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The Bieberbach conjecture
The Bieberbach conjecture tells us how fast the Taylor expansion coefficients of a holomorphic 
univalent function, on the unit disc( 𝑧 < 1) grows, namely

The  Koebe growth theorem gives us two sided bounds on |𝑓(𝑧)|

A function is univalent on a domain D if it is holomorphic, and one-to-one, i.e. for all 𝑧1, 𝑧2 ∈ 𝐷, 
𝑓(𝑧1 ) = 𝑓(𝑧2) if 𝑧1 = 𝑧2.



Fully crossing symmetric amplitude
Fully crossing symmetric amplitude can be written as 

We are using convention 

𝑠1 = 𝑠 −
4𝑚2

3
, 𝑠2 = 𝑡 −

4𝑚2

3
, 𝑠3 = −𝑠1 − 𝑠2

We parametrize 𝑠1, 𝑠2 such that 

𝑥 =
−27𝑎2 ǁ𝑧

ǁ𝑧 − 1 2
, 𝑦 =

−27𝑎3 ǁ𝑧

ǁ𝑧 − 1 2
, 𝑎 = 𝑦/𝑥

Now amplitude is a function 𝑎, ǁ𝑧, namely  ℳ ǁ𝑧, 𝑎 . We can Taylor expand it  

Wilson coefficients

𝛼𝑛 𝑎 are related to Wilson coefficients



Quantum field theory and the Bieberbach conjecture
Crossing symmetric dispersion relation

Crossing symmetric dispersion relations and unitarity enable us to prove the followings

1) The Bieberbach bound 

2) The Koebe two sided bound on amplitude

3) For  small 𝑎, the 
𝑀 ෤𝑧,𝑎 −𝛼0

𝛼1 𝑎 𝑎2
is Univalent 

Remember that amplitude

𝐴(𝑠1; 𝑠2) is the s-channel discontinuity

ǁ𝑧

1 + ǁ𝑧 2
≤

𝑀 ǁ𝑧, 𝑎 − 𝛼0
𝛼1 𝑎 𝑎2

≤
ǁ𝑧

1 − ǁ𝑧 2



The bounds on Wilson coefficients 

From |𝛼2 𝑎 𝑎4| ≤ 2 we get −
9

16m2 ≤
𝒲01

𝒲10
≤

9

8𝑚2



The bounds on Wilson coefficients 
On going work by Aninda, Prashant shows more tighter bounds on Wilson coefficients using the 
theory of  Typically Real Univalence functions

Lower bounds                                                               Upper bounds 
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