITXxUePfhDwCG0mmpySO9qGUW44="></latexit>

hr(k, ⌘) =
Ar(k)

a(⌘)
eik⌘ +

Br(k)

a(⌘)
e�ik⌘

In this limit, GWs 
are plane waves 
with redshifting 

amplitude

SGWB from the early universe: generalities



Solution of the homogeneous equation

CASE 2: Super-Hubble modes, relevant for inflationary tensor perturbations

<latexit sha1_base64="jzRESjbmvp1vlDlWISbQ2yWMRNU=">AAAB/XicbVDLSsNAFL2pr1pf8bFzM1gEVyUpii4LbrqsYB/QpGUynbZDJ5MwMxFqKP6KGxeKuPU/3Pk3TtostPXAwOGce7lnThBzprTjfFuFtfWNza3idmlnd2//wD48aqkokYQ2ScQj2QmwopwJ2tRMc9qJJcVhwGk7mNxmfvuBSsUica+nMfVDPBJsyAjWRurbJ5Ne1eMceSHWY4J5Wp/1qn277FScOdAqcXNShhyNvv3lDSKShFRowrFSXdeJtZ9iqRnhdFbyEkVjTCZ4RLuGChxS5afz9DN0bpQBGkbSPKHRXP29keJQqWkYmMkspFr2MvE/r5vo4Y2fMhEnmgqyODRMONIRyqpAAyYp0XxqCCaSmayIjLHERJvCSqYEd/nLq6RVrbhXFefuslyr5XUU4RTO4AJcuIYa1KEBTSDwCM/wCm/Wk/VivVsfi9GCle8cwx9Ynz/KFJTK</latexit>

k2 ⌧ H
2

<latexit sha1_base64="K08I8FOwxTcbsaHiKIzYWyMpZdQ="></latexit>

hr(k, ⌘) = Ar(k) +Br(k)
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<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

keq⌘ � 1
<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

Initial condition 
from inflation

GWs oscillating as 
plane waves and 

redshifting with the 
expansion

Exercise: 
reproduce this plot

Full solution with inflationary initial conditions 
horizon re-entry at the radiation-matter transition



We now analyse what can be said in general about the SGWB signal 
generated by a sourcing process occurring at a given time t✻ in a 

phase of standard cosmic expansion of the universe (not inflation) 
and therefore operating causally  

<latexit sha1_base64="ItmFq+ZLkMPeuLOVs9uW7v14DvM="></latexit>

h00
r (k, ⌘) + 2H h0

r(k, ⌘) + k2 hr(k, ⌘) = 16⇡Ga2 ⇧r(k, ⌘)

SGWB from the early universe: generalities

What this source  could actually 
be in the primordial universe? 

See next lecture



Why sources in the early universe produce SGWBs?

A GW source acting at time t✻ in the early universe cannot produce a signal 
correlated on length/time scales larger than the causal horizon at that time

<latexit sha1_base64="INJDhmIK3B6GS6CKZSmM06AbAsg=">AAAB/HicbVDLSsNAFJ34rPUV7dLNYBGkYElE0WXBTZcV7AOaGCbTm3bo5OHMRAih/oobF4q49UPc+TdO2yy09cCFwzn3cu89fsKZVJb1baysrq1vbJa2yts7u3v75sFhR8apoNCmMY9FzycSOIugrZji0EsEkNDn0PXHN1O/+whCsji6U1kCbkiGEQsYJUpLnllxgHOv5nB4wE2vdp+f2RPPrFp1awa8TOyCVFGBlmd+OYOYpiFEinIiZd+2EuXmRChGOUzKTiohIXRMhtDXNCIhSDefHT/BJ1oZ4CAWuiKFZ+rviZyEUmahrztDokZy0ZuK/3n9VAXXbs6iJFUQ0fmiIOVYxXiaBB4wAVTxTBNCBdO3YjoiglCl8yrrEOzFl5dJ57xuX9at24tqo1HEUUJH6BidIhtdoQZqohZqI4oy9Ixe0ZvxZLwY78bHvHXFKGYq6A+Mzx8wP5PQ</latexit>

`⇤  H
�1
⇤

<latexit sha1_base64="Fy2erUQJTwZxdbzjX28AyaLNVsw=">AAAB7XicbVDLSgNBEOz1GeMr6tHLYBDEQ9gVRY8BLx4jmAckS5iddJIxszPLzKwQlvyDFw+KePV/vPk3TpI9aGJBQ1HVTXdXlAhurO9/eyura+sbm4Wt4vbO7t5+6eCwYVSqGdaZEkq3ImpQcIl1y63AVqKRxpHAZjS6nfrNJ9SGK/lgxwmGMR1I3ueMWic1OihE97xbKvsVfwayTIKclCFHrVv66vQUS2OUlglqTDvwExtmVFvOBE6KndRgQtmIDrDtqKQxmjCbXTshp07pkb7SrqQlM/X3REZjY8Zx5Dpjaodm0ZuK/3nt1PZvwozLJLUo2XxRPxXEKjJ9nfS4RmbF2BHKNHe3EjakmjLrAiq6EILFl5dJ46ISXFX8+8tytZrHUYBjOIEzCOAaqnAHNagDg0d4hld485T34r17H/PWFS+fOYI/8D5/ACs4jto=</latexit>

`⇤
characteristic length-scale of the source 
(typical size of variation of the tensor anisotropic stresses)



Why sources in the early universe produce SGWBs?

A GW source acting at time t✻ in the early universe cannot produce a signal 
correlated on length/time scales larger than the causal horizon at that time

<latexit sha1_base64="INJDhmIK3B6GS6CKZSmM06AbAsg=">AAAB/HicbVDLSsNAFJ34rPUV7dLNYBGkYElE0WXBTZcV7AOaGCbTm3bo5OHMRAih/oobF4q49UPc+TdO2yy09cCFwzn3cu89fsKZVJb1baysrq1vbJa2yts7u3v75sFhR8apoNCmMY9FzycSOIugrZji0EsEkNDn0PXHN1O/+whCsji6U1kCbkiGEQsYJUpLnllxgHOv5nB4wE2vdp+f2RPPrFp1awa8TOyCVFGBlmd+OYOYpiFEinIiZd+2EuXmRChGOUzKTiohIXRMhtDXNCIhSDefHT/BJ1oZ4CAWuiKFZ+rviZyEUmahrztDokZy0ZuK/3n9VAXXbs6iJFUQ0fmiIOVYxXiaBB4wAVTxTBNCBdO3YjoiglCl8yrrEOzFl5dJ57xuX9at24tqo1HEUUJH6BidIhtdoQZqohZqI4oy9Ixe0ZvxZLwY78bHvHXFKGYq6A+Mzx8wP5PQ</latexit>

`⇤  H
�1
⇤

Angular size on the sky 
today of a region in 

which the SGWB signal 
is correlated `2(T⇤)

<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

`2
H0

<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

<latexit sha1_base64="o3ikhzwe8c7B8cDh5VTryV+6qFw=">AAACCXicbVDLSsNAFJ34rPUVdelmsAi1i5KIohuh4sZlhb6gKWEyuWmHTh7MTIQasnXjr7hxoYhb/8Cdf+P0sdDWAxcO59zLvfd4CWdSWda3sbS8srq2Xtgobm5t7+yae/stGaeCQpPGPBYdj0jgLIKmYopDJxFAQo9D2xvejP32PQjJ4qihRgn0QtKPWMAoUVpyTew0BqCIW7lyAkFo5gDnbiXPfPe6/OBWTnLXLFlVawK8SOwZKaEZ6q755fgxTUOIFOVEyq5tJaqXEaEY5ZAXnVRCQuiQ9KGraURCkL1s8kmOj7Xi4yAWuiKFJ+rviYyEUo5CT3eGRA3kvDcW//O6qQouexmLklRBRKeLgpRjFeNxLNhnAqjiI00IFUzfiumA6ESUDq+oQ7DnX14krdOqfV617s5KtdosjgI6REeojGx0gWroFtVRE1H0iJ7RK3oznowX4934mLYuGbOZA/QHxucPQn2ZZw==</latexit>

⇥⇤ =
`⇤

dA(z⇤)
Angular diameter distance

Number of uncorrelated regions accessible today
<latexit sha1_base64="KFRtStmViZLqUtG+ZNbM7k9FweM=">AAAB+3icbVDLSsNAFJ3UV62vWJduBosggiUpii4LblxW6AuaGCbTSTt0ZhJmJmIJ+RU3LhRx64+482+ctllo64ELh3Pu5d57woRRpR3n2yqtrW9sbpW3Kzu7e/sH9mG1q+JUYtLBMYtlP0SKMCpIR1PNSD+RBPGQkV44uZ35vUciFY1FW08T4nM0EjSiGGkjBXbVU5RDrz0mGgXnD9lFIw/smlN35oCrxC1IDRRoBfaXN4xxyonQmCGlBq6TaD9DUlPMSF7xUkUShCdoRAaGCsSJ8rP57Tk8NcoQRrE0JTScq78nMsSVmvLQdHKkx2rZm4n/eYNURzd+RkWSaiLwYlGUMqhjOAsCDqkkWLOpIQhLam6FeIwkwtrEVTEhuMsvr5Juo+5e1Z37y1qzWcRRBsfgBJwBF1yDJrgDLdABGDyBZ/AK3qzcerHerY9Fa8kqZo7AH1ifP+45k7Y=</latexit>

⇠ ⇥�2
⇤

<latexit sha1_base64="OTsBz1a/8jRhL28wJIYO26K7/u8="></latexit>

⇥(T⇤ = 100GeV) ' 10�12deg

Suppose a GW detector angular resolution of 10 deg 
<latexit sha1_base64="Lx33je0ywMUCrOQUeub7KQiH0jk=">AAAB9XicbVDLSgNBEOyNrxhfUY9eBoMgHsKuKPEY8OIxgnlAEsPspDcZMrO7zMwqccl/ePGgiFf/xZt/4yTZgyYWNBRV3XR3+bHg2rjut5NbWV1b38hvFra2d3b3ivsHDR0limGdRSJSLZ9qFDzEuuFGYCtWSKUvsOmPrqd+8wGV5lF4Z8YxdiUdhDzgjBor3T/1zjoCtdZcEq/SK5bcsjsDWSZeRkqQodYrfnX6EUskhoYJqnXbc2PTTakynAmcFDqJxpiyER1g29KQStTddHb1hJxYpU+CSNkKDZmpvydSKrUeS992SmqGetGbiv957cQEV92Uh3FiMGTzRUEiiInINALS5wqZEWNLKFPc3krYkCrKjA2qYEPwFl9eJo3zsndZdm8vStVqFkcejuAYTsGDClThBmpQBwYKnuEV3pxH58V5dz7mrTknmzmEP3A+fwCiVpHv</latexit>

z⇤ . 17

<latexit sha1_base64="Qin37SxXcMjgOYIiBd9mKF4ZOIA=">AAACEHicbVA9SwNBEN2L3/ErammzGMQoEvZEUQshYGMZIdFA7gh7m0myZPfu3N0T4pGfYONfsbFQxNbSzn/jJl6hxgcDj/dmmJkXxIJrQ8ink5uanpmdm1/ILy4tr6wW1tavdJQoBnUWiUg1AqpB8BDqhhsBjVgBlYGA66B/PvKvb0FpHoU1M4jBl7Qb8g5n1FipVdjxaj0wtHTX2jtzySnZ9TSXcINJ+dTbTz0lcRu6Q4xbhSIpkzHwJHEzUkQZqq3Ch9eOWCIhNExQrZsuiY2fUmU4EzDMe4mGmLI+7ULT0pBK0H46fmiIt63Sxp1I2QoNHqs/J1IqtR7IwHZKanr6rzcS//Oaiemc+CkP48RAyL4XdRKBTYRH6eA2V8CMGFhCmeL2Vsx6VFFmbIZ5G4L79+VJcnVQdo/K5PKwWKlkccyjTbSFSshFx6iCLlAV1RFD9+gRPaMX58F5cl6dt+/WnJPNbKBfcN6/AIY+ml0=</latexit>

⇥(z⇤ = 1090) ' 0.9 deg

Only the statistical properties of the signal can be accessed



• We access today the GW signal from many independent horizon volumes: hij(x,t) 
must be treated as a random variable 

• The universe is homogeneous and isotropic, so the GW source is operating 
everywhere at the same time with the same average properties (“a-causal” initial 
conditions from inflation)  

• Under the ergodic hypothesis, the ensemble average can be substituted with 
volume / time averages: we identify this average with the volume / time one 
necessary to define the GW energy momentum tensor (lecture one) 

• Notable exception: SGWB from inflation (intrinsic quantum fluctuations that 
become classical (stochastic) outside the horizon)

LIGO website

Why sources in the early universe produce SGWBs?



Why sources in the early universe produce SGWBs?

The SGWB is in general homogenous and isotropic, unpolarised and gaussian

<latexit sha1_base64="8HWUL9OSUG5I/eIGBRc7OxV+Y4U="></latexit>

hhij(x, ⌘1)hlm(y, ⌘2)i = Fijlm(|x� y|, ⌘1, ⌘2)

As the FLRW space-time

If the sourcing process preserves parity

Central limit theorem: the signal comes from the 
superposition of many independent regions 

Helicity basis

There are 
exceptions!

<latexit sha1_base64="g0VzEISW/VWsc8hzVZtbC6uGGNA=">AAACInicbVDLSsNAFJ3UV62vqEs3g0UQlJIURV0IBTcuK9gHNDFMppN27GQSZiZCCfkWN/6KGxeKuhL8GCdtFW09MHA451zu3OPHjEplWR9GYW5+YXGpuFxaWV1b3zA3t5oySgQmDRyxSLR9JAmjnDQUVYy0Y0FQ6DPS8gcXud+6I0LSiF+rYUzcEPU4DShGSkueeUa8lN5mN6kTh7CanTuBQDj9Fg+yXKbO4U9K0ZDILEurmWeWrYo1Apwl9oSUwQR1z3xzuhFOQsIVZkjKjm3Fyk2RUBQzkpWcRJIY4QHqkY6mHOlNbjo6MYN7WunCIBL6cQVH6u+JFIVSDkNfJ0Ok+nLay8X/vE6iglM3pTxOFOF4vChIGFQRzPuCXSoIVmyoCcKC6r9C3Ee6JKVbLekS7OmTZ0mzWrGPK9bVUblWm9RRBDtgF+wDG5yAGrgEddAAGNyDR/AMXowH48l4Nd7H0YIxmdkGf2B8fgFdLaVr</latexit>

e±2
ij =

e+ij ± i e⇥ij
2

<latexit sha1_base64="asLwUvoFBgewZH6clQE4cgsx2uY="></latexit>

hh+2(k, ⌘)h+2(k, ⌘)� h�2(k, ⌘)h�2(k, ⌘)i = hh+(k, ⌘)h⇥(k, ⌘)i = 0



Characterisation of a SGWB

{
Statistical 

homogeneity and 
isotropy

Gaussianity: the two-point 
correlation function is 

enough to fully describe 
the SGWB

Unpolarised

Power spectrum of the GW amplitude

Related to the variance of the 
GW amplitude in real space

For freely propagating sub-Hubble modes, and taking the time-average:

<latexit sha1_base64="KMGKcU/CuZPXRFD9YOZwbVd5W+w=">AAACD3icbVDLSgMxFM34rPU16tLNYFEqSJkpii4LblxWsA/ojEMmzbShmSQkGaEM8wdu/BU3LhRx69adf2M67UJbDwQO59zLzTmRoERp1/22lpZXVtfWSxvlza3tnV17b7+teCoRbiFOuexGUGFKGG5poinuColhElHciUbXE7/zgKUinN3pscBBAgeMxARBbaTQPhmGqDo687GGp76QXGju+LGEKPPyDN7Xq4WTh3bFrbkFnEXizUgFzNAM7S+/z1GaYKYRhUr1PFfoIINSE0RxXvZThQVEIzjAPUMZTLAKsiJP7hwbpe/EXJrHtFOovzcymCg1TiIzmUA9VPPeRPzP66U6vgoywkSqMUPTQ3FKHRN6Uo7TJxIjTceGQCSJ+auDhtC0oU2FZVOCNx95kbTrNe+i5t6eVxqNWR0lcAiOQBV44BI0wA1oghZA4BE8g1fwZj1ZL9a79TEdXbJmOwfgD6zPH9Djm+I=</latexit>

hc(k, ⌘) /
1

a2(⌘)

<latexit sha1_base64="hBJ50pdl8bYd1PQIytv7E9PQQdA=">AAAB73icdVDLSgMxFM3UV62vqks3wSJUkCEzjm3dFdy4rGAf0A4lk6ZtaCYzJhmhDP0JNy4UcevvuPNvzLQVVPTAhcM593LvPUHMmdIIfVi5ldW19Y38ZmFre2d3r7h/0FJRIgltkohHshNgRTkTtKmZ5rQTS4rDgNN2MLnK/PY9lYpF4lZPY+qHeCTYkBGsjdQZ90l5cqZP+8USsi9rFderQGQjVHVcJyNu1Tv3oGOUDCWwRKNffO8NIpKEVGjCsVJdB8XaT7HUjHA6K/QSRWNMJnhEu4YKHFLlp/N7Z/DEKAM4jKQpoeFc/T6R4lCpaRiYzhDrsfrtZeJfXjfRw5qfMhEnmgqyWDRMONQRzJ6HAyYp0XxqCCaSmVshGWOJiTYRFUwIX5/C/0nLtZ0LG914pXp9GUceHIFjUAYOqII6uAYN0AQEcPAAnsCzdWc9Wi/W66I1Zy1nDsEPWG+fcJePlA==</latexit>

hc(k, t)

<latexit sha1_base64="Q6YO32tyZhi8FCLf+vzhVcqmpjc="></latexit>

hhr(k, ⌘)h
⇤
p(q, ⌘)i =

8⇡5

k3
�(3)(k� q) �rp h

2
c(k, ⌘)

<latexit sha1_base64="Vj4D6KQJJeC7s7rMuqpiNsKwlM8="></latexit>

hhij(x, ⌘)hij(x, ⌘)i = 2

Z +1

0

dk

k
h2
c(k, ⌘)

<latexit sha1_base64="2n3xxYKWUBTEEmopJOlKYdzR8GA="></latexit>

hhr(k, ⌘)h
⇤
p(q, ⌘)i =

1

a2(⌘)
[hAr(k)A

⇤
p(q)i+ hBr(k)B

⇤
p(q)i]



Characterisation of a SGWB

Power spectrum of the GW energy density

<latexit sha1_base64="4k2lNg7ralbcLDRf8eAhMwrra5Y="></latexit>

⇢GW =
hḣij(x, t) ḣij(x, t)i

32⇡G
=

hh0
ij(x, ⌘)h

0
ij(x, ⌘)i

32⇡Ga2(⌘)
=

Z +1

0

dk

k

d⇢GW

dlogk

<latexit sha1_base64="oZ9uxKVo2dnUwLoMUAA4XPefByY="></latexit>

d⇢GW

dlogk
=

k2 h2
c(k, ⌘)

16⇡Ga2(⌘)

<latexit sha1_base64="lZzxj3M6rRRIkCtUdJu4ZPWj9HY=">AAACGnicbVDLSgNBEJz1GeNr1aOXwSBGCGE3KHoMePEYwTwgu1lmJ51kyOzDmVkhLPkOL/6KFw+KeBMv/o2TZA8msaChqOqmu8uPOZPKsn6MldW19Y3N3FZ+e2d3b988OGzIKBEU6jTikWj5RAJnIdQVUxxasQAS+Bya/vBm4jcfQUgWhfdqFIMbkH7IeowSpSXPtNPBmUfHnbQyLg5L2AFFzrEjWQAPeNipYKc08Oic65kFq2xNgZeJnZECylDzzC+nG9EkgFBRTqRs21as3JQIxSiHcd5JJMSEDkkf2pqGJADpptPXxvhUK13ci4SuUOGp+nciJYGUo8DXnQFRA7noTcT/vHaietduysI4URDS2aJewrGK8CQn3GUCqOIjTQgVTN+K6YAIQpVOM69DsBdfXiaNStm+LFt3F4VqNYsjh47RCSoiG12hKrpFNVRHFD2hF/SG3o1n49X4MD5nrStGNnOE5mB8/wKa+p60</latexit>

h0
c
2
(k, ⌘) ' k2 h2

c(k, ⌘)

<latexit sha1_base64="EalCppjtKzcBbkwKyPEAwk0j6go="></latexit>

hh0
r(k, ⌘)h

0
p
⇤
(q, ⌘)i = 8⇡5

k3
�(3)(k� q) �rp h

0
c
2
(k, ⌘)

<latexit sha1_base64="kQrv3Cu9nyeLfa4YFzcXH8WgHPk=">AAACE3icbVC7TsMwFHV4lvIKMLJYVEiFoUpQEYyVGGAsEn1ITYgc12mtOnFkO0iVlX9g4VdYGECIlYWNv8FtM0DLkSwdnXOvrs8JU0alcpxva2l5ZXVtvbRR3tza3tm19/bbkmcCkxbmjItuiCRhNCEtRRUj3VQQFIeMdMLR1cTvPBAhKU/u1DglfowGCY0oRspIgX3qiSEPtCdieN3JvVTwVHHoRQJh7eYaVT2i0Mm9rud5YFecmjMFXCRuQSqgQDOwv7w+x1lMEoUZkrLnOqnyNRKKYkbyspdJkiI8QgPSMzRBMZG+nmbK4bFR+jDiwrxEwan6e0OjWMpxHJrJGKmhnPcm4n9eL1PRpa9pkmaKJHh2KMoYNLEnBcE+FQQrNjYEYUHNXyEeItOHMjWWTQnufORF0j6ruec157ZeaTSKOkrgEByBKnDBBWiAG9AELYDBI3gGr+DNerJerHfrYza6ZBU7B+APrM8fKGmeUQ==</latexit>

⇢GW / 1

a(⌘)4
GW energy density scales like radiation for 

freely propagating sub-Hubble modes  
(free massless particles)

<latexit sha1_base64="kzPgKMHXcVFf5ium1Avr4ZCeHAc="></latexit>

d⇢GW

d log k

For freely propagating sub-Hubble modes, and taking the time-average:

Exercise: 
demonstrate 

this 



Evolution of the SGWB in the FLRW universe

GW energy density parameter

characteristic frequency of the GW signal
<latexit sha1_base64="BgooSXV2t0JAjfosacowHchxalo=">AAACBXicbVDLSsNAFJ34rPUVdamLwSJIFyURRTdCwU2XFewDmhAm05t26OThzEQoIRs3/oobF4q49R/c+TdO2yy09cCFwzn3cu89fsKZVJb1bSwtr6yurZc2yptb2zu75t5+W8apoNCiMY9F1ycSOIugpZji0E0EkNDn0PFHNxO/8wBCsji6U+ME3JAMIhYwSpSWPPMo8KrXTiAIzew8c4Bzr5o7A7jHDa/qmRWrZk2BF4ldkAoq0PTML6cf0zSESFFOpOzZVqLcjAjFKIe87KQSEkJHZAA9TSMSgnSz6Rc5PtFKHwex0BUpPFV/T2QklHIc+rozJGoo572J+J/XS1Vw5WYsSlIFEZ0tClKOVYwnkeA+E0AVH2tCqGD6VkyHREeidHBlHYI9//IiaZ/V7IuadXteqdeLOEroEB2jU2SjS1RHDdRELUTRI3pGr+jNeDJejHfjY9a6ZBQzB+gPjM8fLPeXtg==</latexit>

f⇤ =
1

`⇤
� H⇤

<latexit sha1_base64="24aKRBMrXyREQek6JHMVTZ0owaE=">AAAB/XicbZDLSsNAFIYn9VbrLV52bgaLIF2URBTdCAU3XVawF2hCmExP2qGTSZiZCLUUX8WNC0Xc+h7ufBunbRba+sPAx3/O4Zz5w5QzpR3n2yqsrK6tbxQ3S1vbO7t79v5BSyWZpNCkCU9kJyQKOBPQ1Exz6KQSSBxyaIfD22m9/QBSsUTc61EKfkz6gkWMEm2swD7yIFWMG6zceMB5UKkHlcAuO1VnJrwMbg5llKsR2F9eL6FZDEJTTpTquk6q/TGRmlEOk5KXKUgJHZI+dA0KEoPyx7PrJ/jUOD0cJdI8ofHM/T0xJrFSozg0nTHRA7VYm5r/1bqZjq79MRNppkHQ+aIo41gneBoF7jEJVPORAUIlM7diOiCSUG0CK5kQ3MUvL0PrvOpeVp27i3KtlsdRRMfoBJ0hF12hGqqjBmoiih7RM3pFb9aT9WK9Wx/z1oKVzxyiP7I+fwBjp5SE</latexit>

✏⇤ = `⇤H⇤
Ratio of the typical length-scale of the GW sourcing 

process (size of the anisotropic stresses) and the 
Hubble scale at the generation time

<latexit sha1_base64="0Rmq+vqTQpWoPN8hlOCcliZ1woQ="></latexit>

h2 ⌦GW(k, ⌘0) =
h2⇢⇤
⇢c

✓
a⇤
a0

◆4 ✓ 1

⇢⇤

d⇢GW

dlogk
(k, ⌘⇤)

◆

Evaluated today, for a source 
that operated at time η✻ 

<latexit sha1_base64="L5h8komC+Go1khIgiHbw06bKocU="></latexit>

f = f⇤
a⇤
a0

=
1.65⇥ 10

�7

✏⇤

✓
g(T⇤)
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�hij
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100GeV
<latexit sha1_base64="HW3ysmnW0o0cr3/+HaqoHcgjP80=">AAAB9XicbVBNSwMxEM36WetX1aOXYBE8SNmtgh6LHvRYwX5Ady3ZdLYNTbJLklXK0v/hxYMiXv0v3vw3pu0etPXBwOO9GWbmhQln2rjut7O0vLK6tl7YKG5ube/slvb2mzpOFYUGjXms2iHRwJmEhmGGQztRQETIoRUOryd+6xGUZrG8N6MEAkH6kkWMEmOlB891/dPMVwLfQHPcLZXdijsFXiReTsooR71b+vJ7MU0FSEM50brjuYkJMqIMoxzGRT/VkBA6JH3oWCqJAB1k06vH+NgqPRzFypY0eKr+nsiI0HokQtspiBnoeW8i/ud1UhNdBhmTSWpA0tmiKOXYxHgSAe4xBdTwkSWEKmZvxXRAFKHGBlW0IXjzLy+SZrXinVWqd+fl2lUeRwEdoiN0gjx0gWroFtVRA1Gk0DN6RW/Ok/PivDsfs9YlJ585QH/gfP4A4paReA==</latexit>

100MeV
<latexit sha1_base64="OBIZoL+i441vu8dYF1fa9h8qqt0=">AAAB9XicbVBNSwMxEM36WetX1aOXYBE8SNmtgh6LXrwIFewHdNeSTWfb0CS7JFmlLP0fXjwo4tX/4s1/Y9ruQVsfDDzem2FmXphwpo3rfjtLyyura+uFjeLm1vbObmlvv6njVFFo0JjHqh0SDZxJaBhmOLQTBUSEHFrh8Hritx5BaRbLezNKIBCkL1nEKDFWevBc1z/NfCXwLTTH3VLZrbhT4EXi5aSMctS7pS+/F9NUgDSUE607npuYICPKMMphXPRTDQmhQ9KHjqWSCNBBNr16jI+t0sNRrGxJg6fq74mMCK1HIrSdgpiBnvcm4n9eJzXRZZAxmaQGJJ0tilKOTYwnEeAeU0ANH1lCqGL2VkwHRBFqbFBFG4I3//IiaVYr3lmlenderl3lcRTQITpCJ8hDF6iGblAdNRBFCj2jV/TmPDkvzrvzMWtdcvKZA/QHzucP68CRfg==</latexit>

light elements

⌫
<latexit sha1_base64="Q5QBoJHXaSX6KvHmV3PNna1aMJc=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mqoMeiF48V7Qe0oWy2k3bpZhN2N0IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4dua3n1BpHstHM0nQj+hQ8pAzaqz00JNpv1xxq+4cZJV4OalAjka//NUbxCyNUBomqNZdz02Mn1FlOBM4LfVSjQllYzrErqWSRqj9bH7qlJxZZUDCWNmShszV3xMZjbSeRIHtjKgZ6WVvJv7ndVMTXvsZl0lqULLFojAVxMRk9jcZcIXMiIkllClubyVsRBVlxqZTsiF4yy+vklat6l1Ua/eXlfpNHkcRTuAUzsGDK6jDHTSgCQyG8Ayv8OYI58V5dz4WrQUnnzmGP3A+fwBgMY3b</latexit>

BBN Recombination

reheating, baryogenesis, phase 
transitions, dark matter…

GW

Discovery potential of primordial SGWB detection

PTALISAEarth-
based
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What is/will be known about the SGWB
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• GW contribute to the energy density in the universe and change its 
background evolution

What is/will be known about the SGWB

• The abundances of elements produced at Big Bang Nucleosynthesis 
(BBN) depend on the relative abundance of neutrons and protons, 
which depends on the Hubble scale at T ∼ MeV  

• The Cosmic Microwave Background (CMB) monopole and anisotropy 
spectrum depend on the Hubble scale at decoupling T ∼ 0.3 eV, on the 
matter-radiation equality… 

• Bounds on the integrated GW energy density at/previous to the BBN 
and CMB epochs

<latexit sha1_base64="1jDC5vtdNvxZEuloVK/Qwv/+Qhg="></latexit>✓
⇢GW
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<latexit sha1_base64="nmH3LCypDb0SW/jHs+jO1RGp+Ng=">AAACEnicbVDLSsNAFJ34rPUVdelmsAjtpiRVsRuh4MIuK/YFTQyT6aQdOsmEmYlQQr/Bjb/ixoUibl2582+ctllo64GBwznncuceP2ZUKsv6NlZW19Y3NnNb+e2d3b198+CwLXkiMGlhzrjo+kgSRiPSUlQx0o0FQaHPSMcfXU/9zgMRkvKoqcYxcUM0iGhAMVJa8sxS/b5SbJaunEAgnFadmMKbSXo2ce7oIEQehY4Yco/qiGcWrLI1A1wmdkYKIEPDM7+cPsdJSCKFGZKyZ1uxclMkFMWMTPJOIkmM8AgNSE/TCIVEuunspAk81UofBlzoFyk4U39PpCiUchz6OhkiNZSL3lT8z+slKqi6KY3iRJEIzxcFCYOKw2k/sE8FwYqNNUFYUP1XiIdIl6N0i3ldgr148jJpV8r2Rdm6PS/UalkdOXAMTkAR2OAS1EAdNEALYPAInsEreDOejBfj3fiYR1eMbOYI/IHx+QOnpZw3</latexit>

H
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3
⌃i⇢i(T )

CAREFUL! Plot wrong…
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Earth-based interferometers

arm length L = 4 km 

frequency range of detection:  
10 Hz < f < 5kHZ

• Black hole coalescing binaries of masses few to hundred solar masses  
• Neutron Star and NS-BH binaries / SN explosions 
• Stochastic GW background

aLIGO/aVirgo 3rd generation (ET, CE…)

arm length L = 3 km 

frequency range of detection:  
1 Hz < f < 104 HZ

http://www.et-gw.eu/index.phphttps://www.ligo.org/

DETECTION TARGETS:



LISA: Laser Interferometer Space Antenna

10
�4

Hz < f < 1 Hz

frequency range of detection:

• no seismic noise  
• much longer arms than on Earth

• Launch in ~2034 
• two masses in free fall per spacecraft  
• 2.5 million km arms 
• picometer displacement of masses

Space-based interferometers

DECI-Hertz Observatories Arm-length ~ 108 m 

LISA collaboration arXiv:1702.00786

See e.g. arXiv:1908.11375



Space-based interferometers detection targets (LISA)

LISA collaboration arXiv:1702.00786



Pulsar timing array

frequency range of detection: 10-9 Hz < f <  10-7 HZ

Individual emission and stochastic 
background from inspiralling SMBH binaries  
(masses of order 109 solar masses)

DETECTION TARGETS:

EPTA, NANOGrav, PPTA, IPTA

Recent NANOGrav result! First SGWB detection?

NANOGrav collaboration: arXiv:2009.04496



• temperature : limit by Planck

• polarisation: BB spectrum measured by BICEP2 and Planck                                         
generated at photon decoupling time, from Thomson scattering of 
electrons by a quadrupole temperature anisotropy in the photons
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polarisation patterns

generated by 
primordial scalar 

and tensor 
perturbations

generated only by 
primordial tensor 

perturbations or by 
foregrounds 

Cosmic microwave background

frequency range of detection: 10-18 Hz < f <  10-16 HZ



only upper bounds on the 
primordial component for now

Cosmic microwave background

Planck collaboration: arXiv:1807.06205


