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LECTURE 4
GW emission from binaries: generalities



How can GW help to probe cosmology?
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The GW signal from binaries travels through the FLRW
spacetime: it can be used to probe the
late-time dynamics and the content of the universe

test of accelerated expansion, test of GR at large scales



Generation of GWs in linearised theory

Once again, we start with the GW propagation equation

a//

H! (k,n) + <k2 — —> H,.(k,n) = 167G a° IL,.(k, n)
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But we change point of view completely

We suppose the source is close by and we can neglect the expansion
of the universe

We go back to linearised theory in flat spacetime
The source is described by Newtonian gravity

The gravitational field generated by the source is sufficiently weak not
to perturb the Minkowski background

h,, =—161G T, 0,T"" =0




Generation of GWs in linearised theory

Self-gravitating 2-body system in Newtonian theory

1
Virial theorem Friy = —§U

The problem is equivalent to the motion of one body with reduced mass p, in the
gravitational field given by the sum of the masses
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Weak gravitational field means low velocity for a self-gravitating system

“Gravitational Waves”, M. Maggiore, Oxford University Press 2008



Generation of GWs in linearised theory

hy,, =—16nG1T),,

B/u/ (t,x) = 4G >z’ T (t = |x = X[, ) Retgrded
‘X — X/| time
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TT projector Ajjpm = PiePjm — §PijP€m
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Generation of GWs in linearised theory
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Generation of GWs in linearised theory
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Generation of GWs in linearised theory

4G X
Keeping the lowest order h@'j (t, X) ~ TAijgm (n) / dgwlTﬁm (t — T, X/)

Using energy momentum conservation, this can be rewritten 9, 7"" =0
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at the lowest order in the low velocity expansion and in the radiation zone,
GW emission arises from the quadrupole of the source

C.W. Misner, K.S. Thorne, J.A. Wheeler, “Gravitation”, Freeman 1997 (chapter 35.15)



Generation of GWs in linearised theory

the gravitational interaction is weak: to produce a signal, one needs
very massive objects moving relativistically.
Unfortunately these are far away, so the signal is anyway low!

GW direct detection was a great scientific and
technological achievement

Qre ~ M = 30M, r=400Mpc = h;; ~ 107




Generation of GWs in linearised theory

The quadrupole formula

Radiated GW energy energy per unit time and angle

<hz3 h”> dEgw ré .
— — hiih.
327w dt df? 327G (oighig)

PGW =

Total radiated power

2
/dQAz’jﬁm = 1—75T(115z'€5jm — 40;00m + 0imJe)



Generation of GWs in linearised theory

Connection with previous lectures: early universe sources are relativistic and not
gravitationally bound -> we need to calculate the full tensor anisotropic stress

By expanding the tensor anisotropic stress in multipoles, one would find that the
first moment is the quadrupole

The multipole expansion of a classical radiation field has zero contribution from

multipoles ¢ < S where S is the spin of the associated quantum mechanical

particle

Monopole ¢ = O and dipole € = 1 radiation is absent for GWs

e e h00 is a static component,
RO, x) ~ — /d?’az’Too ~ —M(t—r) because of mass conservation
r r for an isolated system )5 —
. 4G . 4G
U (t, x) ~ — /d?’x’Toz ~ —P'(t—r) hoi a static component, because of
r r momentum conservation for an

isolated system

Pt =



Generation of GWs in linearised theory

Connection with previous lectures: early universe sources are relativistic and not
gravitationally bound -> we need to calculate the full tensor anisotropic stress

By expanding the tensor anisotropic stress in multipoles, one would find that the
first moment is the quadrupole

The multipole expansion of a classical radiation field has zero contribution from

multipoles ¢ < S where S is the spin of the associated quantum mechanical

particle

Monopole ¢ = O and dipole € = 1 radiation is absent for GWs

h00 is a static component,
because of mass conservation

Exercise: is this true in for an isolated system j5 —

general?

h0i a static component, because of
momentum conservation for an
isolated system PZ —0



Generation of GWs in linearised theory

More explicit formulas

. . 1 .
AijgmMgm — (PMP)@] — §Pwt1'(PM)

Pip = 050 — Ny

The polarisation amplitudes for a wave propagating in the z direction
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P: 010 R G .o oo
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h>< (t, Z) — TMgl(t — 7“)

A rotation of the reference system allows to find the GW
emission in a general direction

n; = R;;z. M/; = (R" M R);;

In this case, the polarisation amplitudes depend on all mass moment
components, and on the angles (¢,0) of the direction n



GWs from a binary system in circular orbit

[solated system of two point masses moving on circular
trajectories determined solely by their mutual interaction

O.THY — () Otherwise, we cannot
H use linearised theory!

In the centre of mass reference frame, the second mass moment is
the one of a single particle with reduced mass, and trajectory
given by the relative trajectory of the two point masses

MY = puh(t) ah (1 Com
X0 (t) — X1 (t) — X9 (t)

L
m?2



GWs from a binary system in circular orbit

N zo(t) = Rcos(wst +/2)
Orbit in the (x,y) plane Yo(t) = Rsin(wgt + 7/2)

20 (t) =0

Double time Mi1(t) = —Maa(t) = 2uR?w? cos(2wst)
derivative of the . 5 o9 .
second mass moment Mz(t) = 2pR%w; sin(2wt)

After performing the rotation of the reference system, the GW
polarisation in arbitrary direction n are

4G
h—l— (ta (97 90) — T ILLRng

4G
hy(t,0,0) = — ,uRQwE cos 6 sin(2wstrer + 2¢0)
r
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GWs from a binary system in circular orbit

* A non-relativistic source performing harmonic oscillations with frequency ws

emits monochromatic radiation with frequency 2 ws

* The dependence on @ can be reabsorbed in a redefinition of the origin of time

e From the degree of polarisation observed, one can derive the inclination of the
orbit

4G
h—l— (ta (97 90) — T /LRQC‘J?

4G
hy(t,0,0) = — ,LLRng cos 6 sin(2wstrer + 2¢0)
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GWs from a binary system in circular orbit
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Inspiral of compact binaries in circular motion

Up to now we have assumed that the orbit is fixed
However, there is a way to account for
the back reaction of the GW on the emitting system in the
context of linearised theory

Gum G
Eorbit — Ekin =+ Epot — 2,LLR v = ?m
Chirp mass o)
Gm 32 (G M. w,)
M. = N3/5m2/5 wg - ﬁ — [PGW]quad ~ 5 G

* The energy of the orbit must diminish because of the GW emission, so R must
decrease

e [f R decreases, ws increases

* If ws increases, the emitted power increases as well

e [f the emitted power increases, R decreases further
e This runaway process leads to the coalescence of the binary system

“Gravitational Waves”, M. Maggiore, Oxford University Press 2008



Inspiral of compact binaries in circular motion

To account for the back reaction of the GW on the emitting
system one postulates that
the energy lost by the source per unit time equals the power of
the emitted GWs in the radiation zone, far away from the observer

NB! This is not so dEorbit
obvious beyond y — [P GW]quad
linear theory ¢
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Inspiral of compact binaries in circular motion

To calculate the GW amplitudes, one needs to account for the fact that the
orbit depends on time

t
P(t) = Peoal + / dt' ws (t")
t

C

20 (t) =0
We remain in the approximation , 9 :
that the orbit is almost circular Ws K Wy |R‘ <V
with slowly varying radius
4 1 + cos? 6
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4
hy(t,0,0) =—-(G MC)5/3[7Tf(tret)]2/3 cos 6 sin(2P(t,et))
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Inspiral of compact binaries in circular motion
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Inspiral of compact binaries in circular motion

=2 (2)
VTR \256)  (GM) BB

M.=25My 7=02sec — f=37THz
M.=12My 7=30sec — f=38Hz
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Inspiral of compact binaries in circular motion

=2 (2)
VTR \256)  (GM) BB

M.=25My 7=02sec — f=37THz
M.=12My 7=30sec — f=38Hz

M.=25My 71=10year — f =0.01Hz
M,=10°My 7=1lhor — f=1mHz



Space-based interferometers detection targets (LISA)
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Inspiral of compact binaries in circular motion

=2 (2)
VTR \256)  (GM) BB

M.=25My 7=02sec — f=37THz
M.=12My 7=30sec — f=38Hz

M.=25My 71=10year — f =0.01Hz
M,=10°My 7=1lhor — f=1mHz

M,=10"M, 717=10°year — f=7-10""Hgz



Pulsar timing array

EPTA, NANOGrav, PPTA, IPTA

frequency range of detection: 102 Hz < f < 10-7"HZ

DETECTION TARGETS:

stochastic background from inspiralling
SMBH binaries
(masses of order 109 solar masses)

Recent NANOGrav result! First SGWB detection?
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NANOGrayv collaboration: arXiv:2009.04496



