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Cosmology from: 
gravitational waves

LECTURE 4 
GW emission from binaries: generalities



The GW signal from binaries travels through the FLRW 
spacetime: it can be used to probe the  

late-time dynamics and the content of the universe 

test of accelerated expansion, test of GR at large scales

late 
universe

How can GW help to probe cosmology?



Generation of GWs in linearised theory 

Once again, we start with the GW propagation equation
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But we change point of view completely

• We suppose the source is close by and we can neglect the expansion 
of the universe 

• We go back to linearised theory in flat spacetime 

• The source is described by Newtonian gravity 

• The gravitational field generated by the source is sufficiently weak not 
to perturb the Minkowski background 
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Generation of GWs in linearised theory 

Self-gravitating 2-body system in Newtonian theory

Virial theorem 
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The problem is equivalent to the motion of one body with reduced mass µ, in the 
gravitational field given by the sum of the masses
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Weak gravitational field means low velocity for a self-gravitating system

Schwarzschild radius

“Gravitational Waves”, M. Maggiore, Oxford University Press 2008



Generation of GWs in linearised theory 
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Generation of GWs in linearised theory 
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Low velocity expansion in the radiation zone r ≫ d
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<latexit sha1_base64="VGAj9cE56JaJZxOsSNlAHYqkW2w=">AAAB8HicbVDLSgNBEOyNrxhfUY9eBoPgKeyKoseAF48RzEOSJcxOepMhM7PLzKwQQr7CiwdFvPo53vwbJ8keNLGgoajqprsrSgU31ve/vcLa+sbmVnG7tLO7t39QPjxqmiTTDBssEYluR9Sg4AoblluB7VQjlZHAVjS6nfmtJ9SGJ+rBjlMMJR0oHnNGrZMeu4nEAe0Z0itX/Ko/B1klQU4qkKPeK391+wnLJCrLBDWmE/ipDSdUW84ETkvdzGBK2YgOsOOoohJNOJkfPCVnTumTONGulCVz9ffEhEpjxjJynZLaoVn2ZuJ/Xiez8U044SrNLCq2WBRngtiEzL4nfa6RWTF2hDLN3a2EDammzLqMSi6EYPnlVdK8qAZXVf/+slKr5XEU4QRO4RwCuIYa3EEdGsBAwjO8wpunvRfv3ftYtBa8fOYY/sD7/AF2/5At</latexit>!s
Source 

characteristic 
frequency 

<latexit sha1_base64="Ea9LB18TlxdACHk50VMyvB6dfYM="></latexit>

T`m(t� |x� x0|,x0) ⇠ T`m(t� r,x0)+

+ @tT`m(t� r,x0)(x0 · n̂)

<latexit sha1_base64="R1oWDrqo2Ze3Rhp8kUgKOBv7+88="></latexit>

hij(t,x) = 4G⇤ij`m(n̂)

Z
d3x0T

`m(t� |x� x0|,x0)

|x� x0|



Generation of GWs in linearised theory 
<latexit sha1_base64="0FjR+aIj73E8Xy6Rb+dSosfzHd0=">AAACGXicbVDLSsNAFJ34rPUVdelmsAgutCTiayOUutBlhb6gCWEynbRDJ5MwMxFLyG+48VfcuFDEpa78G6dtEG09cOFwzr3ce48fMyqVZX0Zc/MLi0vLhZXi6tr6xqa5td2UUSIwaeCIRaLtI0kY5aShqGKkHQuCQp+Rlj+4GvmtOyIkjXhdDWPihqjHaUAxUlryTMupRvcwdXwkYD/zUidMHJ5k8BIepfYZdGIKrzPnsP7jeGbJKltjwFli56QEctQ888PpRjgJCVeYISk7thUrN0VCUcxIVnQSSWKEB6hHOppyFBLppuPPMrivlS4MIqGLKzhWf0+kKJRyGPq6M0SqL6e9kfif10lUcOGmlMeJIhxPFgUJgyqCo5hglwqCFRtqgrCg+laI+0ggrHSYRR2CPf3yLGkel+3TsnV7UqpU8zgKYBfsgQNgg3NQATegBhoAgwfwBF7Aq/FoPBtvxvukdc7IZ3bAHxif38zBn44=</latexit>

⇤h̄µ⌫ = �16⇡GTµ⌫

<latexit sha1_base64="mjHUneKv5T9NoZepGBj8b79DMdQ="></latexit>

h̄µ⌫(t,x) = 4G

Z
d3x0Tµ⌫(t� |x� x0|,x0)

|x� x0|
Retarded 

time

We can go to 
TT gauge 

outside the 
source

<latexit sha1_base64="tzK9/A1/e/aTnE/QHx1Y2ZkBW/U=">AAAB+XicbVDLSgMxFL3js9bXqEs3wSK6scyIosuCG5cV7APaoWTSTBuaZIYkUyzD/IkbF4q49U/c+Tem7Sy09cDlHs65l9ycMOFMG8/7dlZW19Y3Nktb5e2d3b199+CwqeNUEdogMY9VO8SaciZpwzDDaTtRFIuQ01Y4upv6rTFVmsXy0UwSGgg8kCxiBBsr9Vw364YResov5v0s77kVr+rNgJaJX5AKFKj33K9uPyapoNIQjrXu+F5iggwrwwinebmbappgMsID2rFUYkF1kM0uz9GpVfooipUtadBM/b2RYaH1RIR2UmAz1IveVPzP66Qmug0yJpPUUEnmD0UpRyZG0xhQnylKDJ9Ygoli9lZEhlhhYmxYZRuCv/jlZdK8rPrXVe/hqlKrFXGU4BhO4Bx8uIEa3EMdGkBgDM/wCm9O5rw4787HfHTFKXaO4A+czx+xApMJ</latexit>

x� x0

<latexit sha1_base64="Mzz7bbWcT/9HtpTTjtQFMSkmX44=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4Kokoeix48diC/YA2lM1m0q7dbMLuRiihv8CLB0W8+pO8+W/ctjlo64OBx3szzMwLUsG1cd1vZ219Y3Nru7RT3t3bPzisHB23dZIphi2WiER1A6pRcIktw43AbqqQxoHATjC+m/mdJ1SaJ/LBTFL0YzqUPOKMGis1w0Gl6tbcOcgq8QpShQKNQeWrHyYsi1EaJqjWPc9NjZ9TZTgTOC33M40pZWM6xJ6lksao/Xx+6JScWyUkUaJsSUPm6u+JnMZaT+LAdsbUjPSyNxP/83qZiW79nMs0MyjZYlGUCWISMvuahFwhM2JiCWWK21sJG1FFmbHZlG0I3vLLq6R9WfOua27zqlqvF3GU4BTO4AI8uIE63EMDWsAA4Rle4c15dF6cd+dj0brmFDMn8AfO5w/IoYzq</latexit>

d

<latexit sha1_base64="83gvbWqpOsE+efhXIsWXIpgGc1c=">AAAB73icbVBNS8NAEJ3Ur1q/qh69LBbRU0lE0WPBi8cK9gPaUDbbSbt0s4m7G7GE/gkvHhTx6t/x5r9x2+agrQ8GHu/NMDMvSATXxnW/ncLK6tr6RnGztLW9s7tX3j9o6jhVDBssFrFqB1Sj4BIbhhuB7UQhjQKBrWB0M/Vbj6g0j+W9GSfoR3QgecgZNVZqZ90gJE+nk1654lbdGcgy8XJSgRz1Xvmr249ZGqE0TFCtO56bGD+jynAmcFLqphoTykZ0gB1LJY1Q+9ns3gk5sUqfhLGyJQ2Zqb8nMhppPY4C2xlRM9SL3lT8z+ukJrz2My6T1KBk80VhKoiJyfR50ucKmRFjSyhT3N5K2JAqyoyNqGRD8BZfXibN86p3WXXvLiq1Wh5HEY7gGM7AgyuowS3UoQEMBDzDK7w5D86L8+58zFsLTj5zCH/gfP4AkiyPpw==</latexit>

x0

<latexit sha1_base64="KyD6/va73b34vsGG9TokL8MhAGM="></latexit>

r � �̄ � d

<latexit sha1_base64="jPONLkJK3jk26uHFcj+tEgj9opk="></latexit>

v ⇠ !sd
<latexit sha1_base64="MJuv+zvE5ZUKfJMEUIpIJFajJnA="></latexit>

�̄ = c
! ⇠ c

v d � d

<latexit sha1_base64="9bHuetYlghYzsY2h746n4NnSQQo=">AAAB/HicbVBNS8NAEJ3Ur1q/oj16WSyCBymJKHoRCl48VrAf0JSy2W7apZtN2N2IIcS/4sWDIl79Id78N27bHLT1wcDjvRlm5vkxZ0o7zrdVWlldW98ob1a2tnd29+z9g7aKEkloi0Q8kl0fK8qZoC3NNKfdWFIc+px2/MnN1O88UKlYJO51GtN+iEeCBYxgbaSBXc08P0CP+bVE3qk3xjoT+cCuOXVnBrRM3ILUoEBzYH95w4gkIRWacKxUz3Vi3c+w1Ixwmle8RNEYkwke0Z6hAodU9bPZ8Tk6NsoQBZE0JTSaqb8nMhwqlYa+6QyxHqtFbyr+5/USHVz1MybiRFNB5ouChCMdoWkSaMgkJZqnhmAimbkVkTGWmGiTV8WE4C6+vEzaZ3X3ou7cndcajSKOMhzCEZyAC5fQgFtoQgsIpPAMr/BmPVkv1rv1MW8tWcVMFf7A+vwBK8GUdQ==</latexit>

x = r n̂

Low velocity expansion in the radiation zone r ≫ d

One cannot 
resolve the 
source with 

GWs

<latexit sha1_base64="R1oWDrqo2Ze3Rhp8kUgKOBv7+88="></latexit>

hij(t,x) = 4G⇤ij`m(n̂)

Z
d3x0T

`m(t� |x� x0|,x0)

|x� x0|



Generation of GWs in linearised theory 

Keeping the lowest order

Using energy momentum conservation, this can be rewritten 

Second mass 
moment

<latexit sha1_base64="LKmfK0Chyhb1eFXYmDrhxMkQxxY=">AAACAnicbVDLSgMxFM34rPU16krcBIvgqsyIohuh4MZlhb6gMw6ZNNOGJpkhD6EMxY2/4saFIm79Cnf+jZm2C209EHI4596b3BNnjCrted/O0vLK6tp6aaO8ubW9s+vu7bdUaiQmTZyyVHZipAijgjQ11Yx0MkkQjxlpx8Obwm8/EKloKhp6lJGQo76gCcVIWylyD4MMSU0RiwJuYOM+t1cgzPjai9yKV/UmgIvEn5EKmKEeuV9BL8WGE6ExQ0p1fS/TYV6Mx4yMy4FRJEN4iPqka6lAnKgwn6wwhidW6cEklfYIDSfq744ccaVGPLaVHOmBmvcK8T+va3RyFeZUZEYTgacPJYZBncIiD9ijkmDNRpYgLKn9K8QDJBHWNrWyDcGfX3mRtM6q/kXVuzuv1GqzOErgCByDU+CDS1ADt6AOmgCDR/AMXsGb8+S8OO/Ox7R0yZn1HIA/cD5/ACZLl0E=</latexit>

@µT
µ⌫ = 0

<latexit sha1_base64="KJTYXNJ8R6bcN6I01LpvGNOug18="></latexit>Z
d3x0T `m(t� r,x0) =

1

2

Z
d3x0 @2

t T
00(t� r,x0)x` xm =

1

2
M̈ `m

<latexit sha1_base64="g9NQObtDUc1MHgIz1kTKRpZSarE="></latexit>

M `m � 1

3
�`mMjj =

Z
d3x ⇢(x, t)

⇣
x`xm � 1

3
x2�`m

⌘
= Q`m Mass 

quadrupole

at the lowest order in the low velocity expansion and in the radiation zone,  
GW emission arises from the quadrupole of the source

{trace

<latexit sha1_base64="59RPgO05F6SPb3Gc30E4+TxLygY="></latexit>

hij(t,x) ⇠
4G

r
⇤ij`m(n̂)

Z
d3x0T `m(t� r,x0)

<latexit sha1_base64="KXSd0vAnwsjxcpunXkBcltaJCm8="></latexit>

[hij(t,x)]quad =
2G

r
⇤ij`m(n̂)Q̈`m(t� r)

C.W. Misner, K.S. Thorne, J.A. Wheeler, “Gravitation”, Freeman 1997 (chapter 35.15)



Generation of GWs in linearised theory 

<latexit sha1_base64="KXSd0vAnwsjxcpunXkBcltaJCm8="></latexit>

[hij(t,x)]quad =
2G

r
⇤ij`m(n̂)Q̈`m(t� r)

Q̈k` ⇠ M = 30M�
<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

r = 400Mpc
<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

hij ⇠ 10�20
<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

the gravitational interaction is weak: to produce a signal, one needs 
very massive objects moving relativistically.  

Unfortunately these are far away, so the signal is anyway low!

GW direct detection was a great scientific and 
technological achievement



Generation of GWs in linearised theory 

The quadrupole formula

Radiated GW energy energy per unit time and angle 

Total radiated power

<latexit sha1_base64="WGGvMvw8XzOR0RlcnlywUlVtuvo="></latexit>

[P ]quad =
G

5
h
...
Qij(t� r)

...
Qij(t� r)i

<latexit sha1_base64="qUgiphh9G9IAVcGGyWZZCreQEdc="></latexit>

⇢GW =
hḣij ḣiji
32⇡G

<latexit sha1_base64="h9xTXWiY3VrumnHw1SR/SViP+jk="></latexit>

dEGW

dt d⌦
=

r2

32⇡G
hḣij ḣiji

<latexit sha1_base64="vVDTk8yi9ebOq4B8vXdW4fNIo8o="></latexit>Z
d⌦⇤ij`m =

2⇡

15
(11�i`�jm � 4�ij�`m + �im�j`)



Generation of GWs in linearised theory 

• Connection with previous lectures: early universe sources are relativistic and not 
gravitationally bound -> we need to calculate the full tensor anisotropic stress  

• By expanding the tensor anisotropic stress in multipoles, one would find that the 
first moment is the quadrupole 

• The multipole expansion of a classical radiation field has zero contribution from 
multipoles l < S where S is the spin of the associated quantum mechanical 
particle 

• Monopole l = 0 and dipole l = 1 radiation is absent for GWs

<latexit sha1_base64="CWniIaKKooD32ptZJpOL9/HpWI4="></latexit>

h0i(t,x) ⇠ 4G

r

Z
d3x0T 0i ⇠ 4G

r
P i(t� r)

<latexit sha1_base64="MNC8/JHkRfJFUSEGasj63hN8h7w="></latexit>

h00(t,x) ⇠ 4G

r

Z
d3x0T 00 ⇠ 4G

r
M(t� r)

h00 is a static component, 
because of mass conservation 

for an isolated system

h0i a static component, because of 
momentum conservation for an 

isolated system

<latexit sha1_base64="q6FTsYa0kQTaXuCI+sAoE3uZQaI=">AAAB73icbVDLSgMxFL1TX7W+qi7dBIvgqsyIohuh4MaNUME+oB1KJs20oZnMmNwRytCfcONCEbf+jjv/xrSdhbYeCBzOuYfce4JECoOu++0UVlbX1jeKm6Wt7Z3dvfL+QdPEqWa8wWIZ63ZADZdC8QYKlLydaE6jQPJWMLqZ+q0nro2I1QOOE+5HdKBEKBhFK7W7/RjJ3bXbK1fcqjsDWSZeTiqQo94rf9koSyOukElqTMdzE/QzqlEwySelbmp4QtmIDnjHUkUjbvxstu+EnFilT8JY26eQzNTfiYxGxoyjwE5GFIdm0ZuK/3mdFMMrPxMqSZErNv8oTCXBmEyPJ32hOUM5toQyLeyuhA2ppgxtRSVbgrd48jJpnlW9i6p7f16p1fI6inAEx3AKHlxCDW6hDg1gIOEZXuHNeXRenHfnYz5acPLMIfyB8/kDA0SPSQ==</latexit>

Ṁ = 0

<latexit sha1_base64="UKtmIyogGGJv7y74f45mRdWqk8g=">AAAB8XicbVDLSgMxFL1TX7W+qi7dBIvgqsyIohuh4MZlBfvAdiyZNNOGZjJDckcoQ//CjQtF3Po37vwb03YW2nogcDjnHnLvCRIpDLrut1NYWV1b3yhulra2d3b3yvsHTROnmvEGi2Ws2wE1XArFGyhQ8naiOY0CyVvB6Gbqt564NiJW9zhOuB/RgRKhYBSt9NDtx0jqj+La7ZUrbtWdgSwTLycVyFHvlb9smKURV8gkNabjuQn6GdUomOSTUjc1PKFsRAe8Y6miETd+Ntt4Qk6s0idhrO1TSGbq70RGI2PGUWAnI4pDs+hNxf+8TorhlZ8JlaTIFZt/FKaSYEym55O+0JyhHFtCmRZ2V8KGVFOGtqSSLcFbPHmZNM+q3kXVvTuv1Gp5HUU4gmM4BQ8uoQa3UIcGMFDwDK/w5hjnxXl3PuajBSfPHMIfOJ8/hXmQJw==</latexit>

Ṗ i = 0



Generation of GWs in linearised theory 

Exercise: is this true in 
general? {

h00 is a static component, 
because of mass conservation 

for an isolated system

h0i a static component, because of 
momentum conservation for an 

isolated system

<latexit sha1_base64="q6FTsYa0kQTaXuCI+sAoE3uZQaI=">AAAB73icbVDLSgMxFL1TX7W+qi7dBIvgqsyIohuh4MaNUME+oB1KJs20oZnMmNwRytCfcONCEbf+jjv/xrSdhbYeCBzOuYfce4JECoOu++0UVlbX1jeKm6Wt7Z3dvfL+QdPEqWa8wWIZ63ZADZdC8QYKlLydaE6jQPJWMLqZ+q0nro2I1QOOE+5HdKBEKBhFK7W7/RjJ3bXbK1fcqjsDWSZeTiqQo94rf9koSyOukElqTMdzE/QzqlEwySelbmp4QtmIDnjHUkUjbvxstu+EnFilT8JY26eQzNTfiYxGxoyjwE5GFIdm0ZuK/3mdFMMrPxMqSZErNv8oTCXBmEyPJ32hOUM5toQyLeyuhA2ppgxtRSVbgrd48jJpnlW9i6p7f16p1fI6inAEx3AKHlxCDW6hDg1gIOEZXuHNeXRenHfnYz5acPLMIfyB8/kDA0SPSQ==</latexit>

Ṁ = 0

• Connection with previous lectures: early universe sources are relativistic and not 
gravitationally bound -> we need to calculate the full tensor anisotropic stress  

• By expanding the tensor anisotropic stress in multipoles, one would find that the 
first moment is the quadrupole 

• The multipole expansion of a classical radiation field has zero contribution from 
multipoles l < S where S is the spin of the associated quantum mechanical 
particle 

• Monopole l = 0 and dipole l = 1 radiation is absent for GWs

<latexit sha1_base64="UKtmIyogGGJv7y74f45mRdWqk8g=">AAAB8XicbVDLSgMxFL1TX7W+qi7dBIvgqsyIohuh4MZlBfvAdiyZNNOGZjJDckcoQ//CjQtF3Po37vwb03YW2nogcDjnHnLvCRIpDLrut1NYWV1b3yhulra2d3b3yvsHTROnmvEGi2Ws2wE1XArFGyhQ8naiOY0CyVvB6Gbqt564NiJW9zhOuB/RgRKhYBSt9NDtx0jqj+La7ZUrbtWdgSwTLycVyFHvlb9smKURV8gkNabjuQn6GdUomOSTUjc1PKFsRAe8Y6miETd+Ntt4Qk6s0idhrO1TSGbq70RGI2PGUWAnI4pDs+hNxf+8TorhlZ8JlaTIFZt/FKaSYEym55O+0JyhHFtCmRZ2V8KGVFOGtqSSLcFbPHmZNM+q3kXVvTuv1Gp5HUU4gmM4BQ8uoQa3UIcGMFDwDK/w5hjnxXl3PuajBSfPHMIfOJ8/hXmQJw==</latexit>

Ṗ i = 0



Generation of GWs in linearised theory 

The polarisation amplitudes for a wave propagating in the z direction

<latexit sha1_base64="LYmwcd4MpEiRRfBeFWE0y8hVfaE="></latexit>

⇤ij`mM̈`m = (PM̈P )ij �
1

2
Pijtr(PM̈)

<latexit sha1_base64="Zsw342UoFq/xi31/3khOQncNhs8="></latexit>

P =

0

@
1 0 0
0 1 0
0 0 0

1

A
<latexit sha1_base64="ETgwzo9BGCDVrtB63bAEk0ovAws="></latexit>

h+(t, ẑ) =
G

r
(M̈11 � M̈22)(t� r)

h⇥(t, ẑ) =
2G

r
M̈21(t� r)

A rotation of the reference system allows to find the GW 
emission in a general direction

More explicit formulas

<latexit sha1_base64="iJxoCkMPsNtcfxb+BZYN42wVE7A=">AAACFXicbVBNSwMxEM36WetX1aOXYBE8aNkVRS9CwYvHCrYK3bJk02kbms0uyaxQlv4JL/4VLx4U8Sp489+Ytito64OQl/dmmMwLEykMuu6XMze/sLi0XFgprq6tb2yWtrYbJk41hzqPZazvQmZACgV1FCjhLtHAolDCbdi/HPm396CNiNUNDhJoRayrREdwhlYKSoe1IBM+SDm88Nsgkf08j/weQ6oCkd8jMSiV3Yo7Bp0lXk7KJEctKH367ZinESjkkhnT9NwEWxnTKLiEYdFPDSSM91kXmpYqFoFpZeOthnTfKm3aibU9CulY/d2RsciYQRTayohhz0x7I/E/r5li57yVCZWkCIpPBnVSSTGmo4hoW2jgKAeWMK6F/SvlPaYZRxtk0YbgTa88SxrHFe+04l6flKvVPI4C2SV75IB45IxUyRWpkTrh5IE8kRfy6jw6z86b8z4pnXPynh3yB87HN+qQn0U=</latexit>

Pi` = �i` � n̂in̂`

In this case, the polarisation amplitudes depend on all mass moment 
components, and on the angles (𝜑,𝜃) of the direction n

<latexit sha1_base64="Z78WXzswPJWVJNtkGfQp1Z4Q/tI=">AAAB9XicbVBNS8NAEJ3Ur1q/qh69LBbRU0mkoheh4MVjFfsBbQyb7abddrMJuxulhv4PLx4U8ep/8ea/cdvmoK0PBh7vzTAzz485U9q2v63c0vLK6lp+vbCxubW9U9zda6gokYTWScQj2fKxopwJWtdMc9qKJcWhz2nTH15N/OYDlYpF4k6PYuqGuCdYwAjWRroXHru89VI2GD95g2OvWLLL9hRokTgZKUGGmlf86nQjkoRUaMKxUm3HjrWbYqkZ4XRc6CSKxpgMcY+2DRU4pMpNp1eP0ZFRuiiIpCmh0VT9PZHiUKlR6JvOEOu+mvcm4n9eO9HBhZsyESeaCjJbFCQc6QhNIkBdJinRfGQIJpKZWxHpY4mJNkEVTAjO/MuLpHFads7K9k2lVK1mceThAA7hBBw4hypcQw3qQEDCM7zCm/VovVjv1sesNWdlM/vwB9bnD0/zkmE=</latexit>

ni = Rijz
0
j

<latexit sha1_base64="w+y6ywrC2q4vSVJg0597yNpFgXQ=">AAACA3icbVDLSsNAFJ3UV62vqDvdDBaxgpREFN0IBTduCrX0BW0Mk+m0HTuZhJmJUELBjb/ixoUibv0Jd/6N0zQLbT1w4XDOvdx7jxcyKpVlfRuZhcWl5ZXsam5tfWNzy9zeacggEpjUccAC0fKQJIxyUldUMdIKBUG+x0jTG15P/OYDEZIGvKZGIXF81Oe0RzFSWnLNvfKRG9P78VWheleDnZOyrupxIrlm3ipaCeA8sVOSBykqrvnV6QY48glXmCEp27YVKidGQlHMyDjXiSQJER6iPmlrypFPpBMnP4zhoVa6sBcIXVzBRP09ESNfypHv6U4fqYGc9Sbif147Ur1LJ6Y8jBTheLqoFzGoAjgJBHapIFixkSYIC6pvhXiABMJKx5bTIdizL8+TxmnRPi9at2f5UimNIwv2wQEoABtcgBK4ARVQBxg8gmfwCt6MJ+PFeDc+pq0ZI53ZBX9gfP4AO+aV+g==</latexit>

M 0
ij = (RT M R)ij



GWs from a binary system in circular orbit

Isolated system of two point masses moving on circular 
trajectories determined solely by their mutual interaction

<latexit sha1_base64="ivvKi+4MvRIrEXXN3OH2Y16sPGE=">AAACA3icbVDLSsNAFJ34rPUVdaebwSK4KokouhEKblxW6AuaGCbTSTt0MgnzEEoIuPFX3LhQxK0/4c6/cdJmoa0Hhjmcc++duSdMGZXKcb6tpeWV1bX1ykZ1c2t7Z9fe2+/IRAtM2jhhieiFSBJGOWkrqhjppYKgOGSkG45vCr/7QISkCW+pSUr8GA05jShGykiBfeilSCiKWJB5sc5b98XlcZ1fO4Fdc+rOFHCRuCWpgRLNwP7yBgnWMeEKMyRl33VS5WfFfMxIXvW0JCnCYzQkfUM5ion0s+kOOTwxygBGiTCHKzhVf3dkKJZyEoemMkZqJOe9QvzP62sVXfkZ5alWhOPZQ5FmUCWwCAQOqCBYsYkhCAtq/grxCAmElYmtakJw51deJJ2zuntRd+7Oa41GGUcFHIFjcApccAka4BY0QRtg8AiewSt4s56sF+vd+piVLlllzwH4A+vzB6KhmCM=</latexit>

@µT
µ⌫ = 0 Otherwise, we cannot 

use linearised theory!

In the centre of mass reference frame, the second mass moment is 
the one of a single particle with reduced mass, and trajectory 

given by the relative trajectory of the two point masses

<latexit sha1_base64="ng9ML5XNtSpituPTC8bS8DxgZ+4=">AAACCXicbZDLSgMxFIYzXmu9jbp0EyxCBSkzouhGKLhxI1SwF2inQybNtGmTzJBkxDJ068ZXceNCEbe+gTvfxrSdhbb+EPj4zzmcnD+IGVXacb6thcWl5ZXV3Fp+fWNza9ve2a2pKJGYVHHEItkIkCKMClLVVDPSiCVBPGCkHgyuxvX6PZGKRuJOD2PicdQVNKQYaWP5Nrxpp7Q/umzxBLaOH3ynTYv6KMO+Qd8uOCVnIjgPbgYFkKni21+tToQTToTGDCnVdJ1YeymSmmJGRvlWokiM8AB1SdOgQJwoL51cMoKHxunAMJLmCQ0n7u+JFHGlhjwwnRzpnpqtjc3/as1EhxdeSkWcaCLwdFGYMKgjOI4FdqgkWLOhAYQlNX+FuIckwtqElzchuLMnz0PtpOSelZzb00K5nMWRA/vgABSBC85BGVyDCqgCDB7BM3gFb9aT9WK9Wx/T1gUrm9kDf2R9/gCYFJhV</latexit>

M ij = µxi
0(t)x

j
0(t)

<latexit sha1_base64="u0QW73bKdlJkUbrX5pdhpCh6NGo=">AAAB/XicbVDLSsNAFL2pr1pf8bFzM1gEVyUpim6EghuXFewDmhIm00k7dCYJMxOhhuCvuHGhiFv/w51/47TNQlsPXDiccy/33hMknCntON9WaWV1bX2jvFnZ2t7Z3bP3D9oqTiWhLRLzWHYDrChnEW1ppjntJpJiEXDaCcY3U7/zQKVicXSvJwntCzyMWMgI1kby7SNPpNdeKDHJhO8Kv55nIvftqlNzZkDLxC1IFQo0ffvLG8QkFTTShGOleq6T6H6GpWaE07zipYommIzxkPYMjbCgqp/Nrs/RqVEGKIylqUijmfp7IsNCqYkITKfAeqQWvan4n9dLdXjVz1iUpJpGZL4oTDnSMZpGgQZMUqL5xBBMJDO3IjLCJgptAquYENzFl5dJu15zL2rO3Xm10SjiKMMxnMAZuHAJDbiFJrSAwCM8wyu8WU/Wi/VufcxbS1Yxcwh/YH3+AIDPlUA=</latexit>

µ =
m1m2

m
<latexit sha1_base64="fDGtzrlGiirTK58Xdp4dTbJYGHg=">AAACD3icbVA7SwNBEN6Lrxhfp5Y2i0GJheEuKNoIARvLCOYByXHsbfaSJXsPdufEcOQf2PhXbCwUsbW189+4SS6giQML32OG2fm8WHAFlvVt5JaWV1bX8uuFjc2t7R1zd6+hokRSVqeRiGTLI4oJHrI6cBCsFUtGAk+wpje4HvvNeyYVj8I7GMbMCUgv5D6nBLTkmsdpx/Pxw8i1SnByNSO2JqczUtHENYtW2ZoUXgR2Boooq5prfnW6EU0CFgIVRKm2bcXgpEQCp4KNCp1EsZjQAemxtoYhCZhy0sk9I3yklS72I6lfCHii/p5ISaDUMPB0Z0Cgr+a9sfif107Av3RSHsYJsJBOF/mJwBDhcTi4yyWjIIYaECq5/iumfSIJBR1hQYdgz5+8CBqVsn1etm7PitVqFkceHaBDVEI2ukBVdINqqI4oekTP6BW9GU/Gi/FufExbc0Y2s4/+lPH5A+99mq4=</latexit>

x0(t) = x1(t)� x2(t)

+
CM

+

m1

m2

<latexit sha1_base64="8L5Salkd2C6da0vR/B7X5thlUNo=">AAAB83icbVBNS8NAEJ3Ur1q/qh69LBahXkoiih4LXjxWsB/QlLLZbtqlm03YnYgl9G948aCIV/+MN/+N2zYHbX0w8Hhvhpl5QSKFQdf9dgpr6xubW8Xt0s7u3v5B+fCoZeJUM95ksYx1J6CGS6F4EwVK3kk0p1EgeTsY38789iPXRsTqAScJ70V0qEQoGEUr+ZkfhORp2nereN4vV9yaOwdZJV5OKpCj0S9/+YOYpRFXyCQ1puu5CfYyqlEwyaclPzU8oWxMh7xrqaIRN71sfvOUnFllQMJY21JI5urviYxGxkyiwHZGFEdm2ZuJ/3ndFMObXiZUkiJXbLEoTCXBmMwCIAOhOUM5sYQyLeythI2opgxtTCUbgrf88ippXdS8q5p7f1mp1/M4inACp1AFD66hDnfQgCYwSOAZXuHNSZ0X5935WLQWnHzmGP7A+fwB/EiQ/A==</latexit>

x0(t)

<latexit sha1_base64="8+8WGunpO2LfqK/3nIx/2tywjqw=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKeyKoseAF48RzQOSJcxOepMhM7PLzKwQQj7BiwdFvPpF3vwbJ8keNLGgoajqprsrSgU31ve/vcLa+sbmVnG7tLO7t39QPjxqmiTTDBssEYluR9Sg4AoblluB7VQjlZHAVjS6nfmtJ9SGJ+rRjlMMJR0oHnNGrZMeujLrlSt+1Z+DrJIgJxXIUe+Vv7r9hGUSlWWCGtMJ/NSGE6otZwKnpW5mMKVsRAfYcVRRiSaczE+dkjOn9EmcaFfKkrn6e2JCpTFjGblOSe3QLHsz8T+vk9n4JpxwlWYWFVssijNBbEJmf5M+18isGDtCmebuVsKGVFNmXTolF0Kw/PIqaV5Ug6uqf39ZqdXyOIpwAqdwDgFcQw3uoA4NYDCAZ3iFN094L96797FoLXj5zDH8gff5A14Wjdg=</latexit>µ



GWs from a binary system in circular orbit

Orbit in the (x,y) plane

<latexit sha1_base64="kjzqjHrSR0jH8Qq8LacfkuriWjk="></latexit>

x0(t) = R cos(!st+ ⇡/2)

y0(t) = R sin(!st+ ⇡/2)

z0(t) = 0

<latexit sha1_base64="dZJaGIE2UEzREONhWwAj79Ls24A="></latexit>

M̈11(t) = �M̈22(t) = 2µR2!2
s cos(2!st)

M̈12(t) = 2µR2!2
s sin(2!st)

Double time 
derivative of the 

second mass moment

After performing the rotation of the reference system, the GW 
polarisation in arbitrary direction n are

x

y

z

𝜃

<latexit sha1_base64="cfJVUZW/E3V6HTQfJcBa8u5oooU=">AAAB7XicbVDLSgNBEOyNrxhfUY9eBoPgKeyKoseAF48RzAOSJcxOZpMxszPLTK8QQv7BiwdFvPo/3vwbJ8keNLGgoajqprsrSqWw6PvfXmFtfWNzq7hd2tnd2z8oHx41rc4M4w2mpTbtiFouheINFCh5OzWcJpHkrWh0O/NbT9xYodUDjlMeJnSgRCwYRSc1u0OKRPXKFb/qz0FWSZCTCuSo98pf3b5mWcIVMkmt7QR+iuGEGhRM8mmpm1meUjaiA95xVNGE23Ayv3ZKzpzSJ7E2rhSSufp7YkITa8dJ5DoTikO77M3E/7xOhvFNOBEqzZArtlgUZ5KgJrPXSV8YzlCOHaHMCHcrYUNqKEMXUMmFECy/vEqaF9XgqurfX1ZqtTyOIpzAKZxDANdQgzuoQwMYPMIzvMKbp70X7937WLQWvHzmGP7A+/wBMoiO3w==</latexit>

n̂

<latexit sha1_base64="8+8WGunpO2LfqK/3nIx/2tywjqw=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKeyKoseAF48RzQOSJcxOepMhM7PLzKwQQj7BiwdFvPpF3vwbJ8keNLGgoajqprsrSgU31ve/vcLa+sbmVnG7tLO7t39QPjxqmiTTDBssEYluR9Sg4AoblluB7VQjlZHAVjS6nfmtJ9SGJ+rRjlMMJR0oHnNGrZMeujLrlSt+1Z+DrJIgJxXIUe+Vv7r9hGUSlWWCGtMJ/NSGE6otZwKnpW5mMKVsRAfYcVRRiSaczE+dkjOn9EmcaFfKkrn6e2JCpTFjGblOSe3QLHsz8T+vk9n4JpxwlWYWFVssijNBbEJmf5M+18isGDtCmebuVsKGVFNmXTolF0Kw/PIqaV5Ug6uqf39ZqdXyOIpwAqdwDgFcQw3uoA4NYDCAZ3iFN094L96797FoLXj5zDH8gff5A14Wjdg=</latexit>µ 𝜑

<latexit sha1_base64="E4D0WvIUwNuRzOiGeOigwURTAxs="></latexit>

h+(t, ✓,') =
4G

r
µR2!2

s

⇣1 + cos2 ✓

2

⌘
cos(2!stret + 2')

h⇥(t, ✓,') =
4G

r
µR2!2

s cos ✓ sin(2!stret + 2')



GWs from a binary system in circular orbit

• A non-relativistic source performing harmonic oscillations with frequency 𝜔s  

emits monochromatic radiation with frequency 2 𝜔s 

• The dependence on 𝜑 can be reabsorbed in a redefinition of the origin of time 

• From the degree of polarisation observed, one can derive the inclination of the 
orbit

x

y

z

𝜃

<latexit sha1_base64="cfJVUZW/E3V6HTQfJcBa8u5oooU=">AAAB7XicbVDLSgNBEOyNrxhfUY9eBoPgKeyKoseAF48RzAOSJcxOZpMxszPLTK8QQv7BiwdFvPo/3vwbJ8keNLGgoajqprsrSqWw6PvfXmFtfWNzq7hd2tnd2z8oHx41rc4M4w2mpTbtiFouheINFCh5OzWcJpHkrWh0O/NbT9xYodUDjlMeJnSgRCwYRSc1u0OKRPXKFb/qz0FWSZCTCuSo98pf3b5mWcIVMkmt7QR+iuGEGhRM8mmpm1meUjaiA95xVNGE23Ayv3ZKzpzSJ7E2rhSSufp7YkITa8dJ5DoTikO77M3E/7xOhvFNOBEqzZArtlgUZ5KgJrPXSV8YzlCOHaHMCHcrYUNqKEMXUMmFECy/vEqaF9XgqurfX1ZqtTyOIpzAKZxDANdQgzuoQwMYPMIzvMKbp70X7937WLQWvHzmGP7A+/wBMoiO3w==</latexit>

n̂

<latexit sha1_base64="8+8WGunpO2LfqK/3nIx/2tywjqw=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKeyKoseAF48RzQOSJcxOepMhM7PLzKwQQj7BiwdFvPpF3vwbJ8keNLGgoajqprsrSgU31ve/vcLa+sbmVnG7tLO7t39QPjxqmiTTDBssEYluR9Sg4AoblluB7VQjlZHAVjS6nfmtJ9SGJ+rRjlMMJR0oHnNGrZMeujLrlSt+1Z+DrJIgJxXIUe+Vv7r9hGUSlWWCGtMJ/NSGE6otZwKnpW5mMKVsRAfYcVRRiSaczE+dkjOn9EmcaFfKkrn6e2JCpTFjGblOSe3QLHsz8T+vk9n4JpxwlWYWFVssijNBbEJmf5M+18isGDtCmebuVsKGVFNmXTolF0Kw/PIqaV5Ug6uqf39ZqdXyOIpwAqdwDgFcQw3uoA4NYDCAZ3iFN094L96797FoLXj5zDH8gff5A14Wjdg=</latexit>µ 𝜑

<latexit sha1_base64="E4D0WvIUwNuRzOiGeOigwURTAxs="></latexit>

h+(t, ✓,') =
4G

r
µR2!2

s

⇣1 + cos2 ✓

2

⌘
cos(2!stret + 2')

h⇥(t, ✓,') =
4G

r
µR2!2

s cos ✓ sin(2!stret + 2')



GWs from a binary system in circular orbit

Radiated power <latexit sha1_base64="h9xTXWiY3VrumnHw1SR/SViP+jk="></latexit>

dEGW

dt d⌦
=

r2

32⇡G
hḣij ḣiji

<latexit sha1_base64="GxiCEGPunLwt8zepNh+PFV8MaVY="></latexit>

dPGW

d⌦
=

r2

16⇡G
hḣ2

+ + ḣ2
⇥i

<latexit sha1_base64="f/5k/2GoGDbFAOUZloLEYAJ1e9w="></latexit>
dPGW

d⌦

�

quad

=
2Gµ2R4!6

s

⇡

"✓
1 + cos2 ✓

2

◆2

+ cos2 ✓

#

<latexit sha1_base64="4Foq9ngdT8l1l/VzpXJ2vmIFVtU="></latexit>

[PGW]quad =
32

5
Gµ2R4!6

s



Inspiral of compact binaries in circular motion

Up to now we have assumed that the orbit is fixed 
However, there is a way to account for  

the back reaction of the GW on the emitting system in the 
context of linearised theory

<latexit sha1_base64="h41E0gkamfuYv49SvTiPY0T5zuE=">AAAB+XicbVBNSwMxEJ31s9avVY9egkXwVHaLoheh4EGPVewHtLVk02wbmmSXJFsoy/4TLx4U8eo/8ea/MW33oK0PBh7vzTAzL4g508bzvp2V1bX1jc3CVnF7Z3dv3z04bOgoUYTWScQj1QqwppxJWjfMcNqKFcUi4LQZjG6mfnNMlWaRfDSTmHYFHkgWMoKNlXquO36qXHdChUl6K7L0Ieu5Ja/szYCWiZ+TEuSo9dyvTj8iiaDSEI61bvtebLopVoYRTrNiJ9E0xmSEB7RtqcSC6m46uzxDp1bpozBStqRBM/X3RIqF1hMR2E6BzVAvelPxP6+dmPCqmzIZJ4ZKMl8UJhyZCE1jQH2mKDF8YgkmitlbERliG4OxYRVtCP7iy8ukUSn7F2Xv/rxUreZxFOAYTuAMfLiEKtxBDepAYAzP8ApvTuq8OO/Ox7x1xclnjuAPnM8fYeaTfg==</latexit>

v2 =
Gm

R

<latexit sha1_base64="6SS/BMJUe9T/xygLwkkFdpQlR/0=">AAACIXicbZDLSgMxFIYzXmu9VV26CRZBEMtMUexGKIjosoq9QKeUTJppQ3MZkoxQhnkVN76KGxeKdCe+jGk7C239IfDlP+eQnD+IGNXGdb+cpeWV1bX13EZ+c2t7Z7ewt9/QMlaY1LFkUrUCpAmjgtQNNYy0IkUQDxhpBsPrSb35RJSmUjyaUUQ6HPUFDSlGxlrdQuWmm/iKQ6kCatKr7DakIj3NOJLWP/NDhXBy6/MY8jQpP6TdQtEtuVPBRfAyKIJMtW5h7PckjjkRBjOkddtzI9NJkDIUM5Lm/ViTCOEh6pO2RYE40Z1kumEKj63Tg6FU9ggDp+7viQRxrUc8sJ0cmYGer03M/2rt2ISVTkJFFBsi8OyhMGbQSDiJC/aoItiwkQWEFbV/hXiAbBbGhpq3IXjzKy9Co1zyLkru/XmxWs3iyIFDcAROgAcuQRXcgRqoAwyewSt4Bx/Oi/PmfDrjWeuSk80cgD9yvn8Amvujxw==</latexit>

Eorbit = Ekin + Epot = �Gµm

2R

• The energy of the orbit must diminish because of the GW emission, so R must 
decrease 

• If R decreases, 𝜔s increases 

• If 𝜔s increases, the emitted power increases as well 
• If the emitted power increases, R decreases further 
• This runaway process leads to the coalescence of the binary system

<latexit sha1_base64="cG879O+zjh/0ksz4Sac5Qp652JY=">AAACAnicbVBNS8NAEN3Ur1q/op7Ey2IRPJWkKnoRCh70WMW2QpOWzXbTLt3dhN2NUELw4l/x4kERr/4Kb/4bt20O2vpg4PHeDDPzgphRpR3n2yosLC4trxRXS2vrG5tb9vZOU0WJxKSBIxbJ+wApwqggDU01I/exJIgHjLSC4eXYbz0QqWgk7vQoJj5HfUFDipE2Utfe8yJO+qirOtULL5QIp1c8S287x1nXLjsVZwI4T9yclEGOetf+8noRTjgRGjOkVNt1Yu2nSGqKGclKXqJIjPAQ9UnbUIE4UX46eSGDh0bpwTCSpoSGE/X3RIq4UiMemE6O9EDNemPxP6+d6PDcT6mIE00Eni4KEwZ1BMd5wB6VBGs2MgRhSc2tEA+QCUKb1EomBHf25XnSrFbc04pzc1Ku1fI4imAfHIAj4IIzUAPXoA4aAINH8AxewZv1ZL1Y79bHtLVg5TO74A+szx//Spcq</latexit>

!2
s =

Gm

R3

<latexit sha1_base64="KNNtRHdHUiaKXXv6fuK7r6dCeLs=">AAACA3icbVDLSsNAFJ34rPUVdaebwSK4qkm16LLgxo1QwT6gScNkOmmHziRxHoUSCm78FTcuFHHrT7jzb5w+Ftp64HIP59zLzD1hyqhUjvNtLS2vrK6t5zbym1vbO7v23n5dJlpgUsMJS0QzRJIwGpOaooqRZioI4iEjjbB/PfYbAyIkTeJ7NUyJz1E3phHFSBkpsA9vA+yRB00H0OO6nZ2flUe8nZVMC+yCU3QmgIvEnZECmKEa2F9eJ8Gak1hhhqRsuU6q/AwJRTEjo7ynJUkR7qMuaRkaI06kn01uGMETo3RglAhTsYIT9fdGhriUQx6aSY5UT857Y/E/r6VVdOVnNE61IjGePhRpBlUCx4HADhUEKzY0BGFBzV8h7iGBsDKx5U0I7vzJi6ReKrrlonN3UahUZnHkwBE4BqfABZegAm5AFdQABo/gGbyCN+vJerHerY/p6JI12zkAf2B9/gC5lJbq</latexit>

Mc ⌘ µ3/5m2/5

<latexit sha1_base64="vPkOGpJQh2QS6Z0UuUjblb8PY+w="></latexit>

[PGW]quad =
32

5

(GMc !s)
10/3

G

Chirp mass

“Gravitational Waves”, M. Maggiore, Oxford University Press 2008



Inspiral of compact binaries in circular motion

To account for the back reaction of the GW on the emitting 
system one postulates that 

the energy lost by the source per unit time equals the power of 
the emitted GWs in the radiation zone, far away from the observer 

<latexit sha1_base64="Pfr7zoLcAcOl/50koWl87uD7T+Y=">AAACG3icbZDLSsNAFIYnXmu9RV26GSyCG0tSFN0IBRFdVrAXaEOZTCbt0MnFmROhhLyHG1/FjQtFXAkufBunTRba+sPAx3/O4cz53VhwBZb1bSwsLi2vrJbWyusbm1vb5s5uS0WJpKxJIxHJjksUEzxkTeAgWCeWjASuYG13dDmptx+YVDwK72AcMycgg5D7nBLQVt+sHfd8SWjqXfXTngxwJF0OWZZ6kF10G7l33c6cnO4T4mV9s2JVranwPNgFVFChRt/87HkRTQIWAhVEqa5txeCkRAKngmXlXqJYTOiIDFhXY0gCppx0eluGD7XjYT+S+oWAp+7viZQESo0DV3cGBIZqtjYx/6t1E/DPnZSHcQIspPkiPxEYIjwJCntcMgpirIFQyfVfMR0SnRXoOMs6BHv25Hlo1ar2adW6PanU60UcJbSPDtARstEZqqMb1EBNRNEjekav6M14Ml6Md+Mjb10wipk99EfG1w/z8aH7</latexit>

�dEorbit

dt
= [PGW]quad

<latexit sha1_base64="p0DsTF+pqsWP1KTicSBtF3o3N40="></latexit>

ḟ =
96⇡8/3

5
(GMc)

5/3f11/3
<latexit sha1_base64="yQnghLe0kdfeD3negKB2WQmqleA=">AAACHHicbVDLSsNAFJ3UV62vqEs3g0VwVZKq6EYouNBlBfuAJpTJdNIOncmEmYlQQj7Ejb/ixoUiblwI/o2TNgvbeuDC4Zx7ufeeIGZUacf5sUorq2vrG+XNytb2zu6evX/QViKRmLSwYEJ2A6QIoxFpaaoZ6caSIB4w0gnGN7nfeSRSURE96ElMfI6GEQ0pRtpIffssvPZCiXDqCU6GqJ96ksPbTpaldS+m2bypsjQX+3bVqTlTwGXiFqQKCjT79pc3EDjhJNKYIaV6rhNrP0VSU8xIVvESRWKEx2hIeoZGiBPlp9PnMnhilAEMhTQVaThV/06kiCs14YHp5EiP1KKXi/95vUSHV35KozjRJMKzRWHCoBYwTwoOqCRYs4khCEtqboV4hEwc2uRZMSG4iy8vk3a95l7UnPvzaqNRxFEGR+AYnAIXXIIGuANN0AIYPIEX8AberWfr1fqwPmetJauYOQRzsL5/AYDmouM=</latexit>

f =
!GW

2⇡
=

!s

⇡

<latexit sha1_base64="51JtBxyntu4zORqFPozDcOhAIAE="></latexit>

f(⌧) =
1

⇡

✓
5

256

◆3/8 1

(GMc)5/8 ⌧3/8

<latexit sha1_base64="E2agMuXssBY0DM15r2WEzJ3oKG4=">AAAB/HicbVBNS8NAEN34WetXtEcvi0XwYklE0YtQ8OKxgv2AJoTNdtMu3U3C7kQIof4VLx4U8eoP8ea/cdvmoK0PBh7vzTAzL0wF1+A439bK6tr6xmZlq7q9s7u3bx8cdnSSKcraNBGJ6oVEM8Fj1gYOgvVSxYgMBeuG49up331kSvMkfoA8Zb4kw5hHnBIwUmDXPCDZDQSFpySmCRGTMwjsutNwZsDLxC1JHZVoBfaXN0hoJlkMVBCt+66Tgl8QBZwKNql6mWYpoWMyZH1DYyKZ9ovZ8RN8YpQBjhJlKgY8U39PFERqncvQdEoCI73oTcX/vH4G0bVf8DjNgMV0vijKBIYET5PAA64YBZEbQqji5lZMR0QRCiavqgnBXXx5mXTOG+5lw7m/qDebZRwVdISO0Sly0RVqojvUQm1EUY6e0St6s56sF+vd+pi3rljlTA39gfX5A5BOlLQ=</latexit>

⌧ = tcoal � tTime to coalescence

NB! This is not so 
obvious beyond 

linear theory



Inspiral of compact binaries in circular motion

To calculate the GW amplitudes, one needs to account for the fact that the 
orbit depends on time

<latexit sha1_base64="Y0ycDcbB+3uHrYFiGEJASVFXVvA="></latexit>

x0(t) = R(t) cos(�(t))

y0(t) = R(t) sin(�(t))

z0(t) = 0

We remain in the approximation 
that the orbit is almost circular 

with slowly varying radius

<latexit sha1_base64="QfN1tI558TBvUyFcJ1TADzTegWk=">AAACA3icbZDLSgMxFIYzXmu9jbrTTbAIrspMUXRZcOOygr1AZxwyaaYNzWVIMkIZCm58FTcuFHHrS7jzbUzbEbT1h8DHf85Jcv44ZVQbz/tylpZXVtfWSxvlza3tnV13b7+lZaYwaWLJpOrESBNGBWkaahjppIogHjPSjodXk3r7nihNpbg1o5SEHPUFTShGxlqRexj0pAkkJ30U6YAx+MN3tciteFVvKrgIfgEVUKgRuZ/2MpxxIgxmSOuu76UmzJEyFDMyLgeZJinCQ9QnXYsCcaLDfLrDGJ5YpwcTqewRBk7d3xM54lqPeGw7OTIDPV+bmP/VuplJLsOcijQzRODZQ0nGoJFwEgjsUUWwYSMLCCtq/wrxACmEjY2tbEPw51dehFat6p9XvZuzSr1exFECR+AYnAIfXIA6uAYN0AQYPIAn8AJenUfn2Xlz3metS04xcwD+yPn4Bt81l6Y=</latexit>

!̇s ⌧ !2
s

<latexit sha1_base64="hstDUM5z89qfe/o3OgFb2yC64vQ=">AAAB9XicbVDLSgMxFL3js9ZX1aWbYBFclRlRdFlw47KKfUA7lkyaaUMzmSG5Uylt/8ONC0Xc+i/u/BvTdhbaeiBwOOce7s0JEikMuu63s7K6tr6xmdvKb+/s7u0XDg5rJk4141UWy1g3Amq4FIpXUaDkjURzGgWS14P+zdSvD7g2IlYPOEy4H9GuEqFgFK30OG51YiT3Y9KSkgzahaJbcmcgy8TLSBEyVNqFL5tnacQVMkmNaXpugv6IahRM8km+lRqeUNanXd60VNGIG380u3pCTq3SIWGs7VNIZurvxIhGxgyjwE5GFHtm0ZuK/3nNFMNrfyRUkiJXbL4oTCXBmEwrIB2hOUM5tIQyLeythPWopgxtUXlbgrf45WVSOy95lyX37qJYLmd15OAYTuAMPLiCMtxCBarAQMMzvMKb8+S8OO/Ox3x0xckyR/AHzucPueiR/w==</latexit>

|Ṙ| ⌧ v

<latexit sha1_base64="/tVBY9ir7BlC4BW+AeLJqBo8RoA="></latexit>

h+(t, ✓,') =
4

r
(GMc)

5/3[⇡f(tret)]
2/3

⇣1 + cos2 ✓

2

⌘
cos(2�(tret))

h⇥(t, ✓,') =
4

r
(GMc)

5/3[⇡f(tret)]
2/3 cos ✓ sin(2�(tret))

<latexit sha1_base64="Fa8r0tlCpMcyymWqvjqNzjFsf8g=">AAACIHicbZDLSgMxFIYzXmu9VV26CRZpi1BmRKkboeDGZQWrQqcOmTRtg7kMyRmhDH0UN76KGxeK6E6fxrR2oa0/BD7+cw4n548TwS34/qc3N7+wuLScW8mvrq1vbBa2tq+sTg1lTaqFNjcxsUxwxZrAQbCbxDAiY8Gu47uzUf36nhnLtbqEQcLakvQU73JKwFlRoRY2+rwMFXyKRxRloZGYaiKGByFXEGUQ0eEt4A6UcKgl65HIlqFUiQpFv+qPhWchmEARTdSICh9hR9NUMgVUEGtbgZ9AOyMGOBVsmA9TyxJC70iPtRwqIpltZ+MDh3jfOR3c1cY9BXjs/p7IiLR2IGPXKQn07XRtZP5Xa6XQPWlnXCUpMEV/FnVTgUHjUVq4ww2jIAYOCDXc/RXTPjGEgss070IIpk+ehavDanBc9S+OivX6JI4c2kV7qIwCVEN1dI4aqIkoekBP6AW9eo/es/fmvf+0znmTmR30R97XN4B9ofM=</latexit>

�(t) = �coal +

Z t

tc

dt0!s(t
0)



Inspiral of compact binaries in circular motion

<latexit sha1_base64="JtJhfimRYzV9hl9rSUD8hhh1wKw="></latexit>

h+(t, ✓,') =
1

r
(GMc)

5/4

✓
5

⌧

◆1/4 ⇣1 + cos2 ✓

2

⌘
cos(2�(⌧))

h⇥(t, ✓,') =
1

r
(GMc)

5/4

✓
5

⌧

◆1/4

cos ✓ sin(2�(⌧))

soundofspacetime.org

<latexit sha1_base64="rlZabKiXVbWsE7ODkIZMp3daoTM="></latexit>

�(⌧) = �2

✓
⌧

5GMc

◆5/8

+ �coal

<latexit sha1_base64="51JtBxyntu4zORqFPozDcOhAIAE="></latexit>

f(⌧) =
1

⇡

✓
5

256

◆3/8 1

(GMc)5/8 ⌧3/8

<latexit sha1_base64="UNCakHJQkJwkLP7xQE6LUgYFpU8=">AAAB+nicbVBNS8NAEN3Ur1q/Uj16WSyCp5KIoseCF48VbCs0oWy2m3bpZjfsTiwl9qd48aCIV3+JN/+N2zYHbX0w8Hhvhpl5USq4Ac/7dkpr6xubW+Xtys7u3v6BWz1sG5VpylpUCaUfImKY4JK1gINgD6lmJIkE60Sjm5nfeWTacCXvYZKyMCEDyWNOCVip51YDIFmg+WAIRGs1xl7PrXl1bw68SvyC1FCBZs/9CvqKZgmTQAUxput7KYQ50cCpYNNKkBmWEjoiA9a1VJKEmTCfnz7Fp1bp41hpWxLwXP09kZPEmEkS2c6EwNAsezPxP6+bQXwd5lymGTBJF4viTGBQeJYD7nPNKIiJJYRqbm/FdEg0oWDTqtgQ/OWXV0n7vO5f1r27i1qjUcRRRsfoBJ0hH12hBrpFTdRCFI3RM3pFb86T8+K8Ox+L1pJTzByhP3A+fwAzrJPy</latexit>

⌧ ! 0



Mc = 25M� ⌧ = 0.2 sec �! f = 37Hz
<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

Mc = 1.2M� ⌧ = 30 sec �! f = 38Hz
<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

Inspiral of compact binaries in circular motion
<latexit sha1_base64="51JtBxyntu4zORqFPozDcOhAIAE="></latexit>

f(⌧) =
1

⇡

✓
5

256

◆3/8 1

(GMc)5/8 ⌧3/8



two examples of detection from Earth-based interferometers

m1 = 1.36� 1.60M�

m2 = 1.17� 1.36M�

Mc = 1.188+0.004
�0.002 M�

dL = 40+8
�14 Mpc

<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

m1 = 35.6+4.8
�3.0 M�

m2 = 30.6+3.0
�4.4 M�

Mc = 28.6+1.6
�1.5 M�

dL = 430+150
�170 Mpc

<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

GW170817
<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

LIGO/Virgo arXiv:1811.12907



Mc = 25M� ⌧ = 0.2 sec �! f = 37Hz
<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

Mc = 1.2M� ⌧ = 30 sec �! f = 38Hz
<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

Inspiral of compact binaries in circular motion
<latexit sha1_base64="51JtBxyntu4zORqFPozDcOhAIAE="></latexit>

f(⌧) =
1

⇡

✓
5

256

◆3/8 1

(GMc)5/8 ⌧3/8

Mc = 25M� ⌧ = 10 year �! f = 0.01Hz
<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

Mc = 10
6
M� ⌧ = 1hour �! f = 1mHz

<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>



Space-based interferometers detection targets (LISA)

LISA collaboration arXiv:1702.00786



Mc = 25M� ⌧ = 0.2 sec �! f = 37Hz
<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

Mc = 1.2M� ⌧ = 30 sec �! f = 38Hz
<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

Inspiral of compact binaries in circular motion
<latexit sha1_base64="51JtBxyntu4zORqFPozDcOhAIAE="></latexit>

f(⌧) =
1

⇡

✓
5

256

◆3/8 1

(GMc)5/8 ⌧3/8

Mc = 10
9
M� ⌧ = 10

5
year �! f = 7 · 10�9

Hz
<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

Mc = 25M� ⌧ = 10 year �! f = 0.01Hz
<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

Mc = 10
6
M� ⌧ = 1hour �! f = 1mHz

<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>



Pulsar timing array

frequency range of detection: 10-9 Hz < f <  10-7 HZ

stochastic background from inspiralling 
SMBH binaries  
(masses of order 109 solar masses)

DETECTION TARGETS:

EPTA, NANOGrav, PPTA, IPTA

Recent NANOGrav result! First SGWB detection?

NANOGrav collaboration: arXiv:2009.04496


